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1. Introduction 
In this work we study the elliptic partial differential equation 


(1.1) Flu) = A a oY + BM + Cums 


(Aix = Ari; m > 2), where the Ai, B;, C, f are functions of (x) = 


(41, +++ 2m), continuous for (x) in an open domain D in the Euclidean m-space 
of (x). Moreover, 
(1.2) DiAix D2Aix , DB; 


are defined in D. In this connection, D, is a generic symbol for any of the 
partial derivatives of order ». 

It will be assumed that fC L.in D. Throughout this work any statement 
to the effect that a complex valued function g C Le in a domain R will be in 
the sense that q is measurable and that | q |’ is integrable over R. 

More precise hypotheses will be introduced in the sequel (see hypothesis 
(2.13)). 

The type of problems, relating to (1.1), which we shall study are suggested, 
in part, by T. Carleman’s’ investigation of a Schrédinger wave equation, which 
in the sequel will be referred to as (C). Carleman utilizes for this purpose the 
methods of his theory of singular integral equations’ in the sequel referred to 
as (C;). 

The case treated in (C) is 


(1.3) n= 3, B; = 0, Ait = 0 (¢ a k), Ai. = 1 (2, k = 1, 2, 3). 


We shall transform (1.1) into an integral equation. In view of our purposes 
our method, in this connection, will deviate from the customary ones. The 
transformation will be effected with the aid of certain developments which can 
be found in a book of J. Hadamard,’ in the sequel referred to as (H). 





1T. Carleman, Sur la théorie mathématique de l’équation de Schrédinger [Arkiv for Mat. 
Astron. och Fysik; 24B, Nr. 11 (1934), 1-7]. 

2 T. Carleman, Sur les équations intégrales singuliéres 4 noyau réel et symétrique (Uppsala, 
1923]. 

’ J. Hadamard, Le probleme de Cauchy et les équations aux dérivees partielles linéaires 
hyperboliques [Paris, 1932]. 
1 





























W. J. TRIJITZINSKY 


A considerable part of the developments in this work refers to equations con- 
taining a parameter \, entering linearly in C. The results for \ non real and 
F self adjoint are partially analogous to those found in (C). The theory for 
real presents additional complications and has some analogy with a work of 
W. J. Trjitzinsky* in the field of singular integral equations. 

In sections 2, 3 we carry out the transformation into an integral equation 
(Theorem 3.1). In section 4 the kernel of this equation is investigated in some 
detail (Theorem 4.1) and the equation is iterated a finite number of times, which 
yields an integral equation satisfying certain regularity properties. This equa- 
tion plays an essential role in the subsequent developments. In section 5 we 
introduce characteristic functions and values (ef. (5.6), (5.9)) for certain approxi- 
mating homogeneous boundary value problems ((5.7), (5.10)); we establish for 
these functions orthogonality properties (Theorem 5.1). 

The developments in sections 6, 7, 8, 9, 10 are for F self adjoint. 

In section 6 we first establish existence of solutions for the non homogeneous 
problem (5.1) when 3 # 0 (Theorem 6.1). In the complex A-plane we define 
sets 7 (Definition 6.1) and particular sets 7, which we term O (see text after 
(6.14)); sets T contain all the points off the axis of reals and may contain certain 
points on the axis of reals, depending on sufficient ‘rarefication’ of the set of 
points represented by the totality of characteristic values formed for an infinite 
sequence of approximating homogeneous boundary value problems. We es- 
tablish existence of solutions, CL , of (5.1) when \ ts in T (Theorem 6.2). In 
section 7 there is developed a corresponding spectral theory (Theorem 7.1). 
In sections 8 and 9 this theory is applied; we introduce the notion of ‘closure’ 
of F with respect to a spectrum @ (Definition 8.1) and give a generalized Fourier 
expansion of functions, CL, (in D), in terms of 6 (Theorem 8.1). Further, 
there is given a representation for solutions, referred to in Theorem 6.2, with 
the aid of @ (Theorem 8.2). In section 9 various representations, convergent 
in the mean square, are given. In section 10 we introduce certain operators 
A,(A|--- ), with the aid of which certain particular solutions of (5.1) may be 
expressed for \ in O (Theorem 10.1). With the aid of these operators we in- 
vestigate conditions under which F is of class I (Theorem 10.2, Definition 6.2) 
and, finally, questions of uniqueness are studied for \ non real (Theorem 10.3) 
and for \ in O (Theorem 10.4). 

In section 5 a certain ‘“‘regularity’’ hypothesis is introduced for the domain D; 
this is needed only in the developments subsequent to (5.7). Some lightening 
of the conditions imposed on the coefficients in (1.1) is possible without any 
essential change in the conclusions; for simplicity this lightening of the hypothe- 
sis will be avoided. 

The case when F is of class J corresponds (in the field of partial differential 
equations), as pointed out by Carleman, to the case of ‘‘“Grenzpunkt”’ in the well 
known theory of H. Weyl in the field of ordinary differential equations. 





4W. J. Trjitzinsky, Some problems in the theory of singular integral equations [Annals of — 
Math. (1940), 584-619]. 
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Every solution u of (3.37), such that the D.u are continuous in D, is solution 
of (1.1) in the ordinary sense; (3.37) thus generalizes the operator F; with F 
assigned this generalized meaning, the partial differential equation and the integral 
equation are equivalent. 

2. Preliminaries 

The adjoint of F(u) is 


(2.1) Go) = © = (Aa») — X= (Biv) + Cv. 


The characteristic form for (1.1) is 


(2.2) A(y1, Pron Ym) = a Aikvive = A(y, at Ym; 71, a Im). 


We shall make use of the symbol 

. 

Ov 
denoting operation of derivation along the transversal direction (cf. (H; 87)). 
This operation is to be understood as follows. We form 


(2.3) A = A(m,--- tm), 
where the 7; are direction cosines of normal to a surface, say 


H = H(m, +--+ Xm) = 0; 
that is 


aH\? dH \* |? oH 
(9? = pied er aia pitt 
2.4) * +| (#) bis (=) | ia,’ 


the supposition being, of course, that the D,H exist in the domain under con- 
sideration. The transversal direction is defined by the ordinary differential 
system (generally non linear) : 


(2.5) Lhe 
W1 We Um 
where 
(2.5a) Wr = wr(21, . +> Dua) = - Ass kW (k _ 1, aaah: m).” 
i=l 
In the case when 
» Aw —— a v4 = A (Laplacian) 





5 See (H; 88) for a detailed discussion of the transversal direction. 
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the “transversal” direction will signify “normal” direction. In view of (2.5), 
(2.5a) we are brought to the definition 
du ~oudy,  Y1dA Ww 


2. » “d2.0. (28m Om 
(2.6) Ov 2 3a, dv 2 5 an OX}, 


There is on hand a following fundamental formula (see (H)) 


(2.7) | ”” eF(u) — uGo)]dt = — | ita: E& “ um 4 Law | ds. 


Ov 
[F from (1, 1);G from (2.1)]. Here the first integral displayed is over the space T 
bounded by the surface H = 0; the integral of the second member is over the 
surface S constituting the frontier of 7;° moreover, 


(2.7a) L= dX mBi— >. mi eat (ef. (2.4)) 


i,k 


(ef. (2.3)). 


and 


‘ _aHaT _[/aH\? oH \") ar 
dT = dx, --- dim, is = HT =| (B) +--+ (BY |S. 


Of importance for us will be a function of (x) and (z), 
PG, =) => T(x, eee Lm 51, hail tues ita, 


satisfying the partial differential equation 


Ox, O2Lm 


namely, the function for which 
l (2; 2) = r(z; 2) 


denotes the “geodesic distance’”® between the points (x) and (z). This distance 
is formed with respect to the quadratic form 


(2.9) H = H(y1, +--+ Ym) = > Hix(x) vive, 
“associated”’ with the quadratic form A(y1, --+ Ym) (2.2). In this connection 
it is to be noted that, if 
(Ai,;) (i,j = 1, --- m) 
denoted a matrix with A;,; in the 7-th row and j-th column, then 
(Hii) = (Aji); 
that is, the matrix (H;,;) is the inverse of the matrix (A;,;). 


With the aid of the developments given in (H; pp. 120-124) we shall study 
I'(x; z) in greater detail. 





6 This is asserted under suitable regularity conditions, in the sequel satisfied. 
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Consider the differential problem 
dx; alt 10A dp: 10A 


(2.10) Si’ * se (i = 1, --- m), 
where 

(2.11) A = 2 Asa(z)pipe, 

while the initial conditions are 

(2.11a) Li = 2; (for s = 0), Pi = Po,i (for s = 0); 


we write 


Ao(po) = », Ai,x(2) poi Do,% = ¢. 


As indicated in (H; pp. 120, 121) the solution of this problem may be written 
in the form 


(2.12) Ti = Gili, +++ Gm 3 21, °+* Sm) (qi = 8po,:), 
Pi = Wilqi, +++ Gm 5 21, +++ 2m) (Pi = spi); 

from these relations one obtains 

2zi=¢(—P,,---,—Pmj3%1,-°++ tm), g=wWi(—-Pi,---, —Paj3%, +: Sau). 


It is observed that (2.10) determines geodesics, with respect to the form H, 
through the point (z). Moreover, for solutions of (2.10) one has A(p, x) = 
constant. On substituting s = 0 and using the initial conditions this constant 
is found to be c. 

In consequence of known theorems for ordinary differential equations’ we 
infer the following. If the 


(2.13) Aix(x), D,Ai,x(x) (vy = 4 tee 4) 


are continuous for (x) in D, which we henceforth assume, then the elements 27; , 
P; of the solution (2.12) are continuous and have continuous partial derivatives 
of the first and second orders with respect to the q; and the z; ; furthermore, 
the third order derivatives will exist. More generally, if the Dyi:Ai,(r) are 
continuous, the partial derivatives with respect to the q; and z; , of order N — 1, 
of the zx; and P; will be continuous and the derivatives of order N will exist. 
The above statements refer to local properties—for (z) representing a point in D. 
According to (H) 


(2.14) T(x, 2) = A(qi, +++ Qmj 21) +++ 2m) = > Ain(2)qi9e- 





7 Cotton, Sur les équations différentielles dépendant de paramétres arbitraires (Bull. 
Soc. mat., t. 37 (1909), 204-214]. Also see t. 38 (1918), p. 4. 
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Here the q; are to be replaced by the expressions, in terms of the z; and z;, 
obtainable from the first m relations (2.12). 
We have 


(2.15) = ai(s) = 2:(0) + 2!) = + PO) + x) 5, 







where 





lim &(s) = 0 (¢ = 1, .-- m). 


s—0 


By (2.11la) z,(0) = 2; ; on the other hand, in view of (2.10) and (2.11) 







20) = 1 son (s = 0) = > A: (z)p.(s = 0) = > Ai,x(Z) po, 
















so that, by Horny of gi, 
(2.16) sz{?(0) = xX Ain(z) Qn - 


By (2.10) 
(2.17) x{”(s) i ¢ } Ai,(x)p, - } A;,,(x) i + ye P» 








dA,,,(x) 













Now the first sum in the last member of sth is 


a om : OA _ Aas) 
g(s) = -5 > Ait) = = —5 5, Aix) Pa Ps 


v 






moreover, since qj = SPo,; , 





g) Shalt) oa. | 








7m 


(2.17a) s’g(0) = 






2,4 02, 





We have 
dA;,»(z) _ — 0A;,(x) dxy | 
ds — a ’ 















whence by (2.16) 
ad on > 0A;,,(z) sx‘ (0) - > A, 2(2) 0Ai,»(z) de 
s=0 Yk O24 


ds <a 
and \ 


qin ides ase) | = Dp Anal ) ae re) onde. 


In consequence of (2.17a), (2.17b) from (2.17) one infers that 































2 
$ : a(0) = 5 g(0) + last member of (2.17b) = 2, Aiza,a(Z)da Qs; 





(2.18) 











Acasle) = —} D Acsle) Aes) 4 2 A, 96) Mie 
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Finally, one may write (2.15) in the form 
(2.19) u-“4= > Aix(z)qe + > (Ai:a,a(Z) + Yiza,s(Z3 9))Ga Qs » 


where the Ai:a,a(z) are from (2.18) and 
lim Yi:a,8(2; gq) = 0 (as (gq) — (0); (z) in D); 
furthermore, the Ai:a,3 are continuous in 
Ziy tts Sm, M5 ++ Im (| qi | S qo; qo > 0; (z) in D). 
Inversion of (2.19) will give 


(2.200) qg= > Hi idz) (an — 2%) + > (Hiza,a(2) + Yiza,s) (ta — Za)(g — 2g), 


where 
(2.20a) Hize(z) = athe Aiza,(2)Hi.x(2)Ho.o(2)H,1(2) (cf. (2.18)) 


and the \ are continuous in the x; , z; , while 
(2.20b) lim Ki:e,8 = lim Aj:a,8(2; 2) = 0 (as (x) — (z); (z) in D). 
We note that the H;.,,, are polynomials in the 

Ai,i(z),  DiAi,i(2), Hi, i(2). 


Accordingly, the functions of (2.20a) are continuous in D. 
Substitution of (2.20) into (2.14) will yield 


T(z, z) = > Hix, (2) (an — 2%) (te, — Zk) 


+2 Fo Arinslt, 2)(ta — 24)(9 — 20)(t — 24) + Te, 


where 
Aix, ;0,8(2, z) = Hx,;«,8(2) + Nieja.8 (ef. (2.20a), (2.20b)) 
and 
Ty sais py (se a9 Za) (xp == Za) (a, — Za,) (tp, wi Za,) > a A, (2) Ara, A v:0;,8 . 
a8, 1,81 ry 
Finally, we obtain 
(2.21) (a, z) = »» Hix, (2) (ae — 2) (te, — 2%) + T(z, 2), 
where 


(22a) Toc, 2) =F CHinale) + Nirmal, 2)) (ea — 20)(a9 — 20) (tn — #1) 


(cf. (2.20a)); here j 
(2.21b) Ne :a.(2, 2) +0 (as (x) — (z); (z) in D); 





ern oe 
Metter mere 
. 
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the functions, involved in (2.21b), are continuous in (x) for (x) in a neighborhood 


of (z). 
When 


a” ; 
p> Aix ac" A (Laplacian), 


we have 
T(x, 2) = (4, — 2)? + +++ + (tm — 2m). 
3. The transformation 
In view of the definition (2.6) one has 


"190A oF 
po 


& 3 am, aay (cf. (2.4), (2.3)), 


(3.1) 2 TG, 2) = 
Ov 

the derivative in the transversal direction being with respect to a surface H = 0. 

With p(> 0) suitably small we consider the surface 

(3.2) H,(z) = T(z, 2) —p =0 ((z) fixed in D). 


Correspondingly 

———_—. - P _ (rr . ar \? 
(3.3) "92; 0(a, 2)’ ez) = (4) +... 4+(2). 
By (2.3) and (3.1) 


m ar 
sae = A. i me 
jp P #) p> x ala) Ox, 


Thus, in view of (3.3), 


Ce) 
dp (2, z) = » Aa x(x) dz. ax a(x, 2) 


and, by virtue of (2.8), 

) 1 

- T(z, z) = a 4T(z, 2). 
Whence, when a is a constant, 
4a 


(3.4) = T(z, z) = af (cz, z) = Tt, = 5 


T(z, z) (ef. (3.3)). 


With a view to applying the fundew«:ital formula (2.7) we wish to find a 
function 


(3.5) v(x, z) -: L'(T(a, 2)) 
such that 


(3.5a) ((z) fixed in D) 


for (x) on the surface H,(x) = 0 (8.2). 
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On taking account of (3.4) it is observed that a function (3.5) satisfying (3.5a) 
may be taken of the form 





(3.6) o(z, 2) = re? (2, z) + — —— phe(¢ 2) — . - 
iin 
Inasmuch as m > 2, it is noted that v becomes infinite essentially as Tl’ *", when 
(x) — (2). 
With 
(3.7) P= (4 — 2) + --- + (tm — Sn) ((z) fixed in D) 
the differential element of volume, d7’, may be given in the form 
(3.7a) dT =r” drdQ, 


where dQ is element of surface of a hypersphere of radius unity in the m-space 


of (x). We recall that the total surface of this hypersphere is S,, = 2x'"/g (7), 


where g(u) is the Gamma-function. The volume is = S». From (3.7a) it is 
inferred that the element of surface of a hypersphere of radius r is 


dT 


(3.7b) dw = — = rd. 

dr 
The element dS of the surface (3.2) satisfies the relation 
(3.8) dS cos tr = du, 


where 7 is the angle formed by the line extending from (z) and having direction 
cosines (x; — 2;)/r and by a suitable direction of the normal to the surface (3.2) 
at (x); the direction cosines of this normal are the z; of (3.3) (with a suitable 
sign for a(x, z)); thus, 


> me 2) ee 





cos T = 
ro a 2) a 


and, by (3.8) and (3.7b), 


(3.9) in 2 a (ef. (3.3)). 
> i 0) or(z, z) 
3 t t Ox; 








Let K; denote a sphere with center at (z) and radius 6 (0 < 6 S oo), where dp 
is taken sufficiently small so that the surface S; , of K; , lies interior the domain 
I’, bounded by the surface (3.2). We have a domain 


(3.10) D(p, 6), 


whose frontier consists of the spherical surface S; and of the surface H,(x) = 0. 





ST, contains (z) in the interior and is topologically a sphere. 
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Suppose u = u(x) ts a function, continuous with the Dyu, satisfying in D the 
differential equation (1.1). We substitute in the fundamental formula (2.7) u 
equal to the aforesaid function and v = v(2, z), from (3.6), and we extend the 
integrations over the domain D(p, 6) (ef. (3.10)) and over the frontier of D(p, 5); 
the variable of integration is to be (x). Thus, 










(m) 
(3.10a) [wf -uemlar = a, 8) 
D(p,6) 
where 
i (m-DT a, aw 
Q(p, 6) = — [ot — w+ Law | as, 
Hy+55 Ov Ov 





On taking account of (3.5a) one obtains 






(m—1) 
(3.11) Op, 3)» = E me ue + Law | ds. 





With the notation (3.7) we have 





r=6 (for (x) on Ss); 






moreover, by virtue of the statement referring to (3.7b), dS in (3.11) is of the 
form 


(3.11a) dS = dw(r = 4) = 6” “da. 
In (3.11) Z is defined by (2.7a), where the 7; are the direction cosines of the 


normal to the surface S; , extended in the direction interior D(p, 6); that is, the 
normal in question is directed outwards from the sphere K;. We have 














mete ((x) in Ss) 













and 


(3.11b) b= Daten = 5M... 


tk Ox; 












By definition (2.6) 






(3.21) 







Now 


(3.13) 











and, in consequence of (3.6), 


(3.14) 2 a Ee r"(2, 2) + ie (2 = *) (2, -)| ov. 
ee” Ov 









Ov 2 2 
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Before proceeding further we shall study the function 


(3.15) w(x, z) = Fes (r° = (11 — 21)” + +++ + (tn — Zm)°)s 
By (2.21) 

(3.16) w(x, 2) = [H(z, r) + gs(x, 2)J* 

where 

(3.16a) H(z, x) = »» Hy,x,(2) ewe, ; ri, = 2=% 

and 

(3.16b) . gs(z, 2) = 5 Taz, 2) (cf. (2.21a)). 
For r S & 

(3.16¢) | 2Hi,:0,(2) + Neysa,a(2, 2) | S Ao(2), 

where Ao(z) is independent of (x). Accordingly, by (3.16b) 

(3.16d) |gs(x, z)| Sr > Ao(z) amet, S A(z) (0<r Sb) 


(A(z) independent of (x)). Now H(z, m) is a positive definite quadratic form; 
thus, inasmuch as a+...4¢¢¢ = 1, one has 


(3.17) H(z, w) = h(z) = Do Hix, (zeae > 0 
k,ky 
(for some values 7, , with _ +--+, = 1), where A(z) is independent of 


(7). Hence, in view of (3.17) and (3.16d) 
(3.17a) H(z, r) + gs(x, z) = h(z) — rd(z) = A(z) — A(z) = hi(z) > 0 


for r S 6), provided one takes 


h(z) 
(3.17b) 0<i < X@)" 


Whence, by (3.16) 


(3.18) |w(x,z)| (0 Sr S 6; cf. (3.15), (3.17a), (3.17b)). 


1 
ine) ~ 


It is essential to note that in (3.18) ho(z) is independent of (zx). 
On writing 


1 
2 = 
w(x, 2) = He + po(z, 2), 





ts a ite DE i 








a 
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by (8.16), (3.16d), (3.17) and (3.17a) we have 


| gs(x, z) | rr(z) 
| po(x, z) | = | H(z, =) || H(z, *) + 9a(2, 2) | * h(z)he(z) 


for0 S r S &. Accordingly, the function of (3.15) satisfies the relation 





(3.19) w(x, 2) = + rp(x, 2) (cf. (3.16a)) 


H ao Z, ™) 
where 


A(z) 


(3.19a) | p(x, z) | < p(z) a h(z)h2(z) 


here p(z) is independent of (x). In particular — 


(3.19b) lim w(x, z) = H(z, 2), 

provided (x) — (z) along a fixed direction whose direction cosines are m , +--+ Tm. 

In (3.19b) the limit is attained uniformly with respect to the r; ; that is, with re- 

spect to direction of approach. Of course, the limit depends on the direction 

of approach, but there is uniformity in the sense implied by (3.19), (3.19a). 
The function of (3.11) will be expressed in the form 


(3.20) Q(p, 6) = Glo, 6) + Qe(o, 4), 


where, on taking account of (3.11a), 


on Ou -1 
(3.20a) Qi(p, 6) = -| E + La | vs” dQ (cf. (3.11b), (3.12)), 


and 


(3.20b) Q2(p, 5) = | sens u = 6” * da (ef. (3.14), (3.13)). 


If we denote by / the upper bound in the spherical domain K; of 


in consequence of (3.11b) it is deduced that 
|L| sl (on S;;for0 <6 
On the other hand, by (8.12), for (x) on S; one has 


Ou Ou 
awe << . Meade se 
(3.21) 5, | = 2» | Asx(z) | i <h O<s< 
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where |; is independent of 6. In this connection one may define 1, as the upper- 
bound of the second member in (3.21) for (x) in the spherical domain K; .° 
Similarly, 


lu| Sk (on S; ; le independent of 5( <0)). 
In consequence of (3.6) 
(3.22) vs" = 6 (a) + f(z, aon | ((x) on S;), 
where 
f(a, 2) = sn r(x, 2) — a 
Clearly 
f(z, 2) S folz) < & (0 <r S bd), 


fo(z) being independent of (x). Thus, by (3.22) and (3.18) 
(3.23) = | vd" | S S{hy™(z) + fo(z)8""*} < ofi(z) — ((x) on S530 < 8 S &) 
with f,(z) (< ©) independent of (x) and 6. 
On taking account of (3.21) and (3.23), from (3.20a) it is inferred that 
(m—1) 
| Qi'p, 6) | s 5 | (l; + Ile) fa(z) dQ = 6(l, + Ue) fiz) Sm } 
here S,, is the area of the surface of a hypersphere (in the space of (x)) of radius 
unity. Consequently 
(3.24) lim Qi(p, 6) = 0. 
50 


Turning our attention to the integral (3.20b) we investigate the integrand 
involved. In view of (2.21) and of certain other considerations of section 2 
one has 
or yy 
x @ £5 (2H:.,x,(x) + Wk, ky (2, t))(x%, — Zk), 
Ox, ky 

where the w are continuous in (z) and (zx), while 

(3.25) Wk,k, (2, 7) > 0 (as (x) — (z)) 


uniformly with respect to direction of approach. Whence by virtue of (3.13) 
ad = » Ain(x) mi > (2Hi.,x, (x) oh wk,k, (2, x)) (Xe, ons Zn,) 
ot 1 


= a Aix (x)on,e, (2; x)mi(te, — Zk) + 7; 
»tky 





9 dieinle du ; , 
° It is implied that the — are continuous in D. 
k 
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y=2 2 Ti(Le, — Zk;) dX Ain(x)Hi,x,(2) = 2 > Ti(xi — 2) = 26. 


Hence, the transversal derivative being with respect to the spherical surface S; , 


10? 22 + w'(z, x) ((x) on Ss); 
6 dv 


here w’(z, x) is continuous for (x) in I’, and (in view of (3.25)) 


(3.26) lw’(z,2)| S p> | Ain(a) | | we,n,(2, 2) | > 0 


(as (x) — (z)) uniformly with respect to the direction along which (x) approaches 
the fixed point (z) in D. Whence, on taking account of (3.15), it is inferred that 


or 


4 
(3.27) r= 


= w(x, z)(2 + w'(z, x)) ((x) on S;). 
By virtue of (3.14) 


Ov m—-1 __ 2—m m—1 1 m— 2 }m—} gm—1 4 or 
<4 -?3 (w(x, z)) +(47 )r a ie 


Since m = 3 we have 


or 


ov ? 


(3.28) en = Ee w(x, z) + 8” wi(z, 2) | r 


where 


G2) jute, = | 2("57) vIn | sme) < ©, 


wi(z) being independent of (x). Finally, substitution of (3.27) in (3.28) will 
yield 


(3.30) 4 a") = (2 — m)w"(z, 2) + R(z, 2), 


with 


2—m 


5 w(x, z) + 8” wi(2, z)w(z, -)| ; 


R(a, z) = 26" wi(x, z) w(x, z) + w'(z, | 


In view of (3.29), (3.18) and of (3.26) it is observed that R(z, z) is continuous in 
(x), for (x) in TI, ; moreover, 
R(x, z) 0 (as (x) — (z)), 


uniformly with respect to the direction along which (x) — (z). 
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On taking account of continuity of u, in consequence of (3.30) we have 
ae m 
(3.31) u(x) 5, ° * = (u(z) -, u(z, x))[(2 — m)w"(z, z) + R(a, z)] 


where u(z, x) is continuous in (z), (x) ((z), (x) in D) and — 0 uniformly (for (z) 
fixed in D), as (x) — (z)."° Relation (3.31), together with (3.19b) (satisfied uni- 
formly in the previously indicted sense), leads to the conclusion that for the 
integral (3.20b) one has 








(3.32) lim Qa(o, 6) = [ ta oa do. 
Thus, by (3.20), (3.32) and (3.24), there is on hand the relation 
(3.33) lim Q(o, 6) = —k(z)u(z), 

where 

(3.33a) ke) = (m—2) [ Teor 
with 


H(z, 1) = p> Hi j(z) ri r;. 


In (3.33a) dQ is the differential element of surface of a hypersphere of radius 
unity, (7) = (m1, +++ mm) is thought of as representing the variable point (on 
this sphere) with respect to which the integration is performed. 

At this stage it will be convenient to obtain certain inequalities for k(z). 
By (3.33a) and (3.17) 


(m—1) 
(3.34) ke) S (m— 2k) [d= (m— DK MEO)Sw. 
On the other hand, 
(3.35) H(z, 7) S H(z) < « (for (7) on unit sphere) 


for (z) in D; here H(z) may be taken continuous (independent of (7)). Ac- 
cordingly 


t (m—1) 
(3.362) (2) = (m—2)[ — H@) dd = (m— 2)HMG)Sq > 0. 
By virtue of (3.10a) and (3.33) it is concluded that 


—k(z)u(z) = / 9 (v(x, 2) f(x) — u(x)G(v(z, z))] dT-, 


e 





10 Uniformly with respect to direction of approach. 
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where I, is the domain, containing (z) in the interior, bounded by the surface 
T(z, z) — p = 0 (p(> 0) sufficiently small). Accordingly, wu satisfies the 
integral equation 


(3.37) u(z) — a K(a, z)u(x) dT, = f.(z), 
with 


(3.37a) f,(2) = — [ %e ; ) #2) dT, 


(3.37b) K(z,z) = AC Be Me z)). 

We sum the above developments as follows. 

THEOREM 3.1. Every solution u of (1.1) which, together with the Dyu is continu- 
ous in the domain D, satisfies the integral equation (3.37). Here f,(z) is given by 
(3.37a) ; the kernel K(x, 2) is defined by (3.37b). The domain IT, contains (z) and 
is bounded by the surface T(x, z) — p’ = 0 [p(> 0), sufficiently small; (z) in D]. 
The function v(x, z) involved in (3.37a) and (3.37b) is of the form 


1 


- wise 2 
v(x, 2) = TO (az, z) + —_ "Gz, 2) — — = vz, 2). 


m—2 

The differential operator G is the adjoint of # and is, accordingly, defined by (2.1) 
(the derivatives are with respect to the x;). Finally, k(z) is the function of (3.33a) 
and satisfies the inequalities (3.34) and (3.36) for (z) in D). 

We define v(x, z) and, hence, K(x, z) as zero for (x) (in D) exterior T, (i.e. for 
(x) such that T(x, z) = p', when p(> 0) possibly depends on (z)). Then K(a, z) 
will be defined for all (x) and (z) in D. With this in view, the field of integration 
in (3.37), (3.87a) may be replaced by D. 


4. Investigation of the integral equation 


In consequence of the developments of section 2 it is inferred that 


or (z, 2) 
OL; 
eT 

Ox; OXk, 


where the functions 


(4.1) 


= > (2x4, (0) + On,%, (2, #)) (te, — 2x); 


(4.1a) = 2Hi.x,(2) + Ok, (25 x), 


Ok,ky (z, #), Ob,k, (2, x) 
are continuous in (x) for (x) in T,, while 
Ox,4,(2, 2), On ey (Z, 2) 20 (as (x) — (z)). 
Now 


2 


2 
> 0 (Aizv) = D Ai rr 4 v “Teahe 2 >, Mi i,k Ov +> pi, deca 


ik ON; OX; ik OX; in? ik OX; OX, 
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hence by .(2.1) 





(4.2) G(v) = p> Ais(z) 55> + > Bula ) = + C'(zx)v, 
where 
(4.3) Bz) = 2 D0 = — Bi, 
we a” aB; 
O'@) = 2 dasa, 4 ~ 2 ae, + 
By (3.6) 

v=v(a,z2)=TT@,2)), TH=Pee™+ =e - — 
Thus 

8 ay OF ay | pep of PE 

Oz, t T) 5? 02; 02, oe ms cin +7r'G ) 





and, by virtue of (4.2), 


Gv) = TT) fs Asse) 5° = + 2 Bile = | 


+ O'(a)P(L) + TL) L Asala) — s « 


On making use of (4.2) and of the differential equation (2.8), we ail 
obtain 


(4.4) Gv) = r(a, T° (L) + C'@)T(L) + 407° (D), 
where 

(44a) (0,2) = © Asale) ZS — +X Bile ) = = GP) — C'(2)P; 
here 


T (LP) —— 2 | a pin me pel, 


(4.4b) ve Ae 
Tp) =™ ee 2 | = : *) pin) +% eo} 
From (4.4a) by virtue of (4.1) and (4.12) we deduce 
(4.5) r(x, 2) = 2m + 7:(z, 2), 


71(a, z) = > Aia(a)oz nz, xz) + »» By(x)(2Hi.x,(2) + Onn, (2, )) (te, — Zk). 
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It is observed that r(x, z) is independent of C(x); moreover, r(x, 2) is continuous 
in (x) for (x) in T,. Also 


(4.5a) ™1(x, 2) +0 (as (x) — (z)). 







It is possible to obtain a more detailed expression for 7:(z, z), namely 


(4.6) 71(2, z) = > (71,;(2) + 6;(z, x))(a; — 2%); 














here the 7;,;(2) are polynomials in the 
H(z), Ain(z), DiAia(z), Bi(z); 

moreover, the 6;(z, x) are continuous in (x) for (x) in T,, while 

(4.6a) 6,;(z, x) -0 (as (x) — (z)). 

The precise form of the 7,;(z) in (4.6) is 














(4.6b) 71 i(2) =); *(z) 4. 2» 2H; uz ) * ee, 
where 
(4.6c) A(z) = DO As(2)Ni, (2) + 2 DO Bile) Hi «(2), 









with 









(4.6d) Nine) = T+ The + Tic t+ Th. + U5 + Ta, 
(4.6e) Tin = —D Hea Has SE +4 Do Hitt 2 






By (4.4), (4.5) and (4.4b) | 


G(v) = (2m oh 7(2, z)) dl | a pin) pz iat 


2m—4 






+ Cc’ (| rie he sgemee ts pin?) tes 2 + (m — | 4 pen) + mI ‘. ) 


Thus 


(4.7) I'"G(v) = -(" . *) ri(x, 2) + x(x, z) + C’(x)(1 + eo(2, z))T(a, 2), 















where 






a(z, 2) = (2(m — 2) + 4n(x, 2)) —"r 
(4.72) J 






e(z, 2) = ond poe, 3 ‘wagie (r:(z, 2) from (4.6)—(4.6a)). 


pe 











TuroreM 4.1, The kernel of the integral equation (3.37) is of the form 








K(z,z) = Gv), 


1 
k(z) 











Je 
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where k(z) is given by (3.33a) (cf. (3.34)-(3.36)) and G(v) is of the form (4.7), 
(4.7a); moreover, C(x) enters in C’(x) (ef. (4.3)) only. 

In view of the preceding developments and in particular in consequence of 
(4.6b) — (4.6e) it is inferred that, when the A;,; are constants, while the B; = 0, 
we have 


71,;(2) = 0 (j = 1, --- m) 


and 
71(2, z) = } 6;(z, x)(x; — 2;) (ef. (4.6a)); 
7 
a further examination will show that, in this case, 7;(z, z) is of the order of mag- 
nitude of r° (= (a1 — 21)” +--+» + (%m — 2m)’). 
We recall that by (3.15) and (3.18) 


r 1 


(4.8) Vi Ss hole) (0 Sr &). 
Now, in consequence of (4.7) and (4.7a) 
| FG) | S rki(z, 60) (r S 6), 
where k,(z, 59) is independent of (x). Hence from (4.8) it is deduced that 
(4.9) | Gv) | S ke, bor" (r S &), 
where 
kyi(z, do 
k(z, do) = ee 


is independent of (2). 
Choosing for the element of volume, dT, , the expression of (3.7a), in view of 
(4.9) it is concluded that the integral 


(m) 
G'(v) dT., 


extended over a neighborhood of (x) = (z), will not necessarily exist. That is, 
the integral 


(m 


) 
K(x, z) dT. 


may be divergent. 
We shall consider now the effect of iterating the equation (3.37). It is in- 
ferred that the result of a v-fold iteration is 


(4.10) u(z) — a K,(a, z)u(x) dT 2 = fo,»(z) (v = 1,2, ---), 


where 


(m) 
(4.11) K,(z, 2) = K(a, 21)K,-(a1, z) dTz, 


(v = 1,2, --- ; Ko(z, z) = K(z, z)) 
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and 


(m 


) 
J,.42) = Jp.~1(2) + K,(21, 2)f,(x1) dT, 
(4.11a) 


(v = 1, 2, ee 3 So,0(2) _ t,(z)). 
In view of a known theorem” it is concluded that, if K(z, z) is of the form 


(a, z) 
re 


(4.12) K(a,z) = (r? = (a1 — 21)> +--+ + (tm — Zm)’3 0 < a < m), 
where H(z, z) is bounded (integrable), then K,(x, z) is bounded (for (x), (z) in 
I’) for v such that v + 1 is the least integer for which 


ee oe 


a 
1 in 


that is, for v equal to the least integer for which 


v> ~ ; 
m—a 

Now, in the actual case under consideration it is observed that, in view of 
(4.9), one has 


1 1 —m+1, 
(4.13) | K(a,z)| s i® |G) | s KD k(z, 60)"; 


thus, (4.12) holds witha = m-— 1. Accordingly, the function K,(x, 2) of (4.11) 
is bounded (and can be shown to be integrable in (x) over D) for v = m and for 
(x) in D. The upper bound of | K,(z, z) | will in general depend on (z). 

The integrals defining the f, ,(z) (4.11a) will certainly exist since f(x) is bounded 
in any closed subset of D and is integrable over T,. This fact is aconsequence 
of the following considerations. By (3.6) and since 


I(a,z) Sp (for (x) in T,) 
one has 
v(x, z) = T??-™(z, z)uo(z, 2), 
where 
|u(z,z)| 54 ((x) in T,). 
Furthermore 
v(x, z) = w(x, 2)” “vox, z)r (ef. (3.15)) 
and, by virtue of (3.18), 
(4.14) | v(x, 2) | S A(z)” (h'(z) = 4ho”*?(z)) 





11 See, for instance, V. Volterra and J. Pérés, Théorie genérale dés fonctionnelles .. . 
[Paris, 1936; p. 275]. 
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for (x) in T,. On taking 
dT, =r” drdQ 
and on using (4.14), we obtain for the integrand of (3.37a) the inequality 








). 

m a 2) f(a) dT. + 3 | f(x) | rdr dQ. 

), Whence the integral ne exists. In particular, if 

" (4.15) lf(z)| = M (in T’,) 
one has 
(4.16) f(e)| < ta MLS» S$ fi(2) (L = diameter of I). 
In view of (3.36), (4.14) we may take 
(4.17) file) = = A (e)ho"*@) (cf. (3.35). 


Here ho(z) = h(z) — &A(2), where h(z) is the minimum of H(z, 7) for (3) on the 
yf unit hypersphere; \(z) (from (3.16d)) may be taken as odo(z) (suitable positive 
constant o), with Ao(z) from (3.16c). In this connection, p(> 0) is to be taken 
sufficiently small so that, for (x) in T,, one hasr S & < h(z)/X(z). 
Let 


[z] 


denote generically a positive function of (z) uniformly bounded in every closed 
subset of D. On taking account of (4.1la) (with v = 1) and of the fact that, 
in consequence of (4.13) 


ae | K(a, 2) | S [err"™ 
3 (r; = distance between (z) and (2:)) we have (on taking dT,, = rj’ dr; d%) 


) 
ft | K(x ’ z)fo(X1) dT, | < [z][21] dr; dQ, ; 
it is concluded that | f,,(z) | = [z]. In view of (4.1la) (with v = 2) and since 
| Ki(ai , 2)f,(a1) dT, | S [el[lairr™ dT 2, (—m = —m+1), 
so that 
| Kila , 2)fp(a) dT 2, | S [ella *"* dri dQ , 
) we infer that, inasmuch as —m, + m — 1 2 0, necessarily | f,,2(z)| = [2]. 
Thus, on using the fact that 
a | K,(a, 2) | = fer”, 
\ where 


IA 
| 

> 

WA 


—-m+1ls-—-ms 
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from (4.1la) we deduce, step by step, that 
| fow(2) | = [z] 


for vy = 1,---m. In the above we use the fact that for every (z) in D, there 
is a closed subset of D (containing (z)) so that K,(x, z) is zero for (x) exterior 
this subset. 

TuHeoreM 4.2. Every solution u of the partial differential equation (1.1), 
which together with the Du is continuous in the domain D, satisfies the integral 
equation 

(m) 


(4.18) u(z) — K(x, z)u(x) dT, = fo,m(2) (p’ > p), 


where Km(x, 2) and f,,m are defined with the aid of the relations (4.11), (4.11a). 
This equation has the advantage over the original equation (3.37) in the fact that 
the kernel K(x, 2) satisfies the inequality 


| K(x, z) | S k*(z) < @ (k*(z) independent of (x)) 


for (x) in T,, , and that K(x, 2) is integrable, in (x), over T,. . 

Nore. By taking p = p(z) (> 0) suitably small we arrange to have 
p’ = p'(z) > p(z), above, so small that the domain I, (i.e. the set of points (zx) 
such that I'(z, z) S (’)”) lies in D. We have K(x, 2) zero for (x) (in D) ex- 
terior T,, ; in (4.18) we may then replace the field of integration by D. The oc- 
currence of p’ takes place in consequence of the following considerations. By 
(4.11) (with »y = 1) 

(m) (m) 
(4.19) Ki(z,z) = ; K(2,21)K(a1, z)dTz, = | K(x, 21)K(a1, z) dT 2, 
since K(2,, z) = 0 for (z,) exterior T,. Now K(a, 21) = 0 for (x) (in D) such 
that I'(z, 71) 2 p(%1) > 0. There exists a number p; = pi(z) > p(z), independ- 
ent, of (x1) ((a:) in T,) so that K(x, 21) = 0 for (x) (in D) exterior I,,, for all 
(v1) in T,. Hence Ki(x, z) = 0 for (x) exterior T’,, ; pi(z) can be made as small 
as desired by suitable choice of p = p(z). By (4.11) (with » = 2) 

(m) (m) 
(4.19a) K.(2,z) = A K(x, 21)Ki(m, z)dT2, = : K(x, 21)Ki(x1, z) dTz,. 

i | 

Repeating the above reasoning, with p; in place of p we find that K2(z, z) = 0 
for (x) exterior T’,,, where p2 = p2(z) (> pi(z)). Proceeding step by step in 
such a manner, we obtain the stated property of K(x, z), with p’ = p(z). 

In the sequel the prime over p will be deleted. 

If the D, are domains, in D, such that D, C Day; and D, > D (asn—> +), 
with the aid of the above we obtain the following result: 


(4.20) u(z).— Z Kn (x, z)u(x) dT, = fo,m(z) 


n 
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for all (z) in Dy ; here n' is some integer > n such that D,, contains every point 
(x) for which I(x, z) S p'(z), when (z) is any point in D, ; with p(z) suitably 
small such n’ certainly exists and, in fact, may be taken as n + 1. Clearly 
K,,(z, 2) = 0 for (z) in D, and (x) in D — D,.. 

We have k*(z) S ba < © (for (z) in Dy), where k*(z) is from (4.18a). Thus 


(4.20a) | Kn(z,z)| Sb, << @ (constant b,) 
for all (x) in D and for all (z) in D,. 


5. Characteristic values and functions 


In place of (1.1) we shall now consider the partial differential equation 
(5.1) F(u) + r\u=f (F from (1.1); continuous f C J» in D), 


where A is a parameter. This equation is obtained by replacing C by C + X. 
Any equation of the form 


F(u) + dq(x)u = f 
is reduced to the form (5.1), provided that, for (x) in D, the functions 


ae ee ae (with « » 45) 


satisfy conditions as previously imposed on the functions 
Aik ’ B; ? C,; I, 


respectively. 
The introduction of a parameter, as above, is in agreement with the situation 
in the Schrédinger wave theory. 
On taking account of (3.37b), v(x, z) being of the form (3.6), and of (2.1), re- 
placing C by C + A we obtain 
nN 
(5.2) K(a, 2) = K*(x,z) + Hay v(x, 2), 
where K°(z, z) stands for the function which in section 4 has been designated as 
K(a, z). 
The function K(z, z), defined in (5.2), is the kernel of the integral equation 
(3.37), corresponding to the partial differential equation (5.1). 
Application of (4.11), for v = 1, --- m, will yield 
m+1 


(5.3) K,,.(a, z) = K}.(z, 2) + > ?Am,(2, 2). 


Here K>,(x, 2) is the function designated in section 4 as Kn(x, 2). The Am,;(x, 2) 
are functions of the same type as Km(x, 2) of section 4 and accordingly satisfy in- 
equalities of the form (4.20a). 

In view of (337a), (4.11) and (4.11a) it is observed that f,,(z) is a polynomial 
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in \ of degree m, whose coefficients are uniformly bounded (in absolute value) and 
integrable over T,. In order to put in evidence dependence on d we shall 
write 


So,m(2) = fo,m(Z, d). 
The integral equation corresponding to (5.1) is 
(m) mt+i 
(5.4) u(z) - / u(x) | Ka, z) + DW Anila, e) Jar. = fom(z, d). 
p j=1 


Before proceeding further we shall note that in consequence of a recent work 
of G. Giraud,” in the sequel referred to as (G), the following may be asserted 
with regard to the problem 


(5.5) F(u) + w=f ((a) in D,), 


(5.5a) ae + an(x)u = pr(x) ((x) on S,), 


where D,, is a domain, for which D C D, and S, is the limiting surface of D, ; 
the functions a,(x), p(x) are defined and continuous on S,. It is assumed 
that D, and S, are “regular” in the sense that S, can be covered by a finite 
number of domains, in each of which one of the Cartesian coérdinates of a point 
(variable in S,) is expressible with the aid of m — 1 other coérdinates through a 
function whose partial derivatives of the first order belong to the class Lip. h 
(with h < 1).” 

In (G) the problem (5.5), (5.5a) (and, in fact, a more general problem) is re- 
duced to integral equations to which the Fredholm theory applies. The final 
conclusion of (G), needed in the sequel, is that “either the only solution of the 
homogeneous problem is zero, and then the non homogeneous problem is com- 
patible for all f (continuous in D, + S,) and p,(x); or the homogeneous problem 
has solutions not identically zero, deducible from p (p finite) linearly inde- 
pendent solutions, and then the non homogeneous problem is not compatible, 
unless certain p necessary and sufficient conditions are satisfied.”” The latter 
conditions are supplied by the Fredholm theory. 

We shall take p,(x) = 0. Associated with (5.5), (5.5a) there is a set of charac- 
teristic values, 


(5.6) Nn,i (= 1,2,---), 


the sequence A,,1 , An.2, «++ possessing no finite limiting values. When d ¥ An, 





2G. Giraud, Nouvelle méthode pour traiter certains problémes relatifs aux équations du 
type elliptique [Journal de Mathématiques, Tome Dix-huitiéme (1939), 111-143]. 
18 This is the type of surfaces considered in (@). 
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then the non homogeneous problem (5.5), (5.5a) has a solution, u = up, con- 
tinuousin D, + S,. Ford = A,,; the homogeneous problem 

F(u) + Anu = 0 (in D,), 
(5.7) F 
se + a,(x)u = 0 (on S,) 


has at least one solution, u = un,;, distinct from zero, continuous in D, + S, . 
We assume that D 1s such that there exists a sequence of domains 
D, (n = 1,2,--- ;D, Cc D), 


whose limiting surfaces are S, (n = 1,2, --+ ), respectively, and which are “regular” 
in the sense specified above, while 


DiC Dns, lim D, = D."* 


Forthwith the D, and S, will have the meaning just indicated. 
In connection with (5.1) one may consider the “adjoint” non homogeneous 
equation 
Gv) + d\v =g (continuous g C Le in D). 
With respect to this equation results will hold precisely analogous to those 
stated from (5.1) to (5.4) for the equation (5.1). 
Furthermore, applying the work of Giraud to the problem 
Gv) + pv = 9 (in D,), 
(5.8) F 
> + ba(x)v = qn(z) (or Sx), 


where b,(x), gn(z) are continuous on S,,, we have a situation similar to that 
described in connection with (5.5), (5.5a). In particular, the problem (5.8) 
has a set of characteristic values 
(5.9) Pn,i (j - 1, 2, 7 ); 
the sequence pn, pn2,-:- having no finite limiting points, such that the 
homogeneous problem 

G(v) + pnjv = 0 (in Dz), 


(5.10) 
a + b,(x)v = 0 (on Sn) 


has a solution, v = v,,;, distinct from zero, continuous in D, + S, . 





“ Here lim D, = Di + D2 + +++. 
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Under suitable general conditions on wu and », in view of the fundamental 
formula (2.7) we have 


naaad wind © ov 
(5.11) | [pF (u) — uG(v)|dT = =f BE ai = + Law |as, 


Dn 


where (cf. 2.7a)) L, is defined on S, by 
(5.12) Ln = Do mi(n)Bi — by mi(n) OAts. 
i i,k 


OX; ' 


here the 7;(n) are direction cosines of normal to the surface S,. In view of the 
previously made suppositions with respect to the B; , A:,, and the surface S, , 
the function L, is continuous on S,, . 

It is observed that, if v satisfies the second relation (5.10) and wu satisfies the 
last equation (5.7), one has 


— _ ass + Lru = (bn — An + Ln)uv (on S,). 
Ov Ov 


Hence in order to make the above expression vanish on S, we shall take 
(5.13) b, = dn — Ln. 


THeorEeM 5.1. 1°. The set of characteristic values {Xn,i} [(5.6)] 7s identical 
with the set of characteristic values {pn,;} [(5.9)].° We write ni = pni- 

2°. When F is self adjoint the characteristic values are all real and the character- 
istic functions may be taken real. 

3°. There are on hand orthogonality relations: 


(m) 
(5.14) [ unala)on(2) dT = 0 (fot Dae 3 Maca 


Dn 


(m) 
(5.14a) / Uni(t)Un (2) dT =O = (for Xn ¥ An, when F is self adjoint). 


To prove (1°) consider a characteristic value \,,; for (5.7); thus, 


. F(un,:) + An, Uns = 0 (in D,); 
(5.15) ray 
Ov 


where u,,; is a characteristic function. Suppose, if possible, that \,,; is not a 
characteristic value for (5.10) (under (5.13))."° Then every non homogeneous 
problem 


+ On(x)Un,i = 0 (on Sn); 


G(v) + And = g (in D,), 
ov 
Zz +b,v=0 (on Sn); 





18 Nothing is said about the multiplicities of these values. 
18 We take ni < nz < +++ ;ns > © withs. 
“ 
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where \n,i is fixed but g is any function continuous in D, + S,, will have a 
solution v. Now substitute this, supposedly existent, function v, as well as 
u = Un, in (5.11). One obtains 


(m) (m) 
0= [ [WF (Uni) — UnsG))dT =—] unig dT, 
n Dn 
which implies that u,,; = 0 in D, , contrary to the assertion made subsequent 
to (5.7). Hence X,,; is a characteristic value for the “associated” homogeneous 
boundary value problem. The converse is proved by a similar method. 
Substitute in (5.11) wu = Un, v = Un,;. In view of the remark preceding 
(5.13) the integrand of the second member in (5.11) is zero on S, ; accordingly 


(m) (m) 
(5.16) O= / [Un,j F (Uni) — Uni G(vn,j)] AT = (Anj — Ans) UniUnj aT. 
Dn Da 
This implies (5.14). 
In view of (4.2) and (4.3) the case when F is self adjoint, that is when F = G, 
is on hand if and only if 


(17) B(x) =D OAeale) (in D). 


Thus in the self adjoint case it follows by (5.12) that 
L, = 0. 


Under (5.13), the homogeneous boundary value problems (5.7) and (5.10) 
become identical. In sonsequence of these considerations and of (5.14) it is 
inferred that (5.14a) holds as stated. 

With F self adjoint suppose, if possible, that there is a non real characteristic 
value An,;. On taking conjugates of the members in (5.15) we deduce that A,,; 
will be another characteristic value, while @,,; will be a characteristic function 
corresponding to An,;. By virtue of (5.16), where we put 


Ani 04 Ani» Un, i = Uin,i 


it is concluded that 

(m) 

(An,i = Ani) | Un,é dT = 0 

Dn 
and that, accordingly, \n,; — An,; = 0. This is impossible with \,,; non real. 
Thus part 2° of the Theorem has been established. 

in the self adjoint case the un; (i = 1, 2, --- ) will be always arranged as a set 

orthonormal in D,, ; we define 


Un,i(x) = 0 | (in D — (Da + Sn)); 
the Un,:i(x) will form a set orthonormal in D. 
When F is not self adjoint orthonormalization of the un, (¢ = 1, 2,--- ) 


will yield a sequence whose members in general will not be characteristic func- 
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tion. This apparently involves the main reason for the difficulty of the treat- 
ment of equations which are not necessarily self adjoint—at least in certain 
questions relating to such equations. 
The set of numbers 
Ani (n,i = 1, 2,---) 
is at most denumerably infinite. Hence there exists a real number Apo distinct 
from all of the above numbers. One may write 


F(u) + Au = F*(u) + A*u, G(u) + Au = G*(u) + A*u, 
where 
F* =F+, Gt =G+, A* =A — dX. 


This amounts to augmenting the coefficients of uin F and G by \). In view of 
these considerations, augmenting, if necessary, C (and, hence C’ = C” + C, 
where C” is independent of C) by a suitable A» and retaining the original nota- 
tion, we may consider that the dn»,; (n, t = 1, 2,---) are all distinct from zero; 
clearly, this entails no loss of generality. 

In the sequel we confine ourselves to the case when F is self adjoint and when, 
accordingly, (5.17) holds. 


6. The non homogeneous self adjoint problem 


Let us first consider equation (5.1) for a non real value of \. Then, in view 
of the reality of the characteristic values (cf. 2° of Theorem 5.1) of the problem 
(5.7), it can be asserted that the problem (with continuous f possibly complex 
valued, CL, in D) 

F(u) + du =f (in D,), 
(6.1) 
a + an(r)u = 0 (on Sy) 


has a continuous solution u, in D, + S,. The function @, will satisfy 
F (tin) + Min = f (in D,), 
On + a,(2)iin = 0 (on S,). 
Ov 
Accordingly application of (5.11) to 
UU = Un, 
will yield 


{m) 
O= [bein F(un) — uy F(ia)] aT 


Dn 


and, hence, 


(m) . 1 (m) 
I. \un| dT = nord (inf — Unf) dT. 
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By the Schwarzian inequality 


(m) . 2 (m) 3 (m) 4 
| lun| aT Ss = | ju Pa | | f sar] 
Dn | A—A | Da Da 





and, finally, 

(m) 4 (m) 4 (m) 

2 oe ee, 2 . 2 = 
2 f° \utars aap fl ters_ioya lf” ster =a 
(n = 1, 2, +++ ; a(A) independent of n and <+~). We define 
(6.3) Un(x) = 0 (in D — (D, + S,)). 
Then 
(m) 

(6.4) [luster sais) (m= 1,2,--- sof. 6.2)). 


This is analogous to a nrocedure in (C). 
In consequence of a iheorem of F. Riesz, inequalities of the form (6.4) imply 
that there exists an infinite subsequence 


tte, (2) (i = 1,2,---) 
and a function u(x), for which 
(m) 
(6.5) [ \u@ Par s at) 
D 
such that 
Un, (x) — u(zx) (in D; asn;— ~) 


in the weak sense. 
Now, inasmuch as up, (2) is a solution of (5.1), in Dn, , Un, satisfies the integral 
equation (5.4); thus with r > 7 


(6.6) Un, (z) = | o Un, (x) | Kate, z) + ) N Am,s(2, e) Jar, + fom(z, ) 


for (z) in Dy, (e(z), >0, being suitably chosen so that the kernel vanishes for 
(x) in D — Dy,,, , when (z) is in D,,). 

We recall now a theorem of F. Riesz which, for a single variable, asserts 
that if 


f(z) C Le (on (a, b); » = 1, 2, --- ), f(x) — f(z) (weakly) 
and if 
g(x) c Le (on (a, b)) 
then 


lim [ s@0@) dz = [ f(x)g(x) dz. 
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An obvious extension of this theorem to the m-space of the point (x) enables 

us to assert that 
(m) (m) 
(6.7) inf «Kile, oe?. = | u(z)Km(2, 2) dT. 
: Davey Dai +1 
(for (z) in D,,), if 
Kn (2, z) C Le (in (x), over D). 

Now the latter property certainly holds by the preceding. 

Thus, given any (z) in D, we choose 7 so that D,; contains (z); from (6.6) 
and (6.7) we then infer that 


(6.8) lim Un,(z) = u’(z) 
exists in the ordinary sense for (z) in D; clearly 
(6.9) u'(z) = u(z) 
and 
u(z) — r u(x) Km(a, z)dT 2 = fp,m(2, d). 


In (6.9) u(z) is the function for which inequality (6.5) has been asserted. 

We have the following theorem. 

THEOREM 6.1. Consider the partial differential equation (5.1), with f(x) con- 
tinuous and CL in D; let F be self adjoint. 

For every non real value of the parameter d (5.1) possesses a solution u(x) such 
that 


i lu(x) dT < ald) (a(A) from (6.2)). 


This theorem is analogous to a result established in (C) for the case when 
(1.3) holds. 

We.now wish to investigate the more complicated situation when ) is allowed 
to be real. In this there will be a certain analogy with an earlier work of 
Triitzinsky.* 

For \ distinct from the \,,; (¢ = 
ur(x). On substituting u = uz, v 
fact that L, = 0 we obtain 


1, 2,--+- ) the problem (6.1) has a solution 
= Un,i in (5.11) and noting (5.15) and the 


(m) 
/ [uni F(un) — UnF(uns)|dT = 0 


Dy 


(m) 


(m) 
| Un(x)Uni(x) dT = f(x) un s(x) dT. 


Dn r — Ani D 
Thus, by (6.3) 
(m) 


Xr — hes te f(x) un s(x) aT. 


(m) 
(6.10) i un(t)Un«(t) dT = 
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It is noted that (6.10) constitutes a relation between the Fourier coefficients, 
with respect to the wn,: (¢ = 1, 2, --- ), of the functions u,(x) and f(z). 

Now an orthonormal set {uni} (¢ = 1, 2,---) is necessarily complete. This 
can be established by an extension of the familiar methods, involved in known 
analogous, though much simpler, boundary value problems. 

On writing 





: (m) 
(6.11) u"* = [ Un(y)Una(y) aT, 
we have 
(m) 
(6.11a) [ lua(e) Par =D Jw? 
D 7 
In view of (6.10) 
2 ae gn 2 A (m) 
(6.12) Sa= Dilu*P= js}, f=] f(e)uns(x) aT. 
a t nt D 








DeFINiTION 6.1. We designate by T a set of points d, in the complex d-plane, 
such that 


(6.13) X P _ 


for all X in T, the function B(d) being independent of n. 
Let us form the complement, with respect to the A-plane, of the set of points 


2 


<BA)<+0 (n=, me, ---;f"" from (6.12)" 








(6.14) Ani (n = m,M,-+++ 371 = 1,2, +e). 


We define O as the set of interior points of this complement. Clearly O contains 
all the points not on the axis of reals. O will contain also some points on the axis 
of reals if the complement, with respect to the axis, of the set of points (6.14) contains 
interior (with respect to the axis) points—the latter points will belong to 0." With 
5 positive, let O; be the subset of O consisting of points at the distance = 6 from 
the frontier of O; then O; will be a closed two dimensional set; moreover, 


(6.15) [A — Aas] 28 (n= m,Mm,-+--;7=1,2,---) 
whenever A is in O;. In view of (6.15) we have 
rand ; 1 m,t 2 : 
> 5 < ga If | (in O;) 








and, in consequence of the second relation (6.12) as well as of Bessel’s inequality, 


ee ee ae ee 
jae s5/ | f(x) |" dT (in O;). 








17 It is conceivable to have the set (6.14) everywhere dense on the axis of reals, in which 
case, by definition, O will consist of the \-plane minus the axis of reals. However, the set 
T of Definition 6.1 may have points on the axis of reals, even under these circumstances, 
provided the functions f are suitably chosen. 
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The set O, defined in connection with (6.14), is a set T of Definition 6.1 with 
1 (m) . 
BA) =5 4 | f(x) |" dT 


for \ in O; here 6 is the distance from the point representing > to the frontier of O. 

An important feature of sets T of the special form O lies in the fact that they 
are independent of the choice of f—in so far as f C Lz» (in D); this is not so for 
the general sets 7. In any case, of course, 7’ includes all the points not on the 
axis of reals. 


By (6.12) and (6.13) 
S*. < BO) (n = m,%,--- ;in T) 


and, in view of (6.11a), 
(m) 

(6.16) [lua Pars BO) < +e (w= Mm, m9, ---) 
D 


for \ in J. The second member, here, being independent of n, one may assert 
that the sequence (m, m2, --- ) contains a subsequence (ki, k2, --- ) so that 
Ux; (x) — u(x) (ask; — ©;in D), 


convergence being in the weak sense to a function u(x) for which 


| u(x) Pa? < BO). 


By a reasoning employed before and on making use of the integral equation it is 
concluded that u(x) is a solution of the non homogeneous problem (5.1) for 
Ain T. 

We have the following Existence Theorem. 

THEOREM 6.2. Let F be self adjoint (in D). The Ani (Nn = mM, Me, ++} 
a = 1, 2,---) are the characterisiic numbers of a sequence of approximating 
boundary value problems; together with the characteristic functions Un; the ni 
satisfy (5.15). In terms of the Un,i(x) (Unt, , Un, +++ orthonormalized in D) we 
define numbers f"" by the second relations (6.12). Let T be a set for which (6.13) 
of Definition 6.1 holds. 


Then the non homogeneous problem 
Fu) + \u=f 


will have a solution u, in D, CL2 in D for every d in T. 
DeFiniTion 6.2. It will be said that F is of class I on a set O, if every solution, 
CL, in D, of the homogeneous problem 


F(u) + ru = 0 
ts zero in D—this being so for every \ in O. In the contrary case F will be said 
to be of class IT. 


Designation of classes I, II, here, is suggested by an analogous usage in 
Carleman’s theory of integral equations. 
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It is to be recalled that corresponding to the equation (5.1) we have an iterated 
integral equation (5.4); the latter may be written in the form 


(m) m+1 ; 
617) ule) — [ w(z) Dy Ams, 2) dT s = fom(Z, 2) (Amo = KS). 


On taking account of the text in connection with (4.20) we note that in (6.17) 
the field of integration may ve taken as D,4: if (z) isin D,. The expression 


m+1 (m) 4 
6.18) nitt= >| Able, 2) ar, | 


t==0 
defines a function for all (z) in D. In fact, let (z) be a fixed point in D. Then 
for some n the domain D, contains (z); for all (2) in D — Dyas: we have 
Ani(a, 2) = 0. Hence 


(m) (m) 
| A? (a1, 2) dT, = At,(e1, 2) dT. 
D 


Dn+1 
Here 
| Am s(Z1,2)| Sa¥n < © (all (z) in D, ; all (z:) in D) 


in view of the statement with respect to (4.20a). Thus the integral above exists. 


7. Spectral theory 
The “spectrum” of F, with respect to the boundary value problem 


F(u) + Au = 0 (in D, ; parameter X), 
(7.1) 
Ou st a(x)u = 0 (on S,), 
Ov 
we define to be the function 6,(z, y | A) for which 
6n(z, y|A) = ; ,® : Un,i(X)Uns(y) (for \ > 0), 
(7.2) sat 
6n(a, y|X) = —DL Ung lt) Un,s(y) (for \ < 0), 
ASAn,i <0 


while 6,(z, y | 0) = 0; this function is defined for (x), (y) in D, + S, and for all 
real dX. Clearly 6,(z, y| A) = On(y,x| A). Such definition is possible inasmuch 
as it had been previously arranged to have the X,,; all distinct from zero and 
since the A,,; are all real. 

In consequence of the definition of un,; we have 


6,(z, y | d) = 0 
for (x) exterior D, + S,, as well as for (y) exterior D, + S,. 
From the definition of 6, it follows that 


A}? On = On(x, y|A2) — On(z, y| Ar) = Dd Uns(1) Una (y) 


A1SAn,i <A2 
When A» > A:. Thus, on taking 
Wo <M < ees SAG, 
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we obtain 


(7.3) bn = > JAX, On(a, y|A)| SDF | Uns) etn c(y) | 
v=l Ao SAn,i<Ag 
for (x) and (y) in D. 
In view of the first relation (5.15) and of the previously established connection 
with integral equations we have 


m+1 m) ‘ 
(7.4) ata Fe «ff tin (2) Am, 2) ATs [Ano = K3] 
, i=0 
for (z) in D,_1 (if p = p(z), >0, is suitably chosen). The functions in the kernel 
of (7.4) have the general properties indicated subsequent to (5.3). , 
In consequence of (7.3) and (7.4) one has 


m+1 


m) | 
ae ™ > vi «f Uni(Z1)Am,j,(21, 2) AT,, | 
Ao SAn, i<Ag 71=0 | 


(7.5) 


m+1 (m) 
| So ate | unales) Amines 0) OT 


72=0 Dn 


for (x) and (y) in D,-1. Here (as well as in (7.4)) D, may be replaced by D 
On letting \* denote the greater of the numbers 1, | Ao |, | A, | from (7.5) it is 
inferred that 


(m) 
as (Ae)? p » ; myj(2Z1) L)Un,i(21) AT, 


41,72 


(m) 
| [° Amss(ees vunslea) dPn4] (C2), (y) im Dy). 


Thus 
bi, S or pe e\f m,iy (215 )Un,i(21) aT, ‘| 


Jird2 


{x ‘a Anm,ig(225 y)Unil@2) AT I} 


for (x), (y) in D,.1. On making use of Bessel’s inequality we obtain 


& & (*)*"" ps if.” Avni (21, 2) ar,,| 


Jide 


(7.7) 


(m) } 
| , Anning (22, y) ar, | = (a*)’"a(z, y) 


((x), (y) in D,1), with 
(7.7a) a(x, y) = a(z| D)a(y | D), 
where a(z | D) is defined by (6.18). 
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It is essential to note that the last member in (7.7) is independent of the 
mode of subdivision of the interval (Ao , A,) and is independent of n. 
By (7.7) and in view of the definition of 6, , given in (7.3), one has 


(7.8) ViOn(z, y|A) S (a*)" ala, y) 
for (x), (y)in Dru. Here V*, denotes variation, with respect to A, on the interval 
(a, 8); \* is the greatest of the numbers | a |, | 8|,1. Also, since 6,(z, y | 0) = 0 


we ‘have 
| On(x, y |) | = | Ad | 


so that, in view of (7.7), 
(7.9) | On(z, y|d)| S ’)"a(a, y) 
((x), (y) in D,-1) where 2’ is the greater of the numbers 1, | d |. 


For any integer r 2 n, corresponding to (7.4), we have 


m+1 (m) 


(7.10) Uri(Z) = > Ni / Ur,j(t)Am,j(2, z) dT, 


Dn 
for (z)in D,1. This is a consequence of the fact that D, (r 2 n) contains D, 
and that for (x) in D — D, 
(7.11) Am,i(x, 2) = 0 (for (z) in D,_1). 


By a reasoning of the type employed subsequent to (7.4) for the purpose of 
derivation of (7.8) and (7.9) we now proceed from (7.10), (7.11) obtaining the 
inequalities 


(7.12) V20(r, y|d) = (A*)’"a(z, y), 
(7.13) | (x, y|d)| S$ (’)""a(z, y) 


for (x), (y) in D,-1 and forr = n-+1,---. 

If the 6, (r = n) had a property in the nature of equicontinuity in (zx), (y), 
for (x), (y) in D,-1, then the ‘“Compactness” theorem of Carleman’ would be 
applicable. Under the existing conditions, however, a modification of the de- 
velopments in (C; ; pp. 21-24), together with (7.12), (7.13), enables assertion 


of the following. 

Given n(> 0), there exists a subsequence 
(7.14) 6,-(n,1) ’ 6+(n,2) oi 
such that the limit 


lim 9+(n,3) _ A(x, y | A) 
7 


exists in D,_; , for real \; moreover, 
(7.15) Vi0(x, y |) S (o*)""*a(z, y), 
(7.15a) | (x, y|d) | S (0)? a(z, y) 


Tile RETO 
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for (x) and (y) in D,-1, for all real 4, except perhaps for a denumerable infinity 
of values X. Offhand, @ may depend on n; whenever (x) or (y) isin D — Dy, 
we define this function @ as zero. 

We select a subsequence (7.14) for n = 2, obtaining a limiting function, 
10(x, y |r) for (x), (y) in D,. From this subsequence we choose another sub- 
sequence 


(7.16) Bry.» 9rso > Ore3 °° 


converging, for (x), (y) in D., to a limiting function 26, which is necessarily 
identical with 6 for (x), (y) in D,. 

We replace the sequence (7.16) by the sequence 
(7.17) 62,1) ’ Drs,0 ’ Ors.3 ’ Ors, wiek 
which has the same limit as the sequence (7.16). From (7.17) we select a 
sequence 


62,1) ’ 9r5,9 ’ Br4.5 ? Dr4 4 ) 9745 his 


converging to 30 in D; ; clearly 


shi 26 (for (x), (y) in D.), 
mr) (for (x), (y) in Dy). 


Continuing this process of consecutive selections one obtains a sequence 
6,(2,1) ’ Ors » ’ 914.5 ) Drs 4 gree 
converging to a limiting function 
e(x, y | r) 

for (x), (y) in D, for all real A, except perhaps for a denumerable infinity of 
values \; 6 is independent of n and satisfies the conditions stated in connection 
with (7.15), (7.15a), this being so for all (x), (y) in D. 

DerFIniTIOn 7.1. A function 0(x, y|) obtained as described above will be 
termed a spectrum of F, associated with the sequence of boundary value problems (7.1). 

THEOREM 7.1. Associated with the sequence of boundary value problems (7.1) 
there exists at least one spectrum 6, satisfying the conditions stated in connection 
with (7.15), (7.15a) (ef. (7.7a)); we also note the statement preceding Definition 7.1. 

In the remainder of this section we shall state a number of properties of 
6(x, y |). These properties are analogous to those found, for functions desig- 
nated as 6, by Carleman in Chapter I of (C;). These results may be proved 
with the aid of the theorems referred to in (C; ; 7-24), as well as of Theorem 7.1. 
We shall omit the details of proof. 

According to the preceding, there exists a sequence 


Om, » Om, y *** (m, < mm < +++) 
such that 


(7.19) lim On, = 6 ((x), (y) in D; as m, > @). 
With (7.19) in view we shall writen = m,. The following is asserted. 
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For almost all (x) in D 


(m) 
¥(z, A) = [ A(x, y| \)h(y) dT, = lim yn(z, d), 
(7.20) (m) 
vole, a) = [a(x y|Ab) a7, 


D 


whenever h(y) C Lz in D. If, in addition, g C Lz in D, then 


od (m) 
[ g(x)p(x, 4) dT, = lim g(x)Wn(x, d) dT. 


(m) p(m) 
= tim [~ [™ ox(e, y|do(e)h(y) a7. a7; 
D D 
the order of integration in 
(m) p(m) 
(7.21) / / A(x, y| A)g(x)h(y) dT, dT, (g,h © Lyin D) 
’ D D 


is immaterial. 
On using (7.17) (for 6,) it is iuiferred that 


(m) 3 
Vivsla, 0), Vawter) s aa[ f mc)/*ar, | ate D), 


where @) = G(a, 8) is finite for a, B finite. Moreover, 


7.22) [als DL [We |S arat| f™ [nw ar, |, 

where 

(7.23) a, = (’)""* [\’ = max. (1, | A |]. 
We have, whenever g, h C Lz in D, 

(7.24) ve ff” ente, ul nolan) arear, 

and 





im) p(m) 
| [ [ On(x, y|A)g(z)h(y) dT. aT, 


s[f"lo@rar.]] "wear, |; 


these inequalities will hold for 6(z, y | \) as well. 
When (A) is continuous for \y) S A S A; one has 


a ™ 
[ oe) doce, yr) = tim | (0) droa(e, v1») 
Xo Xo 
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A (m) hy (m) 
[oma [~ aoe, |» a7, = tim [ w(r) dh [ h(yOa(x, y |d) aT, 


Ao 


[ oora ff 0, vinrmerowarear, 


(7.25) M1 (m) p(m) 
=lim |] o(d)d | [ On(x, y|A)A(x)g(y) dT, aT, 


Xo 


for (x), (y) in D, whenever h, g C Lz in D. 
Also 


i (hy) LI ” iditilen¢ »| aT, = [. AN) he i az, y | ACY) ar, | 


Ao 0 


f° i g(x)h(y) lf w(r) d, A(z, y | »)| dT, dT, 


0 


1 (m) p(m) 
= | (a) | a [ [ a(x, yiNo(adh(y) dPea, |, 


Xo 


[eff eora | J oe, vlnncnar, } ar, 


cD” dean Lo fh ote vi noteync) ar.at, | 


do 


The integral 
« (m)  p(m) 
h )aT, 
(7.26) [afl [oul pia arar, 


converges for all h C Le (in D). There exists a function ¥(x), CL (in D), 
such that 


I (m) 
w(x) = [ x | / A(x, y | A)ACy) ar, | (2) 
= D 
(as 1 —> + ©), convergence being in the mean square for (z) in D. 


8. Developments on the basis of spectra 


For a fixed n = m, consider the set of functions up,;(¢ = 1,2,---). Recalling 
the character of this sequence it is observed that the Parceval’s equality for 
the un,;, expressed with the aid of a Stieltjes integral, is of the form 


rr) (m) (m) (m) 
B= [ [ [ec yl wia)ny) area, < [in par, 
I— 00 D D D 


Here h is any function, CL: in D, and 6, is the function introduced in (7.2). 
With 0 <1 < ~~, we have 


l (m) (m) (m) 
6.1) Bu=[ a [ [ n(x, y|d)R(z)h(y) aT aT, < [ \a(y) (?dTy. 
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This may be asserted in view of the fact that 
8 (m) pm) 
[af [O a, uimi@n)ar.ar, = 0 
a D 
for all real a, 8. In consequence of (7.25) 
l (m) p(m) 
lim Bi, = [ dh / i] (a, y|d)K(x)h(y) dT. aT,. 
n D D 
Hence by (8.1) 
l (m) (m) (m) 
[afl [oe vinkear.ar, s [~ \rq ary. 
— D D D 


Thus, on letting 1 — ~, we obtain (note convergence of the integral (7.26)) 


20 (m) (m) (m) 
(8.2) [4 [ [ az, y|d)K(x)h(y) dT aT, < [ |h(y) Pay, 


which is the generalized Bessel’s inequality related to our problem; this inequality 
is associated with a certain sequence of homogeneous boundary value problems. 
It will be convenient to introduce the following Definition. 
DEFINITION 8.1. Suppose F is self adjoint. It will be said that F is closed 
with respect to a spectrum 6 if 


~ (m) p(m) (m) 
63) [af [ oe, y|nKeyaw)ar.ar, = [~ \ry) Far, 


for every h Le (in D). 

It is observed that (8.3) is a particular instance of (8.2) and constitutes a 
generalized Parceval’s relation. 

Suppose now F is closed with respect to a spectrum 6. Let h be real valued. 
Replacing h(x) in (8.3) by a(x) + b(x), where a(x), b(x) C Lz (in D), in conse- 
quence of the closed character of F we obtain 


eo (m) (m) 

[ 4 [ [ a(x, y|d)a(z)b(y) dT. aT, 
(8.4) i) (m) (m) (m) 
+[ af [ o@,y\no@aw azar, =2 f° ay)oo)aty. 


D 


Interchanging (x) and (y) in the second term of the first member above, making 
use of the symmetry of 6 and taking note of the permissibility of the interchange 
of order of integration in the integral (7.21), it is concluded that this term is 
equal to the first integral displayed in (8.4). Accordingly 


c-) m m (m) 
(8.5) [ di e ag [ ”” a(x, y|Na(z)b(y) dT dT, = [ a(y)b(y) aT, . 


Let C be a “‘cube’”’ in the m-space, defined by inequalities 
(8.6) ¢; Sa; 5¢;+L (j =1,---m;L > 0). 
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We choose the point (c) = (c:, --- Cm) and L sufficiently great so that 

(8.6a) Dc QC, 

supposing that D is bounded. We define @, for (x) and (y) in C, by the relations 
A(z,y|A) = 0 ((z) in C — D; (y) in C), 
6(z,y|A) = 0 ((y) in C — D; (x) in C). 


One then may express (8.5) in the form 


oo (m) (m) (m) 
(8.8) [a f [ oz, y|d)a(z)b(y) dT. dT, = [ a(y)b(y) dT, 


(8.7) 


where a(x), b(y) are any functions CL in C, while 
(8.8a) a(x) = 0 (in C — D). 
Substitute, in particular, 
b(y) = bily) = Blt, «++ tm 5 Yrs +++ Ym); 
where the function b,(y) is defined, for (¢) and (y) in C, by the relations 
bey) = 1 (c; Sy; St;;j =1,--- m), 
(8.9) 18 
b:(y) = 0 (elsewhere). 
From (8.8) we then obtain 
i) ty tm 
(8.10) [ acin=[ --[" amar, 
« yi=Cy UYm=Cm 
where, in view of (8.8a), 


(8.10a) —o(t;d) = [Paws ue [" az, y|») ata, 


1=C} Ym=— em 
With the aid of (8.10) the following result is established. 
THEOREM 8.1. Suppose 6 is a spectrum, with respect to which F is closed, and 


that D is bounded. There is then on hand the following generalized Fourier ex- 
pansion 


o” - 
(8.11) a(t) = = ‘ dy(t;d) 


for almost all (t) in D; this is valid for all a C Le in D; here 5(t; ) is defined by 
(8.10a), with @ subject to (8.7) (defined in (8.6), (8.6a)). 
An important application of spectra is, as will be now shown, in establishing 


explicit formulas for solutions of the non homogeneous problem (5.1). 
We have 


(8.12) u(x) = a u”* uns(2). 





18 That is, for points (y) such that at least some y; exceeds t; ((y), (¢) in C). 
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Ordinary convergence, here, instead of convergence in the mean square takes 
place by reasoning of the same type as is used to prove the analogous faci in 
certain known simpler classical cases. As has been shown previously u,(x) > 
u(x) (as n = k; > ~) in the weak sense as well as in the ordinary sense. Cer- 
tainly 


(x) (z) 
(8.13) [ u,@ar.— [ waar. 
(Cc) (Cc) 


as k; — ©, for (x) in C.® Here and in the sequel 


(z) 71 =m 
(8.14) fi. a(x) dT, = / vee / (ti, +++ tm) dty +++ dtm 
Cc t 


1=C; tm=Cm 


((z) in C; a(x) integrable over C). Moreover, the functions u,(x) are taken 
equal to zero in C — D 
In view of (6.10) and of (6.11), from (8.12) it is deduced that 


(m) 





Ur(z) = at ew — Ani Un, (x) J S(y)un, i(y) dT, 
(8.15) - 
™ ro ad, , Su)iale, y | 0) ay. 
We write 
(8.16) Un(x) = Va; (x) + Tn,(X), 


(m) 
C1). win é-1 rap te], Hwee, y\ 0) aTy, 





(8.16b) —rag(z) = ( [+ Oe. »f” seadoae, y|0) ay. 


On making use of the symbol (8.14) and employing the extended definition (8.7) 
of #, one may express (8.16)—(8.16b) in the form 


(z) 


gir f ~ un(z) dT. = [. 


(c) 


taa(z) dT. + [. raa(z) dT, 





(x) l (x) (m) 
(8.17a) [ rau(2) aT, = [ | fly)On(x, y |p) dT2dTy, 
(ce) iA—p (ec) Yo 


(z) 4 po —l 1 (x) (m) 
7b) [” raala) a = (+ ) f° [ sonta, y\o) ated, 


A—p (c) 





From (8.17a), (8.17b) we finally obtain 


(8.18) I : tn) dT, = [ 


(m) p(m) 


be(t)f(y)On(t, y | p) dT. aT,, 











iA— 





ace a ie mm sae 
Be LEE EI AME LO S 


OMOEA NEN en gg mm 





pe a RR Sa 
ae ae 
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(x) 


Tn, t(2) d te 


-(["+ ci bd of,” beostanontt wo) ara, 


for (x) in C; here b,(t) is from (8.9). 
Let T (Definition 6.1) be of the form O (cf. text subsequent to (6.14)). For) 
in 7 one has 


(8.20) [A — Ane] ZS = 8(A) > O (n=hk,ke, +++ ;%=1,2,---), 


c) 
(8.19) 


where 4(A) is independent of n and 7. Let G(é) be the set of points whose dis- 
tance from the interval (—1, +1) is <6. 

Case A. The point represented by 2 is on the frontier of G(é) or is ex- 
terior G(6). 

Case B. The point d is in G(6). 

In Case A we have 


(8.21) iA—p|2é6>0 (for all p on (—I, J) 
and, consequently, 

i 

A—p’ 

as a function of p, is continuous on the closed interval (—1, 1). In view of (7.25) 
from (8.18) it can be therefore deduced that 


(x) I (m) p(m) 
(8.22) lim [  mjalz)aT. = | td, | [ battify)olt, w |p) aT ea Ty. 
kj (c) Lixt— p Cc c 


(8.214) 


In Case B we take I sufficiently great so that the circle S(A, 6), whose center 
is at \ and whose radius is 6, intersects the interval in two points, represented by 
numbers a, 6, where 


—l<a<B<l. 


The discussion, below, will still hold without any essential modifications when 1 
is left unchanged. In view of (8.20) there are no points d,,i (n = ki, ke, +++ 5 
i = 1, 2,--- ) in the open interval (a, 8). Whence 


(m) (m) 
fe =" | [ be(t)f(y)On(t, y| p)dT.dT, = 0 
(n = ky, ke, +++ ) and, by (8.18), 


[- roslayar. = ([: +f) 


(m) p(m) , 
d, [ [ belt) f(y)On(t, y |p) dT: dT. 


(8.23) 








a 
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In the field of integration indicated in (8.23) one has (8.21) and, accordingly, 
the function (8.21a) is continuous, in p, for p on the closed intervals 


(-l,a), (6,0). 
We apply (7.25) to each of the integrals 


oncnad os 


letting n = k; ~ ©. From (8.23) it is thus inferred that 


(zx) a l 1 : 
lim | re,a(z) dT. = ( [+] ) nia | 
kj ~(¢) l p/\—p 


= (m) (m) 
[ [ be(t)f(y)6(t, y| p) dT. dT. 


On the other hand, inasmuch as V4 
(m) p(m) 
[ [ be(t)f(y)On(t, y| p) AT:dTs = yn(z) (n = ki, ke, «-+), 
where yn(x) is independent of p for a < p < 8, and in so far as the limit 


(m) p(m) 
lim ff belOptydontt, ye) ara, 


(8.25) (nm) p(n) j 
a [ [ be(t)f(y)0(t, y |p) dT. dT, = y(x) ri 


exists (in view of the developments of section 7), it is concluded that y(x) of 
(8.25) is independent of p for a < p < 6. The implication of the latter fact is 
the relation 





B (m) ym) 
2) f+ af J vtopet, yloarar, = 0. 


By virtue of (8.26) one may put (8.24) in the form of (8.22); that is, the equality 
(8.22) holds in any case (for every \ in T). 
In order to study the function (8.19) we take / so great that 


-l<RA<l (RX = real part of A). 
It is then deduced that 
(8.27) jva-— pl Zl—Ra>0, 
for p = l, and that 


(8.27a) [rn — p| 


IV 


1+ RA>0 
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for p = —l. In view of (8.27) we find that 
1 


= (m) p(m) 7 | 
i Jy —% |, I. be(t)f(y) Ox, (t, y |p) d t v| 


(m) p(m) 
sel | btopron(t, v| para, 
l— Ry c c 
(j = 1, 2,---). Now by virtue of (8.9) and (7.24) 
(m) 
Ve--- SA=L™ lf f(y) rar, | 
D 
where L is from (8.6); A is independent of k;. Thus 
] po 1 (m) pm) 
fael fo ormat vloaranr, 
ts A~»p c c 


Similarly, on making use of (8.27a) it is concluded that 


t 
(8.28) 


! -l 
(8.28a) | [ integrand of the first member in (8.28) | 


inC. Thus, by (8.28), (8.28a) and (8.19) 





(8.29) | i} 3 rae) aT sal, ee | (in C) 


RX l+Rr 


for n = ki, ke, --- andfordX in T. For any X, fixed as specified, the second 
member in (8.29) can be made arbitrarily small by suitable choice of 1; this can 
be done uniformly with respect to n = k; (j = 1, 2,---). Using this fact, as 
well as the relation (8.22) (valid in any case), in view of (8.17) it is deduced 
that 

(z) 


3 * 4 (m) pm) 
(830) lim | u(aar.= [ a, J [vost yl pata. 


kj “(e) 


On taking account of (8.30), (8.9) and (8.13) it is inferred that 


(31) | 
( 
Finally 


a” 2 1 (x) p(m) 
i seven =f tg] 
(8.32) u(e) = 5" | a | sete, vlodar.ar, 


for (x) in D. : 
In view of the above it is possible to formulate the following Theorem. 
THEOREM 8.2. Suppose D is bounded. Every solution u(x), for d in O, re- 
ferred to in Theorem 6.2 and satisfying the non homogeneous problem (5.1), is ex- 
pressible in the form (8.32) (cf. (8.14)). 


(x) 


2 (x) (m) 
u(z)aT. = [ +a, / fly)0(z, y |p) dT -dT,. 
) Lot — p () Jo 


c 








—=—_ Va - fe 
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The results of this section can be extended to hold for D unbounded if the 


(xz) 
integration | is replaced by integration / , where e are Borel measurable sub- 
(c) e 


sets of D, with frontiers of zero measure, and if the derivation —— is 
Ty eee Lm 
replaced by set-function derivation D,. 


9. Some further developments involving spectra 


We shall now essentially modify the procedures of section 8 and shall establish 
a number of spectral representations involving integrals convergent in the mean 
square. Throughout, ~ will denote convergence in the mean square. We shall 
first establish the following result. 

THEOREM 9.1. Suppose F is closed with respect to a spectrum 6 (Definition 8.1). 
Then every function a(x), C L,2 in D, has a following representation 


20 (m) 
(9.1) a(x) ~ [ dy [ O(x, y|A)a(y) dT, ((x) in D). 


To prove this we note that by virtue of the last statement of section 7 there 
exists a function b(x), C Le in D, for which 


C-) (m) 
(9.2) b(x) ~ ‘. dy [ a(x, y|d)a(y) aT, 


The function 
v(x) = b(x) — a(z) 
belongs to Le ; in view of (8.3) and of the stated property of closure 


(m) r-) (m) (m) 
93) [ ¥@ar, = [4 [ [ a(x, y|d)r(e)v(y) dea, = lim wr, 
D t+) 
where 
l (m) (m) 
(9.3a) wm=[ af fo o@,ylnr@r)arear,. 


Replacing here y(y) by b(y) — a(y) and making use of the formula preceding 
(7.26) one obtains 


(9.4) Wi = Wi — Wi; 


where 
I (m) pm) T 
wa= [af fo, y|rr@ow)ar.dr, 


and 


l m m (m 
(9.5) ts = [ dh [ i [ ’ ole, y|»v(a)aly) dT. dT, = [ ’ a)ai() dT; 


: 
: 
4 
i 
: 
’ 
: 


a IS ae 











W. J. TRJITZINSKY 


I (m) 
a(t) = [ af 0, y|NaW)ary. 
In consequence of (8.5), which holds by virtue of the closure of F’, one has 
(m) 
(9.6) lim ws = [ y(a)b(a) dT. 


Now by (9.2) 


(m) 
lim | (b(x) — a(x)? dT, = 0. 


Hence from (9.5) it is inferred that 
(m) 

(9.6a) lim Wi2 = i y(x)b(x) dT,. 
D 


From (9.4), (9.6), (9.6a) we finally conclude that 


lim WwW = 0. 
l 


Whence, as may be seen from (9.3), y(y) = 0; thus b(2) = a(x) and the relation 
(9.2) becomes the representation (9.1), which was to be established. 
THEOREM 9.2. Let \ be in O. The problem 


(9.7) F(u) + dr\u=f 


has a solution (C Le in D) 
(m) 


(9.8) u(x) ~ [ : — 4 » Aya, yp) aTy. 


It will be sufficient to give the proof for real X in O and for f real valued. We 
shall write 


(m) (m) 
Su, p) = J f(y)6n(x, y| p) aTy, s(x, p) = i  f(y)0(x, y| p) aTy. 


It will be first proved that, for0 < 1 < + and for d in O, 


ra a 
9. [ ieee ee [ a ie 
(9.9) Pog Pi ee =o s(z, p) A pre 5 8a |p) 
With 6 = 6(A) equal to the distance from X to the closure of the set of points 
An,i (n, 7 = 1, 2, ---) one has 
d,Sn(x | p) = 0 


for 
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and 
boy NG I 1 
vy Lhyttin (+ [Stati 
(x =\-— > ” => +5 ; 1 suitably great), By the formula preceding (7.25) 
: 1 my fo ~§ 
im eet dy 8n(x | p) = + a d, s(x | p) 
ai“ iain 


ser 
= [ yap este |p), 


inasmuch as 
d,s(x |p) = 0 (’ Sp Sd”). 


Thus (9.9) holds. We let 
1) ula) =f ayant |), rele, D = ([. +f) _ dy |). 


Then, in view of (8.15), 

(9.11a) Un(Z) = Un(z, Ll) + rr(z, Ll). 

It has been established previously that the limit 
lim Un,;(%) = u(x) 


exists in D; also, 


l 
(9.11b) lim up,(2, 2) = ule, = [ , d,s(z | p) 
ng l io 
in consequence of (9.9). Hence, by (9.11a), the limit 
(9.11¢) lim r,,(z, 1) = r(a, 1) 
similarly exists. With the notation so introduced one has 
(9.11d) u(x) = u(z, 1) + r(2, I); 
also 
(m) (m) 
(9.12) / | u(r) — u(x, l) dT, = | | r(x, U) |’ aT. 
D D 


We have (admitting complex values), by virtue of (9.11), 


1 (m) pm) 
Ine DP= DL yg ff swie 


‘Unja(£)Un,6(L)Un,a(y)Un,e(2) AT, aT, , 


where the primes over the summation symbols indicate that the sums are taken 
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corresponding to the intervals (— », —1), (l, +). Using the orthonormality 
relations of the un,,; (¢ = 1, 2, -- li one accordingly obtains 


[ | rn(x, 1) |? dT. = 2 x dank —— |” 8 S(y)f@)unaly)Una(2) aT, aT, 


The spectral form for this relation is 


[Pinte orare=([- + [) jasper, 
$-(9) = tr d « S(y)f(2)n(y, 2 | p) AT aT. 


In consequence of (7.24) 
(m) 
Vawale) sf IfPar 


for all finite a, B. 
With 1 > | Ry| (A ‘i 


|< Siz 
Then 


(m) ; , 1 1 (m) vee 
fT ineorans| apt opel flan = a0. 





The limiting function r(z, 1), of (9.11c), will satisfy the inequalities 


(m) (m) 
| | r(x, 1) dT < lim / Ira(z, 1) dT S on(i). 
n D 


D 


(m) 
lim | |r(z, 1)? dT =0. 


lao YD 


Together with (9.12) and (9.11b), this implies that 
. =u s(x |p) ~ u(x) (in D; asl — «), 


which establishes (9.8) of the theorem. 
We shall say that v is “admissible” if v is real, C Le (in D) and if 


(9.13) x + a,(z)v = 0 (on Sn; = 1, Ne, --- 


for some functions a,(zx), continuous on S, (n = 1, 2, ---). 

It will be of interest to obtain a spectral representation for the differential operator 
F. We form the un,;, 6, and 6, corresponding to the a,(x) (n = n,, m2, --+) of 
(9.13). The following can be established (compare with (C)). 
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If v is “admissible” and F(v) C Lz (in D), while F is closed with respect to 8, 
then 


© (m) 
(9.14) Foo(e))~—[ rds f(x, y| roy) a7, 


(when there is only one spectrum, it will be independent of v, of course); more- 
over, in order that the integral of the second member in (9.14) should converge 
in the mean square it is necessary and sufficient that the integral 


00 (m) (m) 
(9.15) [ xa [ [ a(x, y|d)v(x)oy) aT dT, 


should converge in the ordinary sense. 
To prove (9.14) we apply the Fundamental Formula to v, u,,; , obtaining the 
relation 


(m) (m) 


(9.16) F(0)tins ATs = —rns | vung ds. 
D D 
Now by Theorem 9.1 
(9.17) F(v(x)) ~ ailxy (asl — +), 
where 


l (m) 
a(t) = [ a [ a(x, y|A)F(v(y)) aTy. 


In view of the formula preceding (7.25) 


q(x) = lim qi,n(x) (asn=nj— ©), 
with 
l (m) . (m) 
ante) = [df one, y|AFOW)) aT, = L' unsle) | FW))unsly) aT, 
where the summation corresponds to the interval (—l, 1). By (9.16) 


(m) 
Qun(z) = -) Ani Un,s(Z) [ v(y)uns(y) aT, 


l (m) 
=— [ Ady [ On(x, y| A)o(y) aT,. 
In view of the relation preceding (7.25) 
l (m) 
a(t) = -[ rd [ a(x, y | A)o(y) aTy. 


This, together with (9.17), implies (9.14). The statement with respect to (9.15) 
can be proved with the aid of section 7. 
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10. Operators A and their application 
Let \ be in O and let un be solution of the problem 
F(un) + Aun = f (in D,), 
Un 
Ov 
while w, is solution of the problem 


F(w,) + AWn at | (in D,), 


_ + a,(x)Wn = 0 (on S,); 
Ov 


+ a,(x)un = 0 (on S,), 


here f, g are continuous and 
(10.1) fqaclkh (in D) 


It is to be noted that the set O is independent of the choice of f and g. We 
define Un, Wn as zero in D — (D, + S,). 

For u = up, and v = w, application of the Fundamental Formula (5.11) will 
yield 


(m) (m) 
(10.2) / wrfdT, = ungdTz (u = m1, Ns, --- 
D 


D 
There exists a subsequence (hk; , kz, ---) of (m1, M2, --+) such that 

(10.3) wr; (x) > w(z), Un;(x) —> u(x) (ask; > ©;in D), 
where 

u(x), w(x) C Le (in D), 
while, for (x) in D, one has 
(10.4) : F(u)+ Au = f, 
(10.4a) F(w) + AW = q; 


moreover, 


(m) (m) 
(10.5) ff jw) Par, f |rj(2) Par, So) < + 


(j = 1, 2, ---) with o(A) independent of 7. These facts are a consequence of 
the Existence Theorem 6.2. 
In view of (10.5), (10.3) and (10.1) from (10.2) we derive 


(m) (m) 
(10.6) / widT=[ ugaT. 

D D 
By a reasoning of the type employed for an analogous purpose in (C) or using 
spectral representations one is able to choose the subsequence (k,, kz, ---) 
independent of f and q. 








)), 


), 
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The limits u(x), w(x) (ef. (10.3)), so obtained, can be represented as 
(10.7) u(x) = A(A|f), w(x) = A2(A| Q). 


TueorEeM 10.1. Let O be the set defined subsequent to (6.14). Suppose F is 
self adjoint. There exist an operator 


A,(d | +++) 


so that, whenever continuous f, q C Lz in D, formula (10.7) will represent solutions 
of equations (10.4), (10.4a), respectively, for } in O. This operator satisfies the 
identity 

(m) (m) 
(10.8) 4 A(A| q@)f(x) dT, = : A,(d|f)q(x) dT, 


which is valid for every d in O and for all f, q of the described type. Az(| ---) 
may depend on the choice of the a,(z2). 

Theorem 10.1 is analogous to a result in (C; ; p. 56). 

Let f, g C Le (in D) and 


(10.9); (10.10) F(f), F(q) C Le (in D). 
We then have 

(10.11) Ffpp+AFf=f*cl (in D), 
(10.11a) Fg t+w=¢ClL, (in D). 


Suppose F is of class I, with respect to O. 
Application of (10.8) will enable inversion of (10.11), (10.1la) so as to yield 


(m) 


(m) 
(10.12) [ a@paar.= |" seoaraar.. 


Replacing f*, g* in (10.12) by the expressions from (10.11), (10.1la) one obtains 
(m) 


(m 
(10.18) [ ’ (x)F(f) aT. = ™ fe)F(@) aT. 


The condition (10.13) is accordingly necessary in order that F be of Class I 
in O. 

Conversely, suppose now that (10.13) holds for all functions f, gC Lz (in D) 
for which one has (10.10). If F were not of class J (for \ in O) there would be on 
hand a function o(x) C Lz and a value ); in O so that 


(10.14) F(v) + Aw = 0, 
(m) 

(10.14a) / | o(x) aT ¥ 0. 
D 


Now, let us define g(x) as a solution, C Le (in D), of the equation 
(10.15) F(q) + \q = @. 


~ 


ee eee 


Di Ae 


ee 
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By Theorem 6.2 such a solution g(x) exists. Having assumed (10.13), we shall 
have in particular 


(m) (m) 
(10.16) [ a(a)F(y) ar. = f o(x)F(q) aT. 


Replacing F'(q) by the expression obtained from (10.15), in consequence of (10.16) 
one obtains 


(m) (m) (m) 
[OP \e@Pare= a f° oacar. + f° ae)F)ar.. 


D 


Thus, by (10.14) 
(m) (m) 
(017) =f |o@) Par. = [ o(x)[F(v) + ug] dT. = 0. 


Now (10.17) is contrary to (10.14a). Hence F Cc I (in O). Accordingly the 
following Theorem has been established. 
THEOREM 10.2. Consider self adjoint operators F. In order that F be of class 
I (for \ in O), in accordance with Definition 6.2, it is necessary and sufficient that 
(m) 


am) 
[° a@rnar.= |" s@r@ar. 


for all functions f, q belonging to Lz (in D), for which F(f), F(q) belong to Le (in D). 
On repeatedly using (10.8), it can be shown that the following holds. 
TuHEeoREM 10.3. If for a fixed non real dy the equation 


(10.18) F(u) + u =0 (in D) 


has no solutions,” C Le, the same will be true for all non real . For non real 
values of the number of distinct” solutions, C Le , of (10.18) is the same. 

The proof of this theorem will be omitted, as it may be given following closely 
the lines of proof of analogous results in (Ci ; pp. 55, 58); it would be necessary, 
however, to use some of the previous developments of this section. 

We shall now consider questions of uniqueness of solutions for \ in O, that is, 
when A may be real. Such considerations would correspond to certain develop- 
ments given by T'rjitzinsky* for singular integral equations. The following will 
be proved. 

TureorEeM 10.4. 1°. If fora fixed \1, in O, the equation (10.18) has no solutions, 
C Lz, the same will be true for all non real d. 

2°. The number m of distinct solutions, C Le, of (10.18) for any d fixed in O is 
equal to or is greater than the number n of distinct solutions for non real values 3. 

Consider part 1°. {% Ai is non real the conclusion 1° follows by virtue of 





19 Apply theorem (C;; pp. 132, 133). 

0 Here and in the sequel trivial, i.e. null, solutions, of homogeneous problems are dis- 
regarded. 

*1 T.e., linearly independent. 
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Theorem 10.3. Take d, real in O.” If 1° fails, there exists a non real value \ 
and a corresponding function u, C Lz, so that (10.18) holds and 


(m) 
/ lultdT <0. 
D 


One has 
(10.19) F(u) + Aw = (Ay — A)u. 
Now the equation 
Fe) +r<\e =f (f: C Le in D) 


cannot have two distinct solutions, since otherwise their difference w would 
satisfy (10.18) for »; , while 


(m) 
/ |w|’dT ¥ 0, 
D 


contrary to hypothesis. Thus,one may express the relation (10.19) in the form 
(10.20) u(x) = Az(Ar| (Ar — A)u). 
Now by (10.19) 
F(@) + at = (i — Aa 
and, in place of (10.20), one obtains 
(10.20a) a(x) = Az(u | (Ay — Aa). 


In consequence of (10.8) 


(m) (m) 
Ai(d1| (Ar — A)@)QOa — A)udT, = A,(A1| (Ar — A)u)(Ar — AAT, 
D 


and, substituting from (10.20), (10.20a), we deduce 
(m) (m) 
(mn —2) [" Juffar. = 0-5)” |uPar. 
D D 


which implies that is real, contrary to our supposition. 

We now proceed to part 2°. By Theorem 10.3 n is independent of \. If 2° 
does not hold, there is a value \, in O, for which the number m of distinct solu- 
tions, 


ui(z), oe Um(2), 
is less than n. By Theorem 10.3\ must be real. Let \* be a non real value; 
with \* there will be associated n distinct solutions, 
ok * 
Uy (x), eae Un(2). 
We have 
F(u;) + du; =0, F(ut) + rA*uk =0 (in D). 





*2 Supposing that O has real points; cf. text subsequent to (6.14). 
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Since J is real the uw; may be taken real. Any solution u* for \* is expressible 
in the form 


u*(rz) = >> c,us (zx) (constants c,). 
1 


With m < n, the c, may be chosen so that u*(x) will satisfy 


(m) (m) 
(10.21) f lu*(2) dT = 0, [ u*(x)a(x) dT = 0 


for all solutions u(x) for the value X. 
We have 
F(u*)+ A*u* = 0, F(a*) + d*a* = 0; 
whence 
F(u*) + A\u* = (A — A*)u* =f, 
(10.22) so it . 
F(a*) + da* = (A — A*)a* = ff. 


Accordingly 
u*(r) = A(A|f) + wi(z), 
a*(x) = Az(A| f) + w(z); 


here w;(x), We(x) are some solutions of (10.18) for A. Since the operator A can 
be so defined that 


(10.23) 


A(\!w) = A,( |B) (all w C Le), 
we have 
W(x) = D(z). 
By (10.8) 


(m) (m) 


A,A|f)fdT. = 5 AAA|f)fdT:. 
Substitution of (10.23) and of the expression for f, f from (10.22) will yield 
(A — a) [ (at — murat = a — 3) [ ” ut — wat dT. 
Further, in view of the property stated in connection with (10.21) 
(A — A*) ie | u* |?dT, = (A — d*) i |u* aT. 


D 


This leads to the conclusion that \ must be real; thus there arises a contradic- 
tion, which completes the proof of the Theorem. This can be extended to the 
case when the number of solutions could possibly be infinite. 

By 1° of Theorem 10.4, if for a fixed \,, in O, the equation (10.18) has no 
solutions, C Le and distinct from zero, F will be of class J for all non real ); 
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by the necessary part of Theorem 10.2 this would imply that the identity of that 
Theorem holds (for all f, g of stated type); in consequence of the sufficient part 
one then infers that F C J in every set O. Hence we have the following: if the 
equation 


F(u) + u = 0 


has no solutions, C Lz in D and distinct from zero, for a value \; in some set O, 
then the same will be true for all in every conceivable set O. 

In another paper the present author intends to obtain direct conditions on 
the A;,;, B;, C under which F is of class I, the latter property being important in 
connection with questions of uniqueness and the closure of 8. 
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ON A THEOREM OF TANNAKA AND KREIN (4 


Ww 
By S. BocHNnER 





(Received June 13, 1941) (é 
Let G denote an arbitrary group, C the class of almost periodic functions on §& - 
G and C, the sub-class of all finite linear combinations of (irreducible) representa- 
tion coefficients. _ With the norm 
W 
lf || = supe o | f(z) |, be 
C is a Banach space, and Cp is a dense but not closed subspace. Therefore a 
functional L(f) which is additive, that is 
(1) L(af + bg) = aL(f) + bL(9), _ 
need not be bounded on Cy and hence need not be continuable onto all of C. 
However if L(f) is positive, that is . Ty 
(2) L(f) = Oforf (realand)=>0, feCo ev 
then | L(g) | S 2 || g ||-Z(1) and thus L(f) is bounded and has a (unique) exten- - 
sion onto all of C which is again positive. By a recent theorem of M. Krein,’ 
assumption (2) can be replaced by the weaker assumption: ré 
(3) Li\g?) 20 for geCo. 
Thus, if L(f) on Co has the properties (1) and (3) it also has property (2). This 
theorem of Krein includes an earlier theorem of T. Tannaka’ that any functional If 
on Cy having property (1) and the additional property 
L(fi-fo) = L(fi)-L(fe) In 
has an extension onto C itself. va 
The proof of Krein is based on ideas of N. Wiener and I. Gelfand which are 
extraneous to the problem, and we are going to give a new proof which stays - 
wholly within the technique of uniform approximation to elements of C by 
erements of Co. 
We consider a complete set of irreducible representations Sir 
ypa(z)}, eG. 
The letter p designates an element of an index set of suitable potency, and for 
we 
1 On positive functionals on almost periodic functions, Doklady Moscou 30, pp. 9-12, (1941). ine 
2 Uber den Dualitdtssatz der nicht-kommutativen tapologischen Gruppen, Tohoku J. Math., 
45, pp. 1-12, (1938). (6) 
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each p, p, q = 1, --- ,h = h(p), where h(p) is the (finite) dimension of the p 
representation. Any element of Cy can be written in the form 


(4) f(x) = » AnaPpa(X), 
PsP, 
where only a finite number of the constants a},, are ~ 0. Introducing 
(5) Ya - L(¢ bq) 
we have 


L(f) = D2 BoeVoe- 


Pr Pd 


We call L(f) a special functional if only a finite number of the constants (5) 
are ~ 0. In this case, since 


lapel S IIS II, 
we have 


|L(f)| s Alle 20 | Ya: 


Thus L(f) is bounded and has a continuous extension onto C. Furthermore 
every non-negative element of C is a uniform limit of squares of elements of C) . 
Hence we obtain 

Lemma. For any special L(f), property (3) implies property (2). 

We will next consider a non-negative almost periodic function A(t) and its 
Fourier coefficients 


pa = M,; {A(t)¢3,(1)}. 
If the function A(¢) is a class function then 
Noa = Apbpg - 


In this case, A(¢) is called a weight-function, and, if only a finite number of the 
values \‘,, is ~ 0, a special weight function. 

Take any element (4) of Cy which can be put in the form f = |g |’, g eCo, 
and introduce the family of elements 


f=f (zy™). 
Since f, = | g(zy™) |’, and 
h 
eoa(ty) = > Ppr(X) per(y), 


we see that (3) implies L(f,) 20 and therefore M,{A(#)L(f,)} = 0, the latter 
inequality being explicitly 


(6) } AprgAp¥pq = O. 


P»P.Q 
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Thus given the functional L(f) and the weight functional A(t) there exists a 
functional AL such that 


AL (¢5q) = e'Vpa 
and, what is decisive, if L has property (3) then so does AL. Now if A(#) isa 
special weight function then AL is a special functional, and by our lemma, 
(6) holds for any f 2 0 belonging to Cy. 
Now let f be any fixed non-negative element from Cy , and consider a sequence 
of weight functions, then 
p® Ags” Yoq = 0. 


P»Psd 


where p varies over a fixed “es index set, say p = 1, --- , m, which is inde- 
pendent of n, and n = 1,2,---. However, given any finite index set {p} there 
exists a sequence of spaniel mata functions such at for each p from the set, 
lim,.. $” = 1.5 Hence we obtain 


b AnaVpq = O 


P»P.d 


for each non-negative element of Cy , and this completes the proof of (2). 
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’S. Bochner and J. von Neumann, Almost periodic functions in groups, Trans. Amer. 
Math. Soc., 37, pp. 21-50 (1985), especially pp. 37-40. 
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ON THE UNIFORM DISTRIBUTION OF THE ROOTS 
OF CERTAIN POLYNOMIALS 
By P. Erpés 
(Received July 21, 1941) 


Let 


1 
2 


2 2 
2? of? 


be a triangular matrix, where, for each n, 


12 2{” > af >--- > 2 > -1. 
Since z$” may be written in the form z{” = cos (#{”), where 0 < 8{” < z, 
we may define another triangular matrix 
of? 
a of 


with 
0s a” < a” <.--< 9 


Put wa(z) = [](x — 2z,).' Suppose 0 S$ A < B < zx. We denote by 
N, (A, B) the number of the 3; in (A, B). Let -—1 Sa<bZ1. Then we 
denote by M,(a, b) the number of the z; in (a, b). It does not matter whether 
the intervals (A, B) and (a, b) are open or closed. 

In a previous paper’ Turan and the author proved that if 


IA 


T. 








jen(2) | < 
then 
Nq(A, B) = 2—4 n + O(n*(og f(n))). 





1 We omit the upper index n where there is no danger of confusion. 
? On the uniformly dense distribution of certain sequences of points, Annals of Math. Vol. 
41 (1940), pp. 162-173. 
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In another paper’ we proved that if | {” (x) | < c then 
N,(A, B) = 24 n + O[(B — Ayn} 


(i; (2) denotes the fundamental polynomials, i.e. If" (x) = w(x)/[w’(2x)(x — 2)] 
is of degree n — 1, and I;(z,) = 1, (xi) = 0,7 # k.) 
In the present paper we are going to improve these results. First we prove 
THEOREM 1. Puta = —1, Yay = 1, and let 


(1) max |w,(z)| < and max |wn(x)| > = k=0,1---n, 


—l<z<l ; teSrtSxrK+1 


Then 


NAA, «= 22 04 eld - 





This result is the best possible. 
Next we prove 
THEeorEM 2. Let | ix(x) | < ca ; then 


B-A 


N,(A, B) = n + O[(log n)(log n(B — A))] 





if | li(x) | < n®, then 
, 





N,(A, B) = A n + O[(log n)’]. 


Theorem 2 is also the best possible. Theorems 1 and 2 can be generalized to 
THEOREM 3. Let w(x) be such that 


oh) < max |enla)| < 2 k =0,1,2++- 


Th TSTKE+1 





# 


then 


N,(A, B) = 2—A « + Of og n)(log f(n))). 





Similarly, if | l.(x) | < egf(n) then 


B— 


N,(A, B) = B—4 n + Ofog n)(log nf(n))]. 





To prove Theorem 1 we first have to prove two lemmas. 
Lemma 1. Suppose that (1) holds; then 


(2) <n —  < @, k=0,1---n. 
n n 





3 On interpolation 117, ibid. pp. 510-553. 
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Proor. A theorem of M. Riesz states that if h(x) is a polynomial of degree n 
which assumes its absolute maximum in (—1, 1) at the point 2, and if 
yi, °** » Yr are the roots of h(y) = 0 in the interval (—1, 1), then | 6; 
1/2n, where cos 6; = y; and cos % = 2. Thus if 2» lies between the roots y; 


and yis1, then 6:4: — 0; 2 w/n. Also if max (zx) assumes its smallest 
¥iESTSYi+1 





value for i = k then 
Ori: — OF S w/n. 
Suppose that (2) does not hold, for example assume that 
Pip: — 0 > r(n)/n, 


where lim r(n) = «©. Take e > 0, and define u and v by the relations: u and v 
are symmetric with respect to (7% + 2%41)/2, and are cos u — arc cosv = r/n + «. 
Consider the polynomial ¢(z) = w(x)-(z — u)-(x — v)/(@ — axe)(x@ — re4:). 
It can be seen that if uw S x S v then 


(x — u)(x — ») 


b-aG—- no <0 





hence 


(3) max |@¢(x)| < (cu/r(n)) max  a,(z). 

uszsv Tk STSTK+1 
Also, since the sum of two quantities whose sum is fixed increases as they tend 
to equality, we have, in the intervals (—1, 2%) and (x4; , 1), 


(4) | o(z) | > | o(z) |. 


We have are cos v — are cos u > z/n; and a simple calculation shows that, 
if r(n) is large enough, 341 — arc cos v > 2/n and are cos u — & > m/n; thus 
it follows from the lemma of M. Riesz (applied to ¢(z)) that max | ¢(x) | between 
two consecutive roots of ¢(x), assumes its smallest value between the roots 2; 
and 2:41, where either? S$ k — 2ori >k+2. Thus, from (3) and (4), 
max |w(x)| > — r{n) min max | (z) |. 
TeSTSTE+1 C11 j=0,1,-++,.n z7SeSzj+1 
This contradicts (1), which completes the proof. By the same argument we 
could prove the other inequality in (2). 
CoroLuary. We obtain from Lemma 1, by a simple computation, that 


(1 — ai)! < aus — me < BC — ab) (« = 1,2, ---,n—1). 


Lemma 2. Suppose that (1) holds; then for -1 S xz 31, 


(1 — 2})* 


| U(r) | < ut mn Zn 
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Proor. We have I(x) = w(x)/[w’(rx)(x — 2xx)]; thus by (1) it suffices to 
show that 


; n 
w'(rn) > Crs (1 — 2!" 


Consider the polynomial y(x) = w(x)/(z — xa). It is clear that either | w’(z;,) | = 
Var) = |W) | if m1 Sy S xe, or |w'(za) | = Yee) = Vy) if me Sy S mg. 
Without loss of generality we can assume that the first inequality holds. Then 
by (1) and the corollary to lemma 1 we have 
max !|w(z) | 
w’ (ax) — Mh-1S7E% 
Le — LR-1 


an. 
> 15 ony eA a2)*? 





which completes the proof. 
Now we can prove Theorem 1. To simplify the calculations we assume that 
= 0,b = 1. Then we have to show that, assuming (1) 


5 — cy log n < M,(0, 1) < 5+ C17 log n. 


It will be sufficient to prove the first inequality. Suppose that it does not 
hold; then 


M,(0, 1) < 5 — r(n) log n, lim r(n) = 


Consider the polynomial g(x) whose roots are defined as follows: In the interval 
(—1, log n/n), g(x) has the same roots as T',_:(x)(T,,(x) denotes the n** Tchebi- 
cheff polynomial); at the points (3)’ log n/n, r = 1, 2, --- s where s is such that 


3\" log n — G) log n 
(3) n ai< 2 a * 


r(n) 
10 
w(x) in the interval (0, 1). Clearly the degree of g(x) does not exceed 


| ; and finally g(x) vanishes at the roots of 


g(x) has a root of multiplicity | 


5 t log n oo 51B " (n) + — x(n) logn <n—1 


if r(n) > 10. Thus, by the lemma of M. Riesz, g(x) assumes its absolute 
maximum in the interval (log n/n, 1). Suppose that it assumes its absolute 
maximum at 2%, log n/n S$ x S 1. We have for some r 


3\' log n 3\"" log n 
(3) a <n < (2) rien 


(If (3)"" log n/n > 1, we replace it by 1.) Put (3)" log n/n = q; we consider 
the polynomial 
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_ of) rn) 
wey  - [Te 


By the Lagrange interpolation formula we evidently have 
aux) = DO guna) 

where the 2; are the roots of w(x). Thus 

(5) gi(xo) = bP gi(xx)le(20). 


Now gi(ax) = 0 for 0 S x S 1; and since 2 was the place where g(x) takes its 
absolute maximum, we have 


gi(%o) = [2(¢ + 1)]’g:(x) 


if x satisfies 


(6) —6",(3) er 966 41)(3); t=0,1,2--- 


(6) may be verified by noting that 

gv) 5 g(t) _ (2 _ ay 
mH — a = @—ar a= 9)’ 
Hence from (5) and (6), by putting 


3\' 
—<E* (3) = %&, 


M, (ut, Ue.) max |k(zo) | 


Ut STeZ>TKh+1 _ 
t>0 2(¢ + 1)? da + de 


where in >: t is restricted by uz 2 —}. Now by the corollary to Lemma 1, 
and Lemma 2. 








gi(xo) = ( 


we obtain 


1 


lA 





1 <! 
> < 2 Cig M(Ut41 — Us)C19 — M+1 [2(t ; Q(t + 1) aes p> [2 + 1)] ; 1)? <3 


for sufficiently large p. 
For the 2; in }°2 we clearly have x, < —}. Thus by lemma 2. 


n 1 
de < cn = max | lk(ao) | < 5 
for sufficiently large p. Thus >»: aa > < 1, and this contradiction establishes 
the proof. 

In the proof we did not use the full strength of Lemma 2; in fact we only used 


oe 
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1 F 
| le(x) | < Coe sie - ar We would have had to use the sharper estimate if 
——~ Hk 


we had not restricted ourselves to the interval (0, 1) but had considered a 
“small” interval near —1 or +1. 
Now we have to prove that the error term in Theorem 1 is the best possible. 
Put 
x , kr 1 2 
maat tap i 
where k and | take all positive integral values such that & < m — n”, and 
3, > n”’ it is easy to see that the number of the #’s is nm + O(1). Consider the 
polynomial w(x) whose roots are the cos #’s. It can be shown by elementary 
computations that w(x) satisfies (1). We do not give the details. On the other 
hand it is easy to see that 


M,(0, 1) < 3 — cx log n 


which shows that the error term in Theorem 1 is the best possible. 

The proof of Theorem 2 is very similar to that of Theorem 1. The difference 
aha Ld at the points 
(3)’ log n/n. The proof of Theorem 3 also runs along the same lines. 


is that, in defining g(x), g(x) now has roots of order | 
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ON THE ASYMPTOTIC DENSITY OF THE SUM OF TWO SEQUENCES 


By P. Erpds 
(Received June 24, 1941) 


Let a; < a < --- be an infinite sequence, A, of positive integers. Denote 
the number of a’s not exceeding n by f(n). Schnirelmann has defined the 
density of A as G.L.B.f(n)/n.’ Now let a; < a2 < «++ 3b; < bp < --+ be two se- 
quences. We define the sum A + B of these two sequences as the set of integers 
of the form a; or b; or {a; + 6;}. Schnirelmann proved that if the density of A 
is a and that of B is 8B then the density of A + Bis 2 a+ 8B — af. 

Khintchine’ proved that, provided that a = 6 < }, the density of A + B 
is => 2a. He conjectured more generally that if a + 6 S 1 the density of A + B 
is2a+ 8. It is easy to see that if a+ 8 = 1 then every integer isin A + B, 
so the density of A + Bis 1. Khintchine’s conjecture seems very deep. 

Besicovitch’ defined 6’ = G.L.B. g(n)/(n + 1) where y(n) denotes the number 
of the b’s not exceeding n, and proved that the Schnirelmann density of the 
sequence of numbers {a;, a; + b;} is 2 a + 6’. An example of Rado showed 
that this result is the best possible. 

Define the asymptotic density of A as lim f(n)/n. Then if a S } anda, = 1 
I have proved that the asymptotic density of A + B is 23a.‘ The following 
simple example of Heilbronn shows that this result is the best possible: Let the 
a’s be the integers = 0,1 (mod 4). Then A + A contains the integers = 0, 1, 2 
(mod 4). In the present note we prove the following 

THEOREM: Let the asymptotic density of A be a and that of B be B, where 
a+@s5i1,8 S a,b; = 1. Then the asymptotic density of A + B is not less 
than a + 36, and, in fact, one of the sequences {a;, a; + 1} or {a; + b;} has 
asymptotic density = a + $6. 

It is easy to see that if a + 8 > 1 then all large integers arein A + B. For 
if not then, none of the integers n — a; belong to B, and the asymptotic density 
of B would be not greater than 1 — a < 8. 

To prove our theorem we first need a slight sharpening of the theorem of 
Besicovitch; in fact, we prove the following 

Lemma: Define the modified density of B as follows: 





1 Schnirelmann, Uber additive Eigenschaften der Zahlen, Math. Annalen 107 (1933), pp. 
649-690. 

? Khintchine, Zur additiven Zahlentheorie, Recueil math. de la soc. Moscow 39 (1932), 
pp. 27-34. 

* Besicovitch, On the density of the sum of two sequences of integers, Journ. of the London 
math. soc. 10 (1935), pp. 246-248. 

‘ Erdés, On the asymptotic density of the sum of two sequences one of which forms a basis 
or the integers. ii., Travaux de l’institut math. de Tblissi 3 (1938), pp. 217-223. 


65 





emp S: EOOE  uis 


oe atten 


Pe se 
OTL EO se = 


ete RR ma ce 
sing | ee ETTRIET 


Pe on 


f 
oh 
* 
+, 





fa ee eh oe 





66 P. ERDOS 


g(n) 
1) ae ae 
where the integers 1, 2, --- , k belong to B, but k + 1 does not belong to B. Clearly 
B, = B’. Then the Schnirelmann density of the sequence {a;, a; + b;} ts not less 
than a + B,. 

The proof of this lemma follows closely the proof of Besicovitch. Denote by 
f(u, v), e(u, v), ¥(u, v) respectively the number of a’s, b’s, and terms of the 
sequence {a;, a; + ;} in the interval (u, v)—that is, among the integers u + 1, 
u + 2,---,v. We first observe that if r + 1 is any integer which does not 
belong to the sequence {a;, a; + b;} then 


2) f(u,») +e(r —v,r—u) Sv—-u4. 


For as ¢ runs through (u, v), r + 1 — é runs through (r — v, 7 — w), and if 
t belongs to A then r + 1 — ¢ does not belong to B. 

We may assume that the Schnirelmann density of the sequence {a;, a; + 6;} 
is less than 1, and that a > 0, so that a, = 1. Define m = 0, define rp + 1 
as the least positive integer not belonging to {a;, a; + b;}, define m; + 1 as the 
least integer greater than 7» belonging to A, define 7; + 1 as the least integer 
greater than m, not belonging to {a;, a; + b;}, and so on. 

It suffices to prove that for each x in (r;_; , mi) we have 


3) v(0, x) Po (a + B1)2, 
for if (3) holds, suppose that for some y in (m; , r;) we had 


¥(0, y) < (@ + Bidy. 


(We may suppose j > 0; else y S 7, so that ¥(0, y)\= y). Then since all the 
integers m; + 1, --- , y belong to {a;, a; + b;) and a + 6; S 1 we should have 


¥(m;) < (a + Bi)m;, 


which contradicts (3). 

It follows from the definition of k and the definition of m; and r; that 
4) r,—-m>k (@ =0,1,2---). 
Let ri1 < © S m;; we have 
5) Vira, Z) = o(rin — mua — 1,2 — m_ — 1), 
since any number m;_; + 1 + u, where u belongs to B, is in {a;,a; + ,;). Also 
6) V(Mi-A, Tia) = Tia — Ma = f(miar, ria) + ¢(0, rit — mi) 


by (2). Clearly by the definition of the numbers 7;, m; we have for ri < 
xm, f(mii, x) = f(mii, ri). Hence by adding (5) and (6) 


7) v(m, xz) 2 fim, rz) + ¢(0, 2 — ma — 1) = f(mis, z) + B(x — m1), 
since by (4) z — m4 — 1 2 rin — m1>k. In particular 
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8) v(m; , M41) = f(m; , M41) + BilMsy1 — mj) (Ij = 0,1,---). 
Summing (8) for 7 = 0, 1, --- 7 — 1 and adding (7) we have 
v(0, x) = S(O, x) + Bix = (a + B1)zx, 


which completes the proof of the Lemma. 

Now we can prove our theorem. We may assume 8 > 0. Suppose first that 
there exists an x belonging to A, such that the modified density of (the positive 
terms of) a; — ris 2 a — 38. Clearly zx + 1 has to bein A since a -- 48 > 0. 
It follows that there exists for every positive real e a y such that the Schnirel- 
mann density of the positive terms of the sequence {b; — y} is > 8B — «. Tosee 
this choose y to be the greatest integer with 


ely) SB-«. 
y 
(Since lim ¢(y)/y = 6 such a y exists, unless g(y)/y > 8 — « for all positive y; 
in this case we have y = 0). Then by the definition of y it is clear that ¢(y, z) 
i.e. the number of {b; — y}’s in (0, z — y), is not less than (@ — e)(z — y), which 
proves our assertion. 

Now consider the sequence {b; — y, b; — y + a; — x}. By our lemma its 
Schnirelmann density is = a + $8 — e; hence by adding x + y to its members 
we obtain the sequence {b; + x, a; + b;} whose asymptotic density is clearly 
= a+ 38 — eforevery « > 0. But since z is in A, 6; + = is in {a; + b;}. 
Hence the asymptotic density of the sequence {a; + b;} is = a + 38, which 
proves our theorem in the first case. 

Suppose next that Case 1 is not satisfied. We may suppose that there exist 
arbitrarily large values of 7 such that a; and a; + 1 are both in A; otherwise 
{a;, a; + 1} has asymptotic density 2a > a + 38. Let a, be the first a; such 
that a, + 1 is also in A. Then since Case 1 is not satisfied and since a = 
lim f(n)/n, there exists a largest integer m, such that f(a,, m) < 
(a — 38)(m — ax, + 1). Again let a,, be the least a; greater than m; such 
that a;, + 1 is also in A; there exists as before a largest m2 such that f(a,, , m2) < 
(a — 38)(m2 — ax, +1) andsoon. Take n large and let m, be the least m 2 n. 
It is clear that the intervals (a,, — 1, m,), 7 = 1, 2 --- r do not overlap; thus 


> San, m) S m(a - ‘). 


Now since the asymptotic density of A is a, we have f(0, m,) > (a — e)m,, 
if n is large enough, and therefore the number of a,’s in (0, n) outside the inter- 
vals (a, , m;), 7 = 1, 2--- ris not less than 


G-«)m2(G-+) 


But for all these a,’s with the exception of ax, , az, ,°** , @&,,@ + 1 is not in A. 
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Moreover, the intervals (a,, , m;) do not contain only a’s; else, whenever p > a,, 
is such that (a;, , p) does contain integers not in A, we have p > m;. There- 
fore f(ax; , p) = (a — 38)(p — ax, + 1) (by definition of m;); so that the modified 
density of the positive terms of {a; — a,;} (7 = 1,2---) is 2 a — 36, and we 
are in Case 1. Thus each of the intervals (az; , mi) has to contain an x which 
isin A, such that z + lisnotin A. Hence, finally, the number of integers < n 
of the form a; + 1 which are not in A is = (46 — «)(n — 1). Hence the num- 
ber of integers S n of the form {a;, a; + 1} is not less than (a + 38 — e)n — 1, 
if n is large enough, which completes the proof of our theorem. 


UNIVERSITY OF PENNSYLVANIA 
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SOME NEW SUMMABILITY METHODS WITH APPLICATIONS 


By Orrto SzAsz! 
(Received November 4, 1941) 
1. Given an infinite sequence of functions 
(1.1) go(X), pr(X), G2(Z), +++ , g(a), +++, 


defined on a finite or infinite range R of the real or complex variable x with the 
limit point £; the range R may be discrete or continuous, but must contain 
infinitely many points. The series-to-function transform 


(1.2) &(x) = : Ur Po(x) 


defines, under certain assumptions for (1.1), a summability method, and 
lim,.¢ ®(2), if it exists, is called the generalized sum of the series Py u,. If it 
is true that for every convergent series =. u,, &(x) exists in R and lim ®(z) = 
> u,, then the method is called regular. The necessary and sufficient condi- 
tions for regularity are: 


(1.3) lim ¢,(z) = 1, for vy = 0, 1,2, --- 
ae 
(1.4) > | ox) — ¢41(x) | uniformly bounded on R. 
0 
We then say that (1.2) is a regular transform; the summability method defined by 
(1.5) lim &(z) = s 
az—et 


is called the method of convergence factors (according to C. N. Moore).’ Corre- 
sponding to this method we obtain new methods in the following way: 

We select a sequence of values x = z, — &, and associate with (1.2) a series- 
to-sequence transform 


(1.6) An(2n) = An = > Uv or(An), % = 0, 1, 2, eS 
v=0 


its matrix is of triangular type. The summability method defined by 





1 Presented to the American Mathematical Society, September 2, 1941. 

? For a comprehensive discussion of the general regular transforms cf. Sz4sz [8], Agnew 
[1]; particular methods of the type (1.5) have been discussed by Perron [3]. Numbers in 
brackets refer to the literature listed at the end of this paper. 
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(1.7) lim A, = 8 


no 


is regular (by the theorem of Silverman and Toeplitz) if and only if: 


(1.8) lim gr(Xn) =1 for v = 0, 1,2, --: ’ 


no 


n—l 
(1.9) DO | (an) — gr4i(an) | + | gn(an) | is uniformly bounded in n. 
v=0 


It is obvious from our regularity conditions that the method (1.7) is regular 
whenever (1.5) is, but the converse is not true in general. 
We can apply the same generating process to a sequence-to-function transform: 


(1.10) U(x) = 2 s¥(z), 
where {y¥,(x)} is a suitably given sequence of functions. From (1.10) we get the 


summability method: 


(1.11) lim ¥(x) = s = gen. lim. sp. 


at 
This method is regular (i.e. lim s, = s implies (1.11)) if and only if: 
(1.12) lim y,(xz) = 0, for » = 0,1, 2, ---, 


ze 


(1.13) > | ¥.(x) | uniformly bounded on R, 
v=0 


(1.14) > v(x) 1 


v=0 


We now associate with (1.10) and with a sequence of values x = 
a triangular-type sequence to sequence transform: 


n 


(1.15) B,(2n) _ B,, = pe 8, W(2n), r= 0, 1, 2, iby 


v=0 
The summability method 
(1.16) lim B, = s = gen. lim s, 
is regular if and only if: 


(1.17) lim y,(r,) = 0, forvy = 0,1, 2,--- 


no 


(1.18) > | (en) | uniformly bounded in n, 
v=0 


(1.19) lim > VA(tn) = 1. 


no vy=0 
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It is seen easily that regularity of the method (1.11) does not imply regularity 


of the method (1.15), and conversely. 
Note that A, can also be written as a sequence to sequence transform: 


n—l 


An = > 8, {0(2n) —_ $r4.1(2n) } + Sn Gn(2n), 


where 
m= Site, n = 0,1,2, «+:. 
A generalization of (1.6) is 
Am(2n) = > Ur GALn), where m = m(n) > «, 


and the analogous sequence-to-function transform 


F(x) = D> wez). 


vsm(z) 


These generalizations will not be discussed in the present paper. 


2. We consider first the important case of Abel-summability (generalized by 
Stolz to complex values of x); it can be written either as a convergence-factor 
method: 


fo} 
lim >> u,2” = s, 


zl 0 
or as a sequence-to-function transform: 


lim >> s,2°(1 —2z) = s. 


zl 0 
Accordingly : 
(2.1) gn(x) = 2", n=0,1,2,--:, 
and 
(2.2) ¥,(x) = (1 — 2)z”, n=0,1,2,--> 


The method is known to be regular if and only if x approaches 1 along a path 
inside and non-tangential to the unit circle, i.e. 


|a|<1 and 1—2=O(1 — |2}) asxz— 1. 


Writing x = pe” the latter condition becomes 6 = O(1 — p). 
Now the associated series to sequence transform is: 
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n—1 


(2.3) An = Du 2% = D0 8,22(1—21)+8nrn, n=0,1,2,->-. 
y=0 v=0 


The regularity conditions are (from (1.8) and (1.9)): 
(2.4) In—>1 a no, 


1 —|2n| 11 —2,| = O(1) asn— o,° 
1 — | 2, | 


On the other hand, using (2.2) we get the sequence-to-sequence transform 


(2.5) ||" + 


(2.6) Bn = >, 8,22(1 — 2n), 
y=0 


and the summability method 


lim B, = s = gen. lim s, , 


which is regular if and only if: 
(2.7) tn — 1,2, 70, and 1 — a, = O(1 — | an) asn— %, 


Although the methods lim A, and lim B, both originate from Abel’s method in 
much the same way, they have quite different regularity conditions. 
On writing 
Ln = pre”, — 7 < On S T, 


the conditions (2.4) and (2.5) take the form 
(2.8) Pn = - 6, = 0, Pn — O(1), 
and 

2 1— Pn F 
(2.9) 1 — 2pn cos On + pn = O 


1— p; 
But 
1 — 2pn coSOn + px = (1 — pn)? + 4p, sin? 30,,, 


and in view of (2.8) 


and 
; 1 1 
sin 70, ~ 36, , 


1 — pn 
6, = 
o(}—*) 


1 = | In \n 
in-lal is to be replaced by n. 


hence (2.9) reduces to 





3If |z, | = 1, then 
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Note that 
1 — pn 1 
hae a— = o(1) asn— ©, } 
1 — pn l+prat::: = { 
Finally, putting p,» = 1 + 6, , we have 6, — 0, and p? = e” '* or but : 
(2.10) log (1 + 6) = 6(1 + o(1)) as 6 —> 0. 


Hence p, = O(1) if and only if n(p, — 1) < k.* Summarizing we have 
THEOREM 1. Necessary and sufficient conditions for the regularity of the trans- 
form (2.3) (where t, = pre") are: 





(2.11) pal, limn(p, — 1) < + @, s, = 0(7—*), asn—>@, 
— Pn 


The last condition is certainly satisfied if @, = O(1/n); this condition is also a 
necessary one if p, = 1 for ali large n. 


For the regularity of the method (2.6} the necessary and sufficient conditions f 
are (from (2.7)) ta 


Pn—1,o,—70 and 6, = O(1 — pp) asn— o; 
here the second condition can be replaced by (using (2.10)) 
n(l — pr) ~ +2 asn— ©, 
It is easily seen that the last condition of (2.11) can be replaced by 6, = 
O(n™ + |1 — pn). 
3. We get a summability method related to Abel’s on choosing 
¢n(x) = Rx" = p” cos n8, n=0,1,2,---. 
The regularity conditions (1.3) and (1.4) now become: 
p— 1, 6—0 and 


(3.1) > p” | cos v8 — pcos (vy + 1)6| uniformly bounded in p and 8. 
v=0 
In particular we must have p < 1; furthermore, using the formulae 


(3.2) cos v6 — pcos (v + 1)@ = (1 — p) cos v9 + 2 psin 36 sin (v + 3)8, 


and 
> p'(1 — p) | cos v0| < 1, 
0 


(3.1) is equivalent to: 


|@| >> p” | sin (v + 4) 6| uniformly bounded in p and 6. 
0 





*k, ki, ke, «++ denote absolute constants. 














74 oTTO szAsz 


Thus a sufficient condition is: 


a O(1) for p—1, or for @—0. 


.-,% 


This condition is also necessary; as is seen from 





. ; , . , Se (1 — p) cos 0 
v 2 v 2 1 a a a p 
X o’|sin (» + 3)8| > Doe sin” (v + 4) Miss Beene 
_ 1-A+p)ose+—e _ (1 + p)°(1 — cos 8) 
2(1 — p)(1 — 2p cos@+p*) 2(1 — p){(1 — p)? + 2p(1 — cos 6)} 
Thus the regularity condition here is the same as for Abel-summability. 
The method corresponding to (1.6) is now 








An(pn, Bn) = } Uy Pn COS VO, 
v=0 
(3.3) 


n—1 


= > s,p%{cos On — pn cos (v + 1)0n} + sapn cos 6, ; 
0 
the regularity conditions for this method are: 
(3.4) pr i, 6, — 0 


and 


n—l 


(3.5)  p,|cos é,| + Do P| cos vOn — pr cos (v+1)6,| = O11) asnoo, 


From | R(2” — 2”) | S |2” — 2”*’| it is clear that the conditions (2.11) are 
sufficient for the regularity of the method (3.3). We shall prove that they are 
also necessary. We first show that p; = O(1) is a necessary condition. If 


T n n 1 = 
n|@,| S g? then pr | cos 16, | = Pn 79° If n| 0.| > 7 then define 
An 2 1 by 


(2 —1)7 < nl] S (@+ 5, 
and define « as the smallest integer for which 


K| On | 2 (2a — 1)7. 


Thus (x — 1) | 6, | < (2) — 1)5 < ||, « < nj and 


(36) «>(r—1—7 = Ate *A-1,2%A-1 


4]0,|~ 4/0] 2+1=2HA41"= 





4 
3° 
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Furthermore 


> p%| COS 1, — pn COS (v + 1)6, | 
0 


«—1 


2 | Do (on COS 9, — px cos (v + 1)6,)| = |1 — p’ cos KO |, 
and 

(2-1) F Sel G|< @A-1)F+| 6, 
hence 


x | On| =(2—1F +e, 0S€.<|6n|, 


cos «|04| 2 sin (¥ — |6,|). 


This and (3.6) proves that (3.5) implies p; = O(1). Now using (3.2) we see 
that (3.5) is equivalent to 

















n—1 
6, >, p, | sin (v + 4)0,| = O(1) asn—> ©, 
0 
y Hence we must have 
n—1 
(3.7) 6, >. p, sin’ (v + 4)6, = O(1) asn— ©, 
0 
3 But 
re iy ’ sin? (v + 4)6 = s adhe o tt. .S— 8 oe 
If 4 p'[cos (2n + 1)6 — pcos (2n — 1)6] 
= 1 + p? — 2p cos 20 
- 1—p" = (1—p)cosé@ p" [cos (2n + 1) @ — cos (2n — 1)6] 
l-—p (1 — p)?+ 4p sin? 6 (1 — p)? + 4p sin’ 6 
4 p"(1 — p) cos (2n — 1)0 
(1 — p)? + 4p sin? 0 
Now 


| 1 — pn| | cos 6, | < |1 — pn| -0(t) 
(1 — pn)® + 4pn sin? On ~ 4p! | 1 — pn | | sin On| bn)” 


Lom £ De eee iea Il .g BiGass! _ o(2) 
(1 — pn)? + 4p, sin? 6, = App Sin? Op Cy 











n 


and we find that (3.7) implies 6, 3 ee ae O(1). We have thus proved: 
— Pn 
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THEOREM 2. Necessary and sufficient conditions for the regularity of the trans- 
form (3.3) are conditiens (2.11). In the special case px = 1 these conditions 
reduce to 0, = O(1/n) asn — ~. The corresponding transform A,(1, @,) = 
ph; u, cos v6, was first introduced by Rogosinski [5, 6], in connection with 
trigonometric series. 


4. Finally let 


sin nx 
n — ) - 0, 1, 2, or re = . 
n(x) n (go = 1) 
Now (1.2) with z — 0 is Lebesgue’s summability; it is not regular, as (1.4) is not 
satisfied. The associated transform (1.6) becomes 


(4.1) An(Xn) ==, n= 0,1,2,---. 
0 n 

The necessary and sufficient conditions for regularity are (from (1.8) and (1.9) 

for real x): 


In — 0 
and 


n 


sinvz, sin (v +1) 2, 


v=0 (v + 1)2p 


We restrict our discussion to real positive x, = 0, | 0; we shall prove that as in 
Theorem 2, 26, = O(1) is the necessary and sufficient condition for regularity. 
Elementary calculus shows that sin 6/6 is monotonic in the successive intervals 
tiSé0S¢t4,v=1,2,3,---, where h& = Oandh, &, t;, --- are the positive 
roots of the equation 


(4.2) sin 6 = 6 cos 6; 


= O(1) asn —> ©, 








also 


tj = vr +a,, where 0 <a, <5; 
and substitution into (4.2) yields easily 
7 1 
g~ & <5: 


in particular a, — 7/2. Subdividing in 





> | sin vO, _ sin(v + 1)6, 
. | (VOn (v + 1)6, 
the summation into parts, in each of which the differences have constant sign we 


find now that n@, = O(1) is the necessary and sufficient condition for uniform 
boundedness. Thus we have proved: 
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TurorEM 3. The transform (4.1) with z, = 6, | 0 is regular if and only if 
no, = O(1)asn— ~, 


5. In this section we establish a lemma for later application. We restrict 
ourselves to real positive sequences {z,}. We have seen already (§2) that the 
class 


(5.1) x, = O(1) asn—> o, 
is characterized by 
(5.2) lim n(1 — tn) > — &; 


and the smaller class 

(5.3) Zn = (1) asn—> 0, 
is characterized by 

(5.4) n(1 — t%,) 9 +0 asn— ©, 


We now prove the 
Lemma. Let 0 < x, < 1 for all large n; then any one of the three conditions: 





(5.5) rn log yee = O(1), 
. 1 
(5.6) Ln = o(4.), asn-7>@, 
log n 
(5.7) lim {n(1 — z,) — log log n} > — ~, 
implies the two others. 
First assume (5.5); then 
(5.8) kya," + log (1 — r,) > 0 for all large n. 
Let 
g(x) = kw" + log (1 — 2), 0<2<1l, 
then 
g(t) = — nk” — — < 0, 


hence g(x) | —% asx 7 1. From (5.8): g(r.) > 0 for all large n. We intro- 
duce for a constant k 


tn(k) =1— = (log log n — k); 


(2.10) yields 


- see 


ewe 
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(5.9) (a,(k))” ie e” log zn tk) = exp {(k = log log n)(1 + o(1))} = i (1 4 o(1)) 


asn— ©. Hence g(r,(k)) < 0 fore” < 1/k; and all large n. Thus 
(5.10) In < Xn(k) fork > logk;, and for all large n, 


which is (5.7); moreover (5.9) and (5.10) yield (5.6). We now assume (5.6); 
thus 
x, < ke/log n for all large n, 
or 
a,” > log n/ke, and e"%""” > 2°" > log n/ke for n > kg. 


Hence 
n(t," — 1) > log log n — log ke, 
or 
(5.11) ar< : <1- = (log log n — log ke), 


1+ : (log log n — log ke) 





which gives (5.7). From here we get easily 


(5.12) log = logn + O(1), 


1-2, 


which together with (5.6) yields (5.5). Finally assume (5.7); then (5.11) holds, 
and the inequality 


l1—x<e” for 0<2<1 
gives x, < ke/log n, which is (5.6). This and (5.12) finally give (5.5). This 
proves the lemma. 


6. We now apply the summability methods introduced in §§2, 3, 4, to Fourier 
series. Let f(@) be an integrable function of period 27 with the Fourier series: 


(6.1) $(0) ~ 4a0 + > (a, cos v6 + b, sin v6), 
1 
so that 
bo = 0, a, + ib, = = | f(ae” do, y=0,1,2,°°°. 
Applying (2.3) to the series (6.1) yields 


Anl(an, f) = 409 + ps x?,(a, cos v6 + b, sin v0) 
y=1 


me y 1,<, 
== [ f+ a(3 + > 2%, cos “) dt 


y=1 


=f (H+) +40 —D} Palen, d at 


7 
T 0 
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where 
T.(Z.,t) = ; + > x», COs vt. 
Let 
H(2x, 6) = 4a) + 3 x’ (a, cos v6 + b, sin v8), 
S,(x, 0) = 4a9 + > x(a, cos v6 + b, sin v0), 
then An(an,f) = Sn(&n, 4). 


(6.2) is an integral-transform of the function f(@) into a sequence A, by the 
kernel 7,,(z, , 4). Such a transform is called regular, if A, — 3{f(@) + f(—6)} 
at every point of continuity. On defining [cf. Szdsz [8], chapter 3] 


K(2, 1) = 2 T(t, 1) fornsx<n+1, and 0StSr, 


and K(z,t)=0 forz20,t>vf, 
furthermore 


x(t) = {f+ +f —- d}, 


we get for the transform (6.2) [ K(a, t)x(t) dt, a step function of x. The 
0 


necessary and sufficient conditions for regularity of this transform are [ef. 
Agnew 1]. 


(6.3) lim / T (an, t)g(t) dt = 0 for any integrable g(t) and any h > 0, 
h 


(6.4) am [ | T.(an, t)|dt < @, 
n—o 40 

(6.5) lim | 1,(xn, t)dt =~. 

n—o 40 2 


It is of interest to consider real positive sequences x, , for which 7,(z,, ¢) 
is non negative for all ¢. Evidently there exists an r, such that 7',,(z,, t) 2 0 
for all ¢, when 0 < 2, S rn, whereas for any ¢ > 0 7'n(rn + €, t) becomes < 0 


for some ¢. I. Schur and G. Szegé [7] have proved that: 


(6.6) tm fT 1, ten hh ar twon 2 asn— , 
log n 
1 
(6.7) m>1- 7 18 2n forn 21. 


For odd n r, is the positive root of the equation 





‘2 
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(6.8) 1—r—2r’"=0. 
It follows from (6.8) and (6.6) that 


(6.9) rs = 001 ~ r) = 0(%8*) as n—> ©, 


Thus (from §2) the transforms (2.3) and (2.6) are both regular for z, = r,. 
Moreover A,(rn, f) is a regular transform; this follows from the statement: 

TuroreM 4. The function-to-sequence transform (6.2) (where 0 < a, < 1) 
is regular if and only if x, — 1 and if (5.7) holds. 

Evidently for any z,, 


r Tv 
I T.(im, td = 5, 
hence we need only satisfy (6.3) and (6.4). We restrict ourselves to0 < 2, < 1, 
and make use of the formula [7, §1]: 
2T (x, t) 


(6.10) 2\-1 2 +2 
= (1 — 2r cost + 2) {1 — 2° + 22”™ cos nt — 22"" cos (n + 1)t}. 


The expression : I ‘ | Tn(an, ) | dt = U(an) may be called the n™ Lebesgue con- 
stant of our summability method. As 

“4 i~ 

o 1—2zrcost+z 
it is clear that (6.4) is satisfied if and only if 


(6.11) 2" [ | zn cos nt — cos (n + EM yy 0(1) 
0 1 — 2z, cost +2? 





,dt =r 





But from the identity 
x cos nt — cos (n + 1)t = x{cos nt — cos (n + 1)t} — (1 — 2) cos (n + 1) 
it follows that (6.11) holds if and only if 


(6.12) 2h I | cos nt — cos (n + 1)t| (1 — 22, cos t + x2) "dt = O(1). 


We now prove that the necessary and sufficient condition for (6.12) is (5.5). For tl 


To show that (5.5) implies (6.12) write onal 


I | cos nt — cos (n + 1)t| (1 — 22, cost + 22)“ dt (6.14) 








=2/ sin, |sin (n + 4)t| dt <f t dt and an 
N 


— 2n)° + 42, sin? (1 —2,)? + 4 tn t° (6.15) 
Tv 


as t dt ” 1 2 
< ie =. a Tv 
(1 — 2) ze zo? * i dt 5) + =. log ro 2.’ (6.16) 
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for 0 < tn < 1; this proves the first part of our statement. The converse is 
seen from the estimate: 


 ¢ {sin (n + 3)t| dt 1 f* tisin (n+ 4)t| dt 
[ sing i? ard, * 
0 (1 — rx)? + 4, sin? £ te 











1 
2 ree 


2 


We finally show that (6.3) is satisfied whenever z, -> 1 (assuming that (5.5) 
holds). We have 


rtf |, cos nt — cos (n + 1)t||g(t)| (1 — 2c, merere 
h 


a [9 lat = 00) 
asn — © (from (5.6)). Hence, using (6.10), (6.3) holds if and only if 


(i — a) (1 — 2r, cos t + 2.) *g(t) dt +0 asn— o, 


and this is equivalent to z, — 1. From the lemma of §5 we finally get 
Theorem 4. 

We now apply the summability method (2.6) to Fourier series. Introducing 
the notation 


8 = 30,  8n(f, 0) = 8n = 400 + >, (a, cos 0 +b, sin 9), n= 1, 
1 


and using the formula 


ie a _ pj Sinn + 9)t 
=5-[ +0 + 90-9) BR a, 


we get from (2.6) the function-to-sequence transform: 


(6.13) Bilt, f) =! 


where 





t) dt, 


U.(t2, t) = Eye sin (v + 4)t. 


For the regularity of the transform (6.13) we have the necessary and sufficient 
conditions: 





(6.14) lim (1 — Tn) J "Us (zn, t)g(t)dt = 0 for any g(t) eL, 
and any given h > 0, 

(6.15) lim | wlan, t)|dt< %, 

(6.16) t) dt = 





Sp eaten Scene te 
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For f(t) = 1 formula (6.13) yields 


l—2z7t= ae f Un(Xn, t) dt, 
r Jo 


and condition (6.16) becomes z;, — 0 as n — ©; assume again 0 < z, < 1, 
then we must have n(1 — z,) ~ +o. But Fejér [2, p. 20] remarked that for 
any % >a >-::: >t, > 0, do c, sin (v + 4)t > 0 for 0 < t < 2x; hence 
the kernel of the transform (6.13) is positive, and the condition (6.15) is satisfied. 
We finally discuss condition (6.14). From the harmonic development 


(1 + 2) sin it 


0 
1 — 22 cost + 2?’ es, 





> 2’ sin (v + 3)t = 
0 
we find easily the formula 
U,(z, t) sin 34(1 — 2x cos t + 2”) 
= (14+ 2) sin 3¢4+ 2" sin (n + 4)t — 2” sin (n + 2)t. 


Using this formula and the condition x; — 0, it follows immediately that (6.14) 
holds if and only if 


(1 — an) / (1 — 2a, cost + 2.) ‘*g(t) dt +0, 
h 


i.e. if z, > 1. Thus we have 
THeorEeM 5. The necessary and sufficient conditions for the regularity of the 
transform (6.13) (where 0 < 2, < 1) are: 


In—>1 and nil — 2%)? +2, asn— ©, 


7. We give here a Tauberian type theorem for the method A,(2,) of §2. 
THEOREM 6. Suppose x, real or complex, and 
tn|"—1 


(7.1) lim ee. 


=r<1 
lim 705 <1, 


then A,(<n) — 8 implies 8, — 8. 
Note that (7.1) implies lim,.... || 2n 


te 


— 1| S), and in particular z, — 1, and 


: neo a m 1 
The theorem can be deduced from recent results of R. Rado [4]; we give a direct 
proof, following his device. 

Suppose first that s = 0 and s, = O(1); then 0 S limy.. | s, | = 6 < ©; we 
shall prove that the assumption 6 > 0 leads to a contradiction. To a given 
e > 0 choose n = n(e) so that | s,| < 6+ ¢€forv > n; then choose m > nso 
that |sm| > 6 — ¢«. Now, using (2.3) 
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m—1 
5—e<|sn| = iz, — Li stm , "(1 — 2m) 
< | Anan” | + aU — ay) [+ +9 [1 29) aa, 





thus, if m is large enough 
b—e<etet+ Ot NAte) <A+ (B+5+ 6), 


where \ < 1. This is a contradiction for ¢ small enough. 
We next assume s = 0 and lim | s, | = ©; choose 0 < ¢ small and 1 large; 
denote by m = m/(I) the least n for which | s, | > 1. Then (2.3) yields 


oe 
= |am | 


which again is impossible for small «. Thus the theorem is proved for s = 0. 
Finally for s # 0 we apply our result to the sequence s, — s, and its transform 


ree + lA +6), 





L<|8m| | Amtm” | +1|1—2m| 


n—l 
DX (s, — 8) 2n(1 — an) + (82 — 8)22 = An —8 0, 
v=0 


which yields s, — s; our theorem is proved. 

Finat NoTE. The argument of §6 can be used to prove that the transforms 
A,(an,f), Bn(an , f) under the regularity conditions of Theorems 4 and 5 con- 
verge to f(0) if only 


[0+ w) +700 - w) — 290) | du = of ast 0, 


thus for almost all @. 
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GENERALIZED SURFACES IN THE CALCULUS OF VARIATIONS 


By L. C. Youne 
(Received September 30, 1941) 


I. GENERALIZED LIPSCHITZIAN SURFACES 
1. Introduction 


This note deals with an extension of the idea of surface, which is similar to 
the writer’s generalization’ of the notion of curve in the Calculus of Variations. 
The primary object of such generalizations is to ensure, as far as possible, that 
every problem of the Calculus of Variations has at least one solution. Their 
need has been apparent ever since the illuminating remark made by Hilbert:’ 
Eine jede Aufgabe der Variationsrechnung besitzt eine Lésung sobald hinsichtlich 
der Natur der Grenzbedingungen geeignete einschrénkende Annahmen erfillt sind; 
und, nétigenfalls, der Begriff der Lésung eine sinngemdsse Erweiterung erfahrt. 

In the existence theorems for variational problems concerning an unknown 
curve, the customary restriction to regular problems can now be removed by 
using generalized curves, and applications of these notions have lately been made 
by McShane.’ 

Problems of minima of variational problems concerning surfaces are essen- 
tially far more complicated than those concerning curves. In this note, how- 
ever, the additional complication appears only in the proof of certain theorems, 
not in their statement. 

The definition of generalized surface given here, and the proof of the existence 
of a (generalized) solution, are framed for a problem of minimum originally 
stated in a class = of ordinary surfaces 


z= 2(z, y) 


with a given boundary. In the existence theorem, the principal further hy- 
pothesis is the restriction to a Lipschitzian class of surfaces, by which we mean 
that the function z(x, y) satisfies the condition 


| 2(x’, y’) — a(x”, y"”) | S Kp, 


where K is a constant depending only on the class = and where p is the distance 
of the arbitrary points (x’, y’) and (x’’, y’’). The restriction expressed by this 
Lipschitz condition is rendered necessary by the ordinary (as opposed to the 





1 Young [12], [13], [14]. 
2 Hilbert [2] p. 184; cf. also Lebesgue [3] p. 372. 
3 McShane [4], [5], [6]. 
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parametric) formulation of the problem, not by the fact that we have surfaces 
rather than curves. 

It is perhaps superfluous to add that the results of the present note merely 
constitute a beginning. The Lipschitz condition, although needed in the general 
type of problem considered here, is inconvenient in the applications to classical 
problems such as that of Dirichlet or Plateau, where a Lipschitzian boundary 
function may correspond to one or more singularities of the solution. And in 
any case, the usefulness of existence theorems which are based on a generaliza- 
tion, devised for the purpose, of the notion of surface, is naturally dependent on 
a new extension of the necessary conditions for attained minima such as that 
studied by the writer and by McShane in the case of curves. These questions 
we reserve for a later date. 


2. An elementary unattained minimum 


We shall follow the example set by McShane in his treatment of generalized 
curves’ and begin with a “heuristic discussion.” For the purpose of this dis- 
cussion, let us compare our variational problem with an elementary minimum 
problem which consists in finding the least value of the function 


fi) = t — 8t, 


the latter being supposed defined in the first instance for rational t only. Let 
us analyze briefly this elementary problem as treated in the Differential Calculus, 
the term “least value” being first reinterpreted in the obvious way. 

We first define convergence of a sequence of rational numbers, so as to make 
every such simple function f(t) continuous. More precisely, whenever {t,} is a 
convergent sequence of rational numbers so is {f(t,)}. Such a definition is 
furnished by the classical convergence criterion of Cauchy; indeed the classical 
idea of convergence may fairly be said to have been devised primarily for this 
very purpose. Next we define irrational numbers as limits of rationa! ones, and 
we extend to them the definition of the function f(t) by continuity. In so doing 
we need not refer to properties special to numbers, except those implied in the 
definition of convergent sequence.’ Finally we apply the methods of elementary 
Analysis to show that in its extended range the given function attains its least 
value, and to determine the latter in the usual way. 

Can we proceed similarly in the Calculus of Variations? The above com- 
parison strongly suggests that we can, and this without restricting ourselves in 





* McShane [4] p. 514. 

* The writer has in mind a definition “by abstraction’ according to the terminology of 
Weyl [10] p. 7; and this definition is perhaps free from the criticism which Wey] himself [11] 
has directed against irrationals. Two sequences have the property of limiting equality if 
they are subsequences of a same convergent sequence; a system of sequences between any 
two of which the above property holds defines a real number, which is termed rational 
when the system contains a sequence of repetitions, otherwise irrational. With this 
definition, only the property of continuity actually stated is needed to extend f(t) to irra- 
tional values of t. 
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any way to regular problems as past writers have done, if only we can produce a 
suitable definition of convergence. Now it is quite true that the definition of 
convergence normally applied to surfaces S in Analysis, renders the functions 
F(S) which occur in variational problems, discontinuous; this is so even in 
regular problems, when the functions are merely semi-continuous. But, as 
remarked by McShane, we need not look very far for a more suitable definition: 
it is sufficient to term the sequence of surfaces {S,} convergent if and only if, 
for every F(S) of the Calculus of Variations, the sequence of numbers {F(S,)} 
converges. The functions F(S) are then, automatically, continuous. 


3. Connection with linear operations 


In classical problems of the Calculus of Variations, the functions F(S) have 
the form 


Li) = | [ se, v2 0, ddedy = | f a, y)dedy, 


where the integrand f is a continuous function of five real variables and f is its 
value at the point x, y of the domain’ of definition A when we substitute for the 
three variables z, p, q the function z(z, y) and its gradient p(z, y), g(a, y). We 
shall suppose for simplicity that the domain A is conver. Actually only minor 
verbal changes are needed to make the discussion applicable to domains of the 
most general kind.™ 

Just as in the writer’s work on rectifiable curves, it is possible to treat problems 
of minimum in which a number of such double integrals occur simultaneously, 
by allowing the functions f and F to assume values in a vector-space instead of 
only real values; we shall content ourselves with the case of functions taking 
real values, and leave the reader to make the modifications appropriate to vector- 
functions which are suggested by the writer’s treatment for curves.’ 

With the above form for F(S), the definition of convergence of surfaces sug- 
gested in the preceding paragraph leads us to study linear operations L(f) which 
are defined for every continuous function f. The definition itself, for the se- 
quence of surfaces {S,}, coincides with what is known as weak convergence of 
the operations Ls,(f), that is to say the convergence for each f of the sequence 
of numbers defined by these operations on f. 

We shall suppose the functions f defined in the whole space of the five variables 
©, y, 2, p, g as we clearly may; but we shall see in the next paragraph that no 
genuine linear operations, and no genuine weakly convergent sequences of 
linear operations, can exist, which are not wholly independent of the values taken 
by the functions f outside some fixed sphere 27 + y+ 2 +p +4 < Kk’. This 





* By a domain we mean a closed set of positive plane measure whose boundary is of 
plane measure zero. 

* The principal of these changes consists in interpreting distance of two points to mean 
minimum length of a path in A joining them. 

7 Young [13]. 
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requires on the one hand that the domain A must be interior to a fixed circle 
of the x, y plane, and on the other hand that p, g be bounded, i.e. that the class 
of surfaces considered be Lipschitzian. 


4. Linear operations in a certain type of space 


Among the spaces which have become of interest in recent years, the best 
known are the Banach spaces, of which a particular case is the space whose 
elements are the continuous functions defined in a closed n-dimensional sphere. 
The space which is relevant in this note is one whose elements are the continuous 
functions defined in the whole of a five-dimensional space; in this case, any 
element f can be regarded as specified by means of a sequence {f,}, where fy 
denotes the continuous function defined in a sphere of radius n and fixed center, 
which coincides in its sphere with the corresponding values of f. 

We formulate the results of this paragraph rather more generally, in a space 
whose elements f are specified by sequences {f,}, where f, is a point which lies 
in a Banach space, possibly variable with n. Writing | f, | for the norm, or 
magnitude, of f, in its space, we denote by Q,(f) the greatest of the first n num- 
bers | f. |; in the special case which mainly concerns us Q,(f) is the maximum 
absolute value of the function in the sphere of radius n. We write further 


aa —n Q,(f ) 
(4.1) QN = D2 aH: 
and we define the distance of two elements f, g to be Q(f — g). In addition to 
verifying the usual laws of a distance, we observe at once from the definition of 
Q(f) and from the fact that Q,(f) increases with n, that 
(4.2) If Qv(f) < 2°” for some N, then Q(f) = 2°”. 

This being so, let us consider the linear functions L(f) defined in our space of 
elements f. We shall suppose the space complete when the distance is defined as 
above, a condition that is satisfied by the space of the continuous functions of 
five unlimited real variables. We shall further restrict each L(f) to be measur- 
able B, and therefore continuous’ in f. Moreover, the absolute value | L(f) | 
being continuous also, an important result’ enables us to assert that, for a se- 
quence {Lm(f)} of such functions, which is bounded for each f of a set of the 
second category, there exists a sphere of elements f in which the sequence is 
uniformly bounded. 

Writing f = fo + g where fy is the center of this sphere, we see that the sequence 
{Lm(g)} = {Lm(f) — Lm(fo)} is uniformly bounded in the appropriate sphere of 
elements g with the origin as center, and a fortiori in the set [Qv(g) < 2°], 
which by (4.2) is a subset of this sphere if N is large. By homogeneity, it 
follows that there is a constant K such that for every f, and for all m, 


erates 


* Banach [1] p. 23 theorem 4. 
* Banach [1] p. 19 theorem 11. 
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| Ln(f) | = K-Qn(f). 


We have thus proved the following theorem. 

(4.3) If the sequence of the values of the linear functions Ln(f) is bounded for 
each f of a set of the second category, then there exist constants K and N inde- 
pendent of f and m, such that 


(4.4) | Ln(f) | S K-Qv(f). 


As an immediate corollary, obtained by taking {L(f)} to consist of repeti- 
tions of the linear function L(f) defined for all f, we get 
(4.5) <A linear function L(f) defined for all the sequences f = {fn} depends only 
on a finite number of the fr . 

In fact, if the points f and g denote two such sequences having the same N 
first terms, (4.4) applied to the point f — g, for which we have Qy(f — g) = 0, 
gives L,(f — g) = 0 where L,,(f) is now a repetition of L(f), and so L(f) = L(g). 

A set of linear functions L(f) will be termed compact if every sequence of linear 
functions belonging to the set contains a subsequence which converges weakly. 
The following result is again a corollary of theorem (4.3). 

(4.6) The linear functions L(f) of a compact set depend only on a bounded number 
of the fn . 

For otherwise, we could form a sequence L,(f) of functions of the set such 
that (4.4) were false when m = N = n. This sequence would have to be 
unbounded at some f and so could not be compact, contrary to the hypothesis. 


5. Generalized surfaces 


We have already associated the notion of convergence of surfaces with the 
expressions /'(S) rather than with a geometrical representation of the surfaces 
concerned. Since the notion of generalized surface is to be attached to that of 
convergence, it is the process of calculation of the relevant F(S) that we shall 
really be generalizing, rather than the geometrical representation. 

Now this process of calculation is mainly that of passing from an arbitrary 
function of five variables f(z, y, z, p, g) which we supposed continuous, to a 
function of two variables f(x, y) which we rendered measurable in A, by substi- 
tuting for the three variables z, p, q the corresponding functions of z, y on S. 
From the function f we then passed to F(S) by integration. In generalizing this 
process, we place, for reasons sufficiently explained elsewhere,” the substitution 
of 2(z, y) for z on a wholly different footing to that of its gradient for p,q. We 
still substitute for z a function 2(z, y) of which we say that it defines the track 
of the generalized surface S*, but instead of substituting similarly for p, q we 
form a certain average of the values assumed by f at the various p, q. 

By an average, or more precisely a linear average or linear mean, of a con- 
tinuous function g(p, q) of the variables p, g, we designate a functional M(q), 





10 Young [13] p. 231. 








GENERALIZED SURFACES IN CALCULUS OF VARIATIONS 89 


linear in g, non-negative for non-negative g, and which satisfies the condition 
M(g) = 1 when g is the constant unity. 

We term measurable in x, y, an average which varies according to the values 
of the additional parameters x, y, if for every continuous g which depends on 
p, q only, the number M(g) obtained by forming the average at zx, y defines a 
measurable function of z, y. As shown by McShane,” this number then still 
defines a measurable function when g is a continuous function of all four 
variables x, y, DP, : 

This being so, we are now in a position to state our definitions. A generalized 
surface is the system defined by the following pair of elements: (i) a real function 
2(z, y), absolutely continuous in the sense of Tonelli;” (ii) an average M defined 
for points x, y of A and measurable in z, y, which operates on each continuous 
function of p, g, and which satisfies for almost all z, y of A the condition that for 
the two functions g(p, g) = p and g(p, g) = q the averages M(p), M(q) are the 
components of the gradient of z(x, y). It should be added that we identify two 
generalized surfaces when they have identical tracks z(z, y) and for almost all 
z, y identical averages M. In the sequel, we shall often assume, without saying 
so explicitly, that the average has been suitably modified at the points z, y of a 
set of plane measure zero. 

The generalized surface S* will be termed Lipschitzian with the constant K, 
if at each point z, y the average M(g) of an arbitrary function g(p, q) is wholly 
independent of the values taken by g(p, q) outside the circle of radius K whose 
center is the origin of the p, q plane. 

With the definition of a generalized surface S*, we give also that of integral 
over S* of the continuous function f(x, y, 2, p, q), i.e. the meaning to be attached 
to the symbols 


F(S*) = L»(f) = | [ Ha, y) de dy. 


We do this by stipulating that f(z, y) = M(g) where g = g(p, q) is the value at 
the point x, y of the function g(x, y, p, g) obtained by substituting 2(x, y) for z 
in f(x, y, z, p, g). The fact that M is measurable in z, y ensures that the func- 
tion f is so too. 

Let us observe that an ordinary surface S and the corresponding function F(S) 
are special cases of the above definitions: the average M then consists for almost 
all x, y in substituting in the function concerned the gradient of 2(x, y) for p, q. 


6. Convergence of generalized surfaces 


We now extend to the case of generalized surfaces the definition of con- 
vergence proposed in §2, and at the same time avoid conflict with the definition 
which is usual in Analysis. We shall consider only Lipschitzian generalized sur- 





" McShane [4] p. 517 Lemma 3.1; the proof is given in the case of a single parameter ¢, 
but extends without difficulty to two parameters z and y. 
® Saks [8] p. 169. 
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faces, this restriction being necessary in view of (4.7), in order that the repeti- 
tions of a given generalized surface constitute a sequence which converges 
according to our definition. We say that the sequence of generalized surfaces 
{S*} converges if the sequence {Ls¢(f)} converges weakly, i.e. converges for every 
continuous function f(z, y, z, p, q). 

Just as we distinguish between a generalized surface S* and its track, we dis- 
tinguish also between convergence of generalized surfaces and convergence of 
their tracks, the latter notion being defined to be uniform convergence of the 
corresponding functions z(z, y), as in the case of the usual definition of con- 
vergence of surfaces, which we thus identify with, and shall refer to in the 
sequel as, convergence of the tracks of surfaces. 

Let us observe further that our definition of convergent sequence of generalized 
surfaces contains no reference to a limit. We shall see in §7, that the space of 
Lipschitzian generalized surfaces is complete, so that this kind of convergence 
may eventually be identified with the more familiar notion of convergence to a 
limit. In the meantime let us state explicitly that the term compact set denotes 
a set in which all infinite subsets contain corresponding convergent sequences, 
and that we do not restrict these sequences to possess limits at the moment. 
In the writer’s opinion, this interpretation of the notion of compactness is in 
any case preferable to the one usually adopted, since this notion then becomes 
an intrinsic property of a set instead of a property which depends partly on a 
set and partly on the space. 

This being so, we have the following theorem of compactness. 

(6.1) A system of generalized surfaces is compact if and only if their tracks lie in a 
fixed sphere and their Lipschitz constants are bounded. 

The pair of conditions stated is clearly equivalent to the single condition 
which restricts the corresponding linear operations Ls(f) to be wholly inde- 
pendent of the values of the continuous functions f outside a fixed sphere of the 
x, Y,2,p,qspace. The necessity of these conditions therefore follows from (4.6). 
To prove their sufficiency, we suppose them satisfied, so that the linear opera- 
tions Ls(f) may be regarded as defined in the Banach space consisting of all 
functions of x, y, z, p, g which are continuous in a fixed sphere; the conclusion 
then reduces to a corollary of a well known theorem.” 

We now consider some consequences of the notion of convergence. If S* is 
any generalized surface, and we write as usual 


Lo(f) = | | He, ») de dy, 


for the corresponding linear operation, we define more generally, for any interval 
A of the z, y plane, the linear operation additive in A 


Ls(f; A) = [| Je y) dx dy. 





18 Banach [1] p. 123 theorem 3. 
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We remark that for any fixed function f the operations corresponding to a com- 
pact system of generalized surfaces are equi-continuous in A. In fact, denoting 
by K(f) the maximum modulus of the function f in a fixed sphere of the z, y, z, 
p, q space outside which the values of f are irrelevant by the preceding theorem, 
we clearly have 


(6.2) | Ls(f; A) — Ls(f; A’)| S$ K(f)-|A — A’. 


We shall now establish the following result. 

(6.3) If the generalized surfaces S* converge, then the operations Ls(f; A) con- 
verge for each f and uniformly in A. 

It is sufficient by equi-continuity, to establish the convergence for each f and 
each 4. We enclose the interval A in a concentric similar interval A’ of slightly 
larger area, and we denote by g a continuous function of z, y, z, p, q whose 
absolute value is majorized by that of f, such that for all z, p, q we have g = f 
when z, y lies in A, and g = O when 2, y lies outside A’. The existence of a 
function g with these properties is clear. 

This being so, it follows from (6.2) that the expressions 


Lsx(f; A) = Lsx(g; A) 


differ from the corresponding terms of the convergent sequence formed by the 
expressions 


L(g) = Ls;(g; 4’), 
at most by the arbitrarily small amount 
K(g)-| 4’ — A| S$ K(f)-|A’ — Al, 


and hence that they too must converge by Cauchy’s convergence test. This 
completes the proof. 
(6.4) If the generalized surfaces Sx converge, so do their tracks. 

To see this, we observe in the first place that the functions z, defining these 
tracks have by (6.1) uniformly bounded gradient, since their gradients at any 
point are averages of bounded sets of values of p,q. These functions are there- 
fore equi-continuous, so that to show that they converge uniformly we need only 
verify that they converge at an everywhere dense set or that they converge in 
some average sense in the z, y plane. The latter is the case by (6.3) applied to 
the function f(z, y, z, p, g) = z, which states that the double integrals over A 
of the functions z,(z, y) converge uniformly. 


7. The completeness theorem 


We say that the sequence {S;} has the limit S* if the operations Ls;(f) have 
the limit Ls:(f) for each f. Evidently the existence of the limit implies the 
convergence of the sequence; we shall establish the converse. 

(7.1) A convergent sequence of generalized surfaces has a limit. 
We denote by z(z, y) the limit of the corresponding tracks, and by L(f; A) 
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that of the corresponding operations additive in A, the limits existing by (6.4) 
and (6.3). We denote further by Q(f; 4) the maximum modulus of the fune- 
tion f when z = 2(z, y), when 2, y lies in A-A, and when p, gq is bounded in 
magnitude by the upper bound of the Lipschitz constants of our sequence, finite 
by (6.1). 

Clearly the operation L(f; A) is linear in f, additive in A, and we have 


(7.2) | L(f; 4)| S| 4|-Q; 4), 


as the limit of similar relations. 

It follows from (7.2) that L(f; A) is the double integral over A of any network 
derivative M(f; x, y), and that the latter exists almost everywhere, as the limit, 
for a suitable sequence of intervals A tending to the point 2, y, of the expression 


(7.3) L(f; A)/| A| 


when the function f is kept fixed. 

For almost every 2, y, this limit exists simultaneously for all functions f of a 
given enumerable everywhere dense set of functions. Since the functionals 
(7.3) are, by (7.2), equi-continuous in f for the various A, the derivative in 
question also exists simultaneously for all f at any such point x, y; and it thus 
represents, for almost any fixed z, y, a linear operation in f which, as we deduce 
at once from (7.2), is majorized by the maximum modulus, for the same system 
of p, q as before, of the function f when z, y and z = 2(2, y) are fixed. Since 
it has this majorant, the operation M(f; x, y) depends on the values of f as 
function of p, g only, the other variables being kept fixed. 

This being so, let us write simply M(f) for the operation just defined at almost 
every x, y, and let us complete its definition for the remaining points z, y by 
choosing it for instance to mean the value of f for p = gq = 0. 

We verify at once that M(f), at the point z, y and z = 2(z, y), is a non-nega- 
tive operation when f is non-negative for all p, g at this point, and that for the 
function f = 1 we have M(f) = 1. Hence M(f) is an average. Moreover we 
have already remarked that its double integral over any A coincides with L(f; A). 
In order to identify the latter with the operation Ls+(f; A), and thus to complete 
the proof of (7.1), it is now sufficient to verify that a generalized surface S* is 
defined by the track z(x, y) and the average M(f). This will be the case if the 
averages of the functions f = p and f = q are the components of the gradient of 
2(z, y) at almost all points z, y of the domain of definition A. 

To establish this last result, it is sufficient to show that for these two functions 
f and for an arbitrary interval A contained in the domain A, the expression 
L(f; 4) coincides with the double integral over A of the corresponding component 
of the gradient. Since the corresponding relations are true for the sequence of 
which L is the limit, it only remains to verify that the double integral over A 
of the gradients of the tracks of the generalized surfaces of our sequence tend to 
the double integral of the gradient of 2(z, y). This is evidently the case in 
view of the uniform convergence of these tracks. 
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8. Closure of the class of ordinary surfaces 


From the theorem of completeness just established, it follows in particular 
that the limit of any convergent sequence of ordinary surfaces necessarily exists 
and represents a generalized surface whose Lipschitz constant is majorized by 
the upper bound of those occurring in the sequence. We now consider the 
converse question, whether every Lipschitzian generalized surface is expressible 
as the limit of a suitable sequence of ordinary surfaces. Our next theorem 
shows that the answer is in the affirmative, even with additional restrictions on 
this sequence. 

(8.1) The class of the generalized surfaces whose tracks have a fixed beundary and 
whose Lipschitz constants do not exceed N, 1s identical with the closure of the sub- 
class consisting of ordinary surfaces. 

It is sufficient to preve that, given any generalized surface S* with a Lipschitz 
constant not exceeding N, there exists a sequence of ordinary surfaces S, with 
Lipschitz constants not exceeding N and boundary coinciding with that of the 
track of S*, such that, for all continuous functions f of the variables z, y, z, p, q, 


(8.2) Ls(f) = lim Ls,(f). 


Let us say that a generalized surface S*’ is an e-approximation to the gen- 
eralized surface S*, if there exist a positive function 7 of ¢ only, which tends to 0 
with «, such that 


(8.3) | Lse(f) — Lsw(f) | S$ Kn-Q(f) + K-o(f; 0), 


where K is some fixed constant, and where Q(f) and w(f; 7) denote, for the 
function f, the maxima, in some fixed sphere of z, y, z, p, g, of the modulus and 
of the oscillation between two points distant less than 7. 

In order to establish (8.2), and so (8.1), it is evidently enough to show that, 
for any positive e, there is an e-approximation to the given generalized surface S* 
provided by an ordinary surface subject to the conditions stated for S,. We 
shall divide the proof into several stages which occupy §§9-13. 


9. A lemma due to McShane™ 


In the sequel we frequently have to enlarge and fit together disconnected 
portions of surfaces, without unduly increasing their Lipschitz constants. In so 
doing, we make use of the following lemma. 

(9.1) Suppose that a function z(x, y), originally given in the plane set E, satisfies, 
for all pairs of points of this set, the Lipschitz condition 


(9.2) | 2(2’, y’) in 2(x”, y’’) | Ss K-p, 


where p denotes the distance of the pair of points, and where K is a fixed constant. 
Then there exists a function 2(x, y), defined in the whole plane and coinciding with 





* McShane[ 71 p. 838, Theorem I. 
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the given function in the set E, such that (9.2) continues to hold with this same value 
of K for all pairs of points of the plane. 

For a proof of this lemma, we refer the reader to McShane. We shall deduce 
a slight refinement of some importance to us. We remark that the continuation 
whose existence is asserted is by no means unique, although there are certain 
points of the plane, those of the original set EZ in particular, at which all such 
continuations necessarily coincide. These points constitute a set E that we 
shall call set of unicity for the required continuation. 
(9.3) There exists a continuation for which, in addition, every point outside the 
the set of unicity is the center of a circle in which (9.2) is valid with some smaller 
constant in place of K. 

To see this, we first observe that, for any given point not in E, the validity 
of (9.2) with two distinct values c + eK for z(z’, y’) when we take 2’, y’ at this 
point and x’, y’’ to lie in the set E, leads to the inequality 


|e(x"’, y"”) —c| S$ K-(p — 9), 


from which it follows that the function with the constant value c in the circle of 
radius « around the given point, and with the value of the original function 
z(x, y) at each point of E, satisfies (9.2) in the set consisting of E together with 
this circle. Consequently, applying (9.1) to this function, we see that given 
any point not in E there exists a continuation which is constant in some neighbor- 
hood of this point. 

This being so, we can cover the complement of E by a sequence of such neigh- 


borhoods. Denoting by z,(z, y) the continuation which has a constant value in 
the n* neighborhood, the function 


D 2 "-2n(z, y) 


constitutes a continuation for which in the n** neighborhood (9.2) is valid with 
the constant K reduced to (1 — 2-")-K. This proves our assertion (9.3). 

The reduction of K is not in general possible in the set Z. In fact, we have 
the following result. 
(9.4) A point of E at a positive distance from the set E is always contained in a 
segment consisting of points of E for every pair of which the relation (9.2) is an 
equality. 

Moreover, at such a point, the gradient of z(x, y), if it exists, has magnitude K. 

We remark, in the first place, that at a point 2’, y’ of the set of unicity the 
value z(z’, y’) is the only one which satisfies (9.2) for every x”, y” of E; for 
otherwise we could add this point to the set E with either of two values for 
z(z’, y’) and use (9.1) to form two different continuations corresponding to these 
two values. 

Hence, if P is a point of E distant d > 0 from the set E, then given any posi- 
tive ¢ there exists a point x”, y’’ of E such that, if p’’ is its distance from P, 


| (2, y"”) — 2(P)| > K-(p” — 6); 
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and from this last relation together with (9.2) we deduce that if z’, y’ is the 


ulue 
point on the segment joining P to 2”, y”’ at distance d from the point P, 

uce | 2(2’, y’) — 2(P)| > K-(d — ©). 
lon 
ain These relations are true for any continuation z(z, y). Making « tend to 0, 
uch we see by continuity that there exists a point @ independent of the continuation 
we chosen such that 
th | 2(Q) — 2(P) | = K-d, 

€ 


ler the distance of the points P and Q being again equal tod. It is clear moreover 
that the values of 2(x’, y’) corresponding to the various continuations can only 
ity differ by at most K, and hence that the value z(Q) is unique. Finally it is clear 
his from our last equation that (9.2) becomes an equality for every pair of points of 
the segment PQ, and that this segment lies in the set of unicity E. 
It now only remains to prove the second part of (9.4). Let R denote the 
point at distance h from P along a parallel to the z-axis, and let k denote the 
distance RQ. We write further yg and 6 for the angles made by RQ and PQ 





- with the z-axis, and m for the ratio | z(P) — z(R) |/h. We have then 
ith h-m = |2(P) — 2(R) | 2 | 2(P) — 2(Q)| — | 2(R) — 2(Q) | 
= > K-d— K-k = K-{(h? + & + 2hk cos yg)! — k}. 
Hence, dividing by h and making h tend to 0, we find, since k then tends to d 
h- and ¢ to @, that the lower limit of m is not less than the value 
in 2 2 $ 
K-lim A +k 1 cos ¢) Ss K-eeé. 
Hence the z-component of the gradient of z(z, y) at P is not less than K-cos 8, 
th and similarly the y-component is not less than K-sin 6. This completes the 
proof. 
ve 
10. Preliminary reduction 
a We say that the generalized surface S* coincides with its track at the point 
in x, y or in the subset B of A if at this point, or almost everywhere in this subset B, 
the average M(f) defining S* coincides for every continuous f with the result of 
substituting for p, q in f the gradient of the track of S*. We remark that this is 
1€ certainly the case of any point z, y at which the gradient has the magnitude N 
or of the Lipschitz constant of S*. 
or 


At such a point the gradient has the form N cos a, N sin a, whence for the function 
9(p, q) = N — p cos a — q sin a, we have M(g) = 0; and since, in the circle of relevant 
; P, q, this function is non-negative and vanishes only for p, g = N cos a, N sin a, it follows 
A in the usual way that M(g) = 0 for every g(p, q) which vanishes at this point; so that, for 
any g with the value ¢c at this point, we have M(g — c) = Oi.e. M(g) = ¢, as asserted. 








* The writer owes the second part of this proof to Mr. J. H. Whiteman. 
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This being so, we denote by E the boundary of A. The function z2(z, y) which 
defines the track of S* is a continuation of the type (9.1) for its boundary values 
in E, the constant K of (9.2) being replaced by N. We form also a second 
continuation Z(z, y), possibly identical with z(z, y), of the type (9.3). 

In the set of unicity E we certainly have 2(z, y) = Z(z, y). In this set, 
moreover, since £ is closed and of measure zero, almost all points have positive 
distances from E; and since the gradient exists almost everywhere, its magnitude 
is N by (9.4) for almost all points of Z. Thus S* coincides with its track in E. 

We write P, Q for the gradient of Z(z, y) where it exists, and choose P = Q = 0 
otherwise. We write further 


pg =P+(1-ep, Q+(1- og 
and for any function g(p, q) we define 
M'(g) = M(g') where g’(p, q) = g(p', @’). 
With these definitions, the function 
2’(x, y) = eZ(x, y) + (1 — &a(a, y) 


has almost everywhere the gradient M’(p), M’(q). Finally we denote by A’ 
a subset of A — E consisting of a finite sum of squares in each of which Z(z, y) 
satisfies a Lipschitz condition with a constant smaller than N. Since every 
point of A — E is the center of such a square by (9.3) we can choose A’ so that 
its measure differs by less than ¢« from that of A — E. 

In A’ the magnitude of P, Q has an upper bound N” less than N, so that for 
any p, g of magnitude not exceeding N the magnitude of p’, g’ cannot exceed 
the value N’ = eN” + (1 — «€)N which is less than N. Hence for the points 
x, y of A’, the average M’(g) is wholly independent of the values taken by 
g(p, q) at the points p, g of magnitude exceeding N’, where N’ is less than N. 

This being so, we now define the generalized surface S*’ in the following 
manner: the track of S*’ is z’(x, y) in A; the average is M’(f) at each point z, y 
of A’; while in A — A’ the surface S*’ coincides with its track. This generalized 
surface has the property that its portion in A’ has a Lipschitz constant less than N, 
while the remaining portion is an ordinary surface with the Lipschitz constant N. 
We shall see that it constitutes an e-approximation to S*. 

To this effect we observe that the relevant pairs of values p’, q’ and p, q have 
the difference «(P — p), «(Q — q) whose magnitude cannot exceed the number 
n = 2eN; therefore in A’ we have 


| M’(f) — M(f) | = | Mf’ — f) | S Max | fp’, @’) — fp, d | S olf; 0 


In E on the other hand the two generalized surfaces coincide with a same track, 
while the remainder of A, the set A — A’ — E, has small measure. From 
these facts, we easily obtain a relation of the type (8.3), which shows that S*’ 
is an e-approximation to S*, as asserted. 

Since this new generalized surface has moreover the same boundary as the 
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original one, we may substitute it to the latter for the proof of (8.1). In doing 
so we may at the same time replace the domain A by the finite sum of squares A’, 
and since the latter can be approximated by a sum of squares without common 
points it will be sufficient to deal with the case in which A’ consists of a single 
square. 


11. Approximation by averages restricted to a finite set 


We now make a second reduction which has an interest independent of (8.1). 
We consider a triangulation of the p, q plane by equilateral triangles of side e, 
and denote by pm, Gm, Where m = 1, 2, --- , n, the vertices whose magnitude 
does not exceed N. An average M(g) will be said to be restricted to the pm , 
gm, if it is of the form 


YS ang (Pm, m) Where adm =O foreach mand where >> a, = 1. 


We shall obtain the following result. 

(11.1) A generalized surface S* with Lipschitz constant less than N has an 

e-approximation S*’ with the same track and with a Lipschitz constant less than N, 

such that, at each point x, y, the average M' defining S*’ is restricted to the Pm, Gm - 
We shall suppose € so small that the triangles with the vertices p» , gm enclose 

all values of p, g which are relevant to the averages M(f) of the definition of S*. 

We write in the form 


(p, q) _ } bm (Dm ’ qm) 


where only the vertices of the triangle containing p, g have non-zero coefficients, i 
the barycentric representation of the point p, q in its triangle or edge of triangle. 
We define further, for any g(p, 4), 


M'(g) = M(g’), where g'(p, q) = Do bm-g(Pm 5 Ym); 


here MW is the average occurring in the definition of S* at any point z, y and this 
average is defined for the function g’ since the latter is continuous, as we easily 
verify. 

Now in the particular case where g is one of the functions p, ¢ or the constant 1, 
We see at once that g’ = g, and so M(g) = M'(g). Hence, remembering that 
the coefficients of the barycentric expression are non-negative, J/’ is an average 
with which we can associate the same track as that of S* to form an S*’, Evi- 
dently S*’ has a Lipschitz constant less than N, so that it only remains to prove 
that S*’ is an eapproximation to S*. This however follows at once from the 
relations 


|M'(g) — M@Q)| = | Mg — 9')| S QL bm-wg; €) = w(g; €). : 


It is convenient to prove also the following more special result. 
(11.2) If the generalized surface S* has a piece-wise constant gradient, then the 
approximation S*' satisfying the requirements made in (9.1) can be made to fulfill 
the additional condition that the finite sum > am-g(pm , Qm) which constitutes the 
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average M'(g) at the point x, y shall have coefficients dm which are piece-wise con- 
stant in x, y. 

To see this, we divide any interval of constancy of the gradient of the track 
S* into similar intervals of diameter less than e’, and denote by a,, the function 
of x, y which is the mean value of a» in the interval of the division which con- 
tains the point z, y. As e’ tends to 0, the a, tend boundedly to the a, almost 
everywhere and the convergence is uniform in a subset whose measure is as 
close as we please to that of the set of definition A. From this it follows that 
the generalized surface derived from S*’ by replacing the a» by @» fulfills all 
our requirements. 


12. Reduction to a plane track 


The principal part of this section does not eoncern generalized surfaces. We 

prove the following theorem. 
(12.1) The track of a Lipschitzian surface with constant less than N is expressible 
as the limit of a certain track z.(x, y) in such a manner that its gradient is almost 
everywhere the limit of that of z.(x, y), where the track defined by z.(x, y) satisfies 
the following additional conditions: 

(i) its Lipschitz constant is less than N, 

(ii) outside measure ¢ its gradient is piecewise constant. 

Moreover when these conditions are satisfied, any S* with a Lipschitz constant less 
than N and with the original track, has a corresponding e€-approximation with 
Lipschitz constant less than N whose track is z.(x, y). Finally the theorem re- 
mains true if we restrict throughout the track z.(x, y) to have the same boundary as 
the original track. 

The final remark concerning the boundary is an immediate corollary of the 
rest of the theorem in view of (9.1), if we apply it in the first place to a domain 
interior to A whose distance from the boundary of A is positive, and then 
continue the track obtained suitably to agree with the original track on the 
boundary of A. We may therefore ignore this part of the assertion, and since 
we can continue the given track by (9.1) into a square containing A we may 
suppose that A is such a square. 

This being so, let z(x, y) define the original track in A and let g(x, y) be the 
vector function consisting of the gradient of z, which exists almost everywhere 
in A. There exists a vector function ®(z, y) piecewise constant in A; we shall 
suppose it constant in the squares R of side a, such that 


(12.2) le —®| <° except possibly in measure < €°. 


Let us denote by B the set of those squares R if any for which a subset of R 

of measure not less than a’-e is occupied by points for which the relation 

|e — ®| < e” is false. Clearly this relation is then false in a subset of 

B of measure not less than e’ | B |, so that by (12.2) we must have | B| < €. 
Consider now any square R not in B. We have then 
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23 ly —®| < e° except possibly in measure < a’-é' of R. 
(12.3) ¢ 


We denote by £ the linear set contained in the projection of R on the y-axis 
which consists of the values of y for each of which the relation | ¢ — @| < &° 
is false for a corresponding set of x of linear measure not less than ea. It fol- 
lows from (12.3) that the linear measure of £ is less than e'a. The same being 
true when the axes of x and y are interchanged, it follows that we can determine 
a series of parallels to the two axes, forming a grating over R, in such a way 
that R is divided into rectangles of sides less than ¢'a by this grating and that 
on any segment of this grating in R we have 


(12.4) lp —@®| < e° except possibly in linear measure < ¢‘a. 


Now any point z, y of & can be joined to the center of R by a path C consisting 
of two portions of segments of the grating and two small segments, the lengths 
of the latter being less than 1-a. It follows from (12.4) that on the path C we 
have 


(12.5) |g —®|< e° except possibly in linear measure < 3¢‘a. 


This being so, let Z(z, y) denote the linear function defined in the interior of 
R to agree with z(x, y) at the center of R and to have the constant gradient ®. 
The difference of the functions z and Z at the point z, y cannot exceed in mag- 
nitude the integral on C of that of their gradients. Since these gradients are 
clearly less than N (if € is sufficiently small), it follows from (12.5) that 


(12.6) | (a, y) — Z(a, y)| S é-a, 


provided that ¢ is sufficiently small. 

For every R not in B, we now denote by R’ the concentric square of side 
(1 — 2e’)-a; we denote further by B’ the set of the points of the squares R’, 
and by B” the set of the points of the boundaries of the corresponding squares 
R. Inthe set B + B’ + B” we define the function z.(z, y) by stipulating that 


(12.7) (a, y) = 2(z,y)in B+ BY, z(x,y) = Z(a, y) in B’. 


This function satisfies in B + B’ + B” the Lipschitz condition (9.2) with a 
constant K less than N; for we need only verify this when the two points 2’, y’ 
and x’’, y”’ lie respectively in B’ and in B + B”. But since the distance p of 
the points then exceeds ¢’-a, we have 


| Z(x’, y’) — 2(x", y”) | 
ea + |2(2’, y’) — 2(x", y”) | 
ep+K-p<WN°-p, 


| ze(2’, y’) — z(x"’, y””’) | 


lA 


lA 


which is the required verification. 
This being so, we can continue the function z.(z, y) by (9.1) so that it still 
satisfies the same Lipschitz condition. Hence, observing that any point of A 
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outside B’ is distant at most ¢’-a from one of coincidence of the functions z,(z, y) 
and z(z, y), we see that the two functions differ by at most 2N-€a < e-a in 
A — B’ and so by (12.6) throughout A. 

Now in B’, except possibly in a subset of measure é’, the gradient of z.(z, y) 
is piecewise constant and differs by less than ¢” from the gradient of z(z, y). 
To show that z.(z, y) fulfils the requirements of our theorem, it is sufficient to 
verify that the complement of B’ in A has measure less than « — ¢’. This is 
the case since 


A-—B’|=/B/+ {1-(—2¢&)}’-|A —-B|l s &+4€|A|. 


Now finally let z.(x, y) denote any track fulfilling the requirements of the 
theorem, and let S* denote a generszlized surface with the original track. 

We denote by 7 the lower bound of the numbers such that outside measure 
7 at most 
(12.8) the difference of the functions z(z, y), 2(z, y) and that of their gradients 

are both of magnitude at most 7. 

From our hypotheses, it follows that » tends to 0 with e«. We write further A’ 
for the set of x, y in which (12.8) holds, and p’, q’ for the result of translating p, q 
by the difference of these gradients. Denoting by M the average defining S* 
at any point, we define, for any continuous g(p, q), the average 


M'(g) = M(g’), where g’(p, q) = g(p’, 7’) 


to be at any point of the set A’ the average defining S*’, and we complete the 
latter by making it coincide with its track in A — A’. 

The surface S*’ with the track z.(z, y) and the average thus defined, is easily 
verified to be defined consistently and to furnish the required e-approximation. 


13. Completion of the proof of (8.1) 


The various reductions made possible by the results of the preceding sections 
show that it is now sufficient to establish (8.1) in the case of a generalized surface 
S* defined for the points x, y of a square A, possessing a Lipschitz constant less 
than N, possessing in view of (12.1)—where we may now choose A to be a square 
of constancy of the gradient—a plane track; and finally possessing an average 
at x, y restricted to at most n vectors Pm, dm, this average being of the form 
>> ang(Pm ; Im) Where the coefficients a, may be supposed piece-wise constant, 
and so, by subdivision, absolutely constant, in view of (11.2). With these 
additional hypotheses, which now cause no real loss of generality, we shall 
prove our theorem by an induction with respect to the number n. 

It will be sufficient to prove that S* has an e-approximation consisting of a 
generalized surface S*’ formed of a finite number of portions in each of which the 
corresponding average M’(g) is restricted to at mosin — 1 of the Pm, Qm- 

Moreover we may clearly suppose that A is a triangle instead of a square. 
Further, we need not insist that the boundary of S*’ is to coincide with that of 
S*, since this can always be arranged by means of a subsequent modification of 
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§* near its boundary, a modification which is made possible by (9.1) and which 
is, by now, sufficiently clear. 

This being so, we may suppose by trivial transformations that the track of 
S* js in the x, y plane, and that for a particular value of m, the value m = 1 
savy, we have gm = 0 and pn > 0. We suppose also that the coefficients a, 
in the average M are all different from 0, for if this were not the case there 
would be nothing to prove. 

We write & for an index to be summed from k = 1 tok = n — 1, and we 
define numbers a and po by the equations 


Qo = > aei1, Po = >. Oey rpey - 
These numbers then satisfy the equations 
a + a = 1, Apo + api = 0, a > 0, a, > 0. 


We write further 6, = a%4:/a and observe that 


De bipess = Do, > bigess = 0 


We now divide the plane into strips parallel to the y-axis whose widths are 
alternately ea) and ea; , and we define a function of x only, z’(x), linear in each 
strip and taking on the edges separating the strips alternately the values 0 and 


—§ = EAoPo = — €AiPi, 


from which it follows that the gradient of this function in the strips is alternately 
po and p, . 

We define the generalized surface S*’ to have in the triangle A the track 
z'(x, y) = 2’(x) and the average M’ given by 


M'(g) = Dd big(pes1 » Ge41) 


in the strips where the gradient is po , while at the remaining points the surface 
coincides with its track i.e. M’(g) = g(~i, 0). Evidently these conditions are 
compatible with the definition of our generalized surfaces, since we find that 
the functions g = p and g = q have the averages pp and 0 in the strips where 
the gradient is p). Since the average M’ is restricted in each strip to less than 
n vectOrs Pm , Ym it only remains to show that S*’ is an eapproximation to S*. 

We observe that on the segment parallel to the z-axis intercepted by a pair 
of consecutive strips at the height y, the integrals of the two averages M(f) and 
M'(f) are, for any continuous f(z, y, 2, p, g), products of the length of this seg- 
ment by the expressions of the form 


Li anf(x, y,0, Pm, Gm) and arf(a’, y, 2’, Pry Gu) + dod. buf(x", y, 2”, Dasa, Guess) 


Where x, x’, x’’ are intermediate values of x, on account of the mean value theorem 
of the integral calculus, and where z’, z’” are values of z which are small with e. 
Since Gn = dobm—1, these expressions differ from one another by at most 
} Omw(f; ») i.e. by w(f; 7) where 7 tends to 0 with e. 
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From this it easily follows that the corresponding double integrals over the 
triangle A differ by at most K-w(f; 7) and so, that S*’ is an e-approximation of 
S*, as required. This completes the proof. 


14. Existence of an attained minimum. Equivaience of generalized and 
ordinary problem 


Let us suppose that we are given the problem of the minimum of one of our 
functions F(S) in the class of Lipschitzian ordinary surfaces with assigned 
boundaries. Beside this ‘ordinary’ problem let us consider the ‘generalized 
problem” of the minimum of the function F(S*) in the corresponding class of 
generalized surfaces S*. 

There exists a sequence of ordinary surfaces {S,} of the class considered, for 
which the numbers F(S,) tend to the minimum of the first problem; but, by 
(8.1), this is also the case in the second problem. The two minima are thus 
identical, i.e. 

(14.1) The ordinary problem is equivalent to the generalized problem. 

We have established this result in the case in which the surfaces considered 

are Lipschitzian with unrestricted constants. The argument holds equally 
when their Lipschitz constants are restricted to be less than or at most equal 
to some fixed number K. In the latter case we can assert more. 
(14.2) In the class of surfaces with an assigned boundary whose Lipschitz constants 
do not exceed a fixed number K, the minimum of F(S) is the same for generalized 
surfaces as for ordinary surfaces and there exists a generalized surface in the class 
for which this minimum is attained. 

For by (6.1) the minimizing sequence {S,} is compact. Denoting by S* the 
limit of a subsequence we evidently have F(.S*) = Lim F(S,) and this completes 
the proof. 

Let us remark that in the case of a regular problem, it is easily seen that the 
solution S* must coincide with its track, i.e. reduces to an ordinary surface. 
This does not however include the whole of what is known of the existence theory 
for the regular case, since Tonelli’® obtained a semi-continuity theorem inde- 
pendent of the Lipschitz condition that we have had to assume here. Neverthe- 
less, we shall attempt to show in a subsequent note that even for regular prob- 
lems the present methods have distinct advantages. 


CaPETOWN, SouTH AFRICA 
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In the previous paper under this title [14] the author discussed the basic 
internal structure of free lattices. We assume here a knowledge of the notation 
used in that paper.’ In the present paper the previous results are slightly 
extended and then applied to obtain further properties of free lattices. We 
study the automorphisms of free lattices (§2), their sublattices (§3), and their 
order topology (§4), where we find that in the terminology of Birkhoff [3] free 
lattices are continuous (perhaps vacuously) but not complete. 

The author is indebted to Prof. Garrett Birkhoff for inspiration and advice 
in the preparation of this paper. 


1. Introduction 


The main definition of [14] will bear repetition: the free lattice generated by 
21, X2, +++ , Xn 18 a lattice generated by them in which there are no laws of equality 
except those derivable from the postulates for a lattice. In [14] this lattice was 
denoted by F’, , since to within isomorphism it depends only on n and not on the 
symbols z;. It now seems advisable to replace F,, by FL(n), and also in some 


cases to specify the generators: FL(x,, t2, ++: ,%n), or FL(X) where X = 
a1, %2,°**,4n}. One may also consider free modular or distributive lattices, 
denoted FM(n) and FD(n) and defined as are free lattices except that the 
modular or distributive law ([{3] pp. 34, 74) is adjoined to the lattice postulates; 
ef. Dedekind [7]; Skolem [12]; Birkhoff [1] pp. 450-2, 463-4, [3] pp. 4, 49, 84-85, 
[4] p. 451; Church [5]. The existence of free algebras in general is shown in 
Birkhoff [2] p. 441. 

The main results of the previous paper [14] may be restated (with slight exten- 
sions) as follows, starting with the corollary of §2 and the theorem of §3. 

THEOREM 1: In FL(n), x; S x; if and only if i = j; recursively, 


(A) [[aiS 2; if and only if some a; < x; ; 


(B) ai S >> b; if and only if x; S some b; ; 
(C) a sb uf and only if every a; S b; 
(D) a S [| bj tf and only if a S every b; ; 
(E) [] a; S$ >> db; if and only if [] a: S some b; or some a; S Zz. b;. 
THEOREM 2: Of all the polynomials equal in FL(n) to a given polynomial, there 
vs one of shortest length, unique to within commutativity and associativity. 
This is taken as the canonical form. We write a = 6 for polynomials a and 6 





1 Or in [3], plus the notation L(a) = length of a for the number of generators appearing 
in the polynomial a, counting repetitions. 
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if one is obtainable from the other by commutativity and associativity. As a 
criterion for canonicity, we can weaken the conditions of Corollary (18) of [14] 
slightly: 

Corouiary 1.1: If >> a; is 


([]. ax) U (Lx xx) U --- U (UJ anx) U Ting, U-+- Uri, 


then b a; is canonical if and only if (A) for all j and p, ajp ¥ i> a; , and (B) 
a; < a implies j = k, and (C) every a; is canonical. Dually for [J a;. A 
generator by itself is canonical. 

Proor: To prove this equivalent to the corollary cited, we need only to show 
that the failure of (b) in that corollary implies the failure of one of the conditions 
of Corollary 1.1. Thus suppose that in FL(n), a; S Dewi Ay . 

CasE1: aj =2;. Then by Theorem 1 B, 2x; < a, for some k contrary to (B). 


Case 2: a; = II; a;;. Then by Theorem 1 E, either II: ai; S a, for some k 
contrary to (B), or 


for some j, contrary to (A). 

Corotiary 1.2: If >> a; = J[]b; in FL(n) and >- a; is canonical, then 
I] 0; = bx for some k. 

Proor: This is a companion to Corollary (19) of [14] and is proved similarly. 

Lemma 1.1: In FL(n) for n finite, given the polynomial a and index p then 
either 2, Saoras > Dae x; , the two being mutually exclusive. 

Proor: This is obvious for L(a) = 1; we proceed by induction on L(a). 

Case l:a =|Ja;. Ifa< dive x;, then for all 7, a; = ya r;, so by 
induction z» S a; for all j; thus 2» S [J] a; = a as desired. 

CasE 2: a= 2. a;. Ifa Dix x; , then for some k, a, £ > x; , so by 
induction z, S a S aand thus z, S a. Thus at least one of the alternatives 
holds; they are mutually exclusive since zp S a S )vizpx; would imply 
tp S Diizp x; and then by Theorem 1, x» S 2; for some i not p which is 
impossible. 

This is a special case of a “‘splitting’’ of a lattice [13], a subject which will be 
discussed in another paper.” An immediate consequence of this lemma is 
Corollary 3 of §4 of [14], for suppose that for all p, a € )>izp x; ; then by Lemma 
1.1 we have z, S afor all p, soa = yn x; ; since the latter is the unit element 
of FL(n), we have a = is z;, as asserted. The dual of this corollary says 
that the “points” or “atoms” ([3], p. 10) of FL(n) are the [Jizpz:. We can 
now strengthen Theorem 3 of [14], not only by extending it farther down in the 
lattice (which seems relatively uninteresting) but also in the content of its state- 
ments about the relation of other elements of the lattice to certain special 
elements. 

Turorem 3: In FL(n) for n finite, if a is given then either a = Dojai2 or 


* Soon to be submitted for publication. 
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a= ee x; for some p or else for some distinct p and q, @ = bpq Or a S Cy, 


where 
be = (Ex) (En) 
me =(S UD (Lan Sa) N (Lal. 


147,49 TAD 
Moreover, if a < Doigp i then a S byq for the same p and some q, and likewise if 
a < by, thena S Cpa. 

Proor: In view of Corollary 3 of §4 of [14], discussed above, it suffices to 
prove the last sentence of the theorem; the rest will then follow. Hence we 
suppose a < )oizp2;. By Lemma 1.1, if ¢ is given then either a < > ixa x; Or 
t, <a. If the latter held for all q different from p then ) gp ty Sa S Diigp ti 
and so a = Dino az; contrary to hypothesis. Hence for some g, a S > xo Li 
as well asa S )oizpai, and so a S Dy, for some q other than p, as desired. 
That a < b,, implies a S cy, is proved by similar but more elaborate methods; 
since we do not use this result we omit the details. 

For reference we note certain immediate consequences of Theorem 1; 7 is not 
required finite. 

Corotiary 1.3: In FL(n), (A) [J a: S yi if and only if for some 1, 
a; < >> y;, and dually, where the y; are a non-void subset of the x;; (B) if 
>> a; = x; then a, = 2; for some k. 

Proor: (A) If a; S$ >> y; for no 7, then by Theorem 1 E we would have 
[] a: S y; for some j, and so for some i, a; S y; S D> y%. (B) By Theorem 1B, 
x; S a for some k; a; S 2; for all 7, so a, = x; by (2) of [14]. 


2. Automorphisms of FL(n) 


In some cases an algebra is the free algebra ((3] p. 4; [2] p. 441) for more than 
one set of generators;’ for instance the free group generated by x and y is the 
same as that generated by x and x ‘y. We assert that this is not the case with 
free lattices. First however we must clarify the meaning of ‘“{w;} is a set of 
generators.” In [14] we said that a set {w;} generates a lattice L if the poly- 
nomials in the w; exhaust L. Now if L consists say of all polynomials in some 
elements x; , do we demand that every polynomial a in the 2; should be formally 
identical with some polynomial in the w; after substituting the values of the w; 
in terms of the x;? No, this seems excessive; rather we demand that some 
polynomial in the w; should equal a. (As a matter of fact the next theorem 
holds whichever interpretation is used.) Likewise, as regards automorphisms 
we consider only their effect on classes of equal elements, not how they may 
permute polynomials within such a class. . 

In this section we consider two sets of generators to be the same if their 
elements are equal by pairs. 

DeEFtniTION 2.1: A set of generators of a lattice L is redundant if some member 
of the set can be omitted without affecting the property that the set generates L. 





’ The author is not aware of any precise reference in print, but this is well known. It is 
mentioned by J. Dyer-Bennet, thesis, A free algebra with three operations, unpublished, 
Harvard University, 1940. 
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TurorEM 4: FL(n) ts the free lattice on a unique set X of generators; any set of 
generators must contain X; and X 1s the only irredundant set of generators. 

Proor: First we observe that FL(n) could not be the free lattice on a redun- 
dant set of generators, for if it were then by Definition 2.1 one of the generators 
would equal a polynomial in the others, which is not true in a free lattice. Now 
let FL(n) be FL(a, +++ , tn); that is, it consists of all lattice polynomials in 
the z;, subject to the laws stated in Theorem 1; and suppose that it is also a 
lattice generated by w,.--:,Wm. We assert that given k, then w; = 2; for 
some 7. For suppose not: for some k and all 7, w; # 2; ; then we may proceed 
by induction on L(a) where a is any polynomial in the w;. Suppose a # 2 
for all a with L(a) < h. Then suppose a = 2 and L(a) = h;a = >a; or 
dually. By Corollary 1.3 B, a; = 2, for some 7, since a is indirectly a poly- 
nomial in the zx; , contrary to hypothesis of induction. Thus by induction we 
would have that no polynomial in the w; equals z; so the w; could not be a set 
of generators. Hence w; = 2; for some 7, given k, proving the second clause 
of the theorem. If moreover {w;} is irredundant then {w;} must coincide with 
‘r;| to within equality, which proves the last clause. Then the first part of the 
proof proves the first clause. Q.E.D. 

This states only that a different irredundant set of generators cannot generate 
all of FL(n); as we shall see in the next section, they may generate a sublattice 
isomorphic to it. Another consequence is this: any automorphism of a lattice 
is by definition determined by the images of the generators, so by Theorem 3 an 
automorphism of FL(n) must merely permute the z; among themselves. On 
the other hand, by the symmetry of the postulates any such permutation deter- 
mines an automorphism. Hence 

Coro.tuary 2.1: The group of automorphisms of FL(n) is the symmetric group 
on n symbols. 


3. Sublattices of F L(n) 


We observe first that in free lattices the relations between polynomials in 
1, °** , 2, are independent of the presence or absence of other generators: 

Lema 3.1: If f(m,--+,2%) S g(ai,-+++, x) for polynomials f and g in 
FL(n), then this relation is also true in FL(k), and conversely. 

Proor: By Theorem 1 the conditions in the two cases are the same. 

Lemma 3.2: If {a1, +--+ ,2ar}, {yr, +++, Ys}, and {a, +--+ , Zc} are disjoint sub- 
sets of the generators of FL(n), and 


f(a , "tt hry Yr,°°° » Ys) = g(x, “9% 9 yy hy.*?* » 21) 
for polynomials f and g in FL(n), then also 
f(a, stt Urry 1, aie , 1) Ss g(x , ics » t, 0, 3 , 0) 
in FL(n). 
*0 and 1 stand for the zero and unit elements of the lattice. If not present, they may 


for the purposes of this lemma be temporarily adjoined; ef. MacNeille [9] p. 443. They will 
nearly always be absorbed in reducing the new polynomials to simpler form. 
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Proor: This is trivial for L(f) + L(g) = 2. Denoting the results of the 
substitutions by bars, we make an induction on L(f) + Lg). If g = []g:, 
then by Theorem 1 f < g; for all 7, so by induction f < 9g; for all 7, and hence 
f<Tla=9. Ig = Kgiandf =[]fi, thenf S g; for some i, orf; < g 
for some i, sof < g; orf; < g, and thusf < g. The other cases are similar. 
Q.E.D. 

Let us now consider the sublattices of FL(a, +--+ ,2n) for n fixed. In par- 
ticular, we inquire which of these sublattices are again free lattices on suitable 
generators. Since a sublattice is often most easily designated by listing its 
generators, we shall find it convenient to make the following 

DEFINITION 3.1: The set {u;} is free if the sublattice generated by it is the 
free lattice with these generators. 

The question then becomes: what conditions on the u; will insure that they 
form a free set? In Theorem 5 it appears that the answer is simply that with 
respect to their joins and meets they shall behave as do the z;. The situation 
in free lattices is thus unlike that in free groups, where every subgroup is 
again free.” 

THrorEM 5: A subset U = {u;} of the elements of FL(n) ts free if and only if 
u; S dYoi«s uj and its dual (where S is a finite set of indices) each imply j « S. 

Proor: We wish to show these conditions necessary and sufficient that in the 
given lattice FL(n) = FL(X), the sublattice generated by U is FL(U), or equiva- 
lently that this sublattice is isomorphic to FL(Y) = FL(y, --- , yx) where k 
is the cardinal power of the set U. Thus we wish to show that the conditions of 
the theorem are necessary and sufficient in order that for all polynomials f and g, 


f(ui, a » Us;) < g(uit ” lita » Wir) 
in FL(X) if and only if 


Ilys,» °°* » Hes) SB OMe, >> , Yer) 


in FL(Y), or (more briefly) in order that f(U) S g(U) in FL(X) if and only if 
f(Y) S g(Y) in FL(Y). The necessity of the given conditions is apparent 
from the fact that by Theorem 1 the y; behave in this manner. For sufficiency 
we assume the conditions of the theorem and prove the isomorphism by induc- 
tion on L(f(Y)) + LQ(Y)). If LY(Y)) + L@(Y)) = 2 then Lf(Y)) = 
L(g(Y)) = 1. By hypothesis u; < u; if and only if i = j, which is true if and 
only if y; S y;, as desired. Proceeding by induction, 

Case 1: f(Y) = y;. Now y; S g(Y) implies u; S g(U) because the lattice 
generated by U’ is a homomorphic image of FL(Y) by [2], Theorem 9 on p. 441. 
Conversely if the latter holds then the former does, for if not then by Lemmas 
1.1 and 3.1 applied to the finite set R consisting of the y; which appear in either 


f(Y) or g(Y), 





5 Nielsen [10], Schreier [11]. Levi [8] gives a new proof. The falsity for free lattices is 
shown by taking any two-element sublattice. 
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g@Y) Ss Dd y 


t¢R—j 


in FL(y; ; i € R) and so also in FL(Y). But then 
usgU)S DL w 


i¢R-—j 
contrary to hypothesis. 

Case 2: g(Y) = y;. Dual of case 1. 

Case 3: f(Y) = > fi(Y). Then > f(U) < g(U) implies by Theorem 1 
that f(U) < g(U) for all 7, so by induction f;(Y) < g(Y) for all 7, whence 
f(Y) <= g(¥), while the converse follows as at the beginning of Case 1. 

Case 4: g(Y) = J] g:(¥Y). Dual of case 3. 

Case 5: f(Y) = Il fy) and g(Y) = Zz, g(Y). Then f(U) S g(U) implies 
by Theorem 1 that fi(U) < g(U) for some 7 or else f(U) S gi(U) for some 7, 
and by induction we again get f(Y) < g(Y), and conversely as above. Q.E.D. 

In particular we can verify that in FL(3) these conditions are satisfied by 
a, U (a2 M23), 22 U (2, N 2s), and a3 U (2; N 2x2), or still better, 

Lema 3.3: In FL(8) the following are a free set: 


uy = [x N (xe U 23)] U [xe N (2, U 25)] 
us = [a A (ae U 2s)] U [23 N (a1 U 22)] 
us = [x U (a2 N 23)] N [xe U (21 N 2)] 
us = [ay U (a2 N x3)] N [xs U (a, N 22)). 


The proof is a matter of straightforward verification of the conditions of 
Theorem 5, using Theorem ?. We give one example: ws ¢ uw; Uw, Uu;. For 
otherwise one of the following must hold: (7) us S wy ; (#2) us S Us 5 (t27) us S Us | 
(iv) 2, U (a2 Mas) S uy U ue U us ; (v) a3 U (21 N22) S us U we U us , by Theorem 
1E. But if (2) held, then either ws S x; M (22 U 23) or ws S 22 (%1 U x3) or 
a U (a2 M23) S uw or as U (x; N xe) S ws, which are contradicted respectively 
by the facts that us € 21, ws £ %2,%1 £ U1, and x; £ uw, SO (2) is impossible. 
Similarly so is (i). If (di) held, then ws S ze U (2; A 23); thus uy S 22 or 
us S 2, M23 or x, U (ae Nx3) S axe U (a, N23) or x3 U (a1 N ae) S ae U (a1 25). 
These are respectively contradicted by the facts that us € 22, us £ % NM 23, 
a £ a U (2, N 23), and x3 € x2 U (a, N 23), so (iit) is false. (iv) and (v) are 
false since 21 € uy U we U us and 23 € uy; Uu,U us. Thus the typical condition 
chosen holds; the others are similar. Q.E.D. 

TxroreM 6: FL(3) has FL(n) as a sublattice, for any finite or countable n. 

Proor: By Lemma 3.3, FL(3) has a free set {u:, Ue, Us, us}. We proceed 
by induction on the number of elements in a free set {u;}. Suppose 
(Ui, Us, +++, Ux} is a free set of elements of FL(3). By Lemma 3.1, {w-2, 
Ura, Ux} is free, so by Lemma 3.3 there is a free set {v1 , v2, v3, v4} Of poly- 
nomials in uz_e , Uz. , and uz. Then 
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fur, U2, °** , Wes, 1, U2, Us, V4} 


is free, for we may readily verify the conditions of Theorem 5: 


Conpition 1: uw € uw UugU---UumsUnUm Ux Uy. 


For otherwise 


u <uwU---Um3,UmnUmUxy3Uy Ss mU---U mH 


contrary to hypothesis that {w:, --- , ux} was free. 
Conpition 2: mm & uw Uw U--- Uugs Uv, Um Ud;. 


For otherwise (since v4 is a polynomial in wz_-2 , Ws-1, and wu, alone) by Lemma 
3.2, vy S v, U v U 2; contrary to the choice of the 2; . 

The other conditions follow by symmetry and duality. Thus the conditions 
for induction are fulfilled and we obtain a countable set of u;. This whole set 
together is free, for the conditions of Theorem 5 involve only finite sets and 
so hold by construction. Q.E.D. 

Corouiary 3.1: For n = 3 and any finite or countable k, FL(n) has FL(k) 
as a sublattice. 

THEorREM 7: FL (n) has no sublattice isomorphic to the free modular or distribu- 
tive lattice on more than two generators. 

Proor: Otherwise FL(n) would have FM(3) or FD(3) as a sublattice, for if 
say it had say FM(4) as a sublattice, then the sublattice generated by the first 
three of these four generators would satisfy the definition of free modular 
lattice (this argument assumes well-ordering in the infinite case); a similar 
argument would have sufficed for Lemma 3.1. But it is known ([7] p. 246; 
[3] pp. 49, 84) that the generators of FM(3) and FD(3) satisfy the conditions 
of Theorem 5, so the sublattice they generate would be FL(3) rather than FM (3) 
or FD(3). 


4. Intrinsic topology of /L(n) 


In a lattice each pair of elements, a and b, must have a least upper and greatest 
lower bound ((3] p. 16, [14] p. 325). By the associative law this must also hold 
for any finite number of elements, but it may or may not hold for an infinite 
number (e.g., the set of all integers is a lattice under the customary linear 
ordering, but there is no greatest; on the other hand any class of subclasses of 
a fixed class does have a least upper bound under set inclusion). In case the 
least upper bound or greatest lower bound of a set {a;} exists we may denote 
it sup {a;} or inf {a;} respectively ([3] p. 16). 

DerFIniTIon 4.1 ([3] p. 27): In a lattice, {a;} is said to (0)-converge to a if 
sequences {u;} and {v;} exist such that 


Ui S Vind S Ginn S Vins S 0; 


for all z, and sup {u;} = inf {v;} = a. Then we write a;— a, u; 1 a, and v; 1 a. 
In terms of this order convergence, one may study the topology of a lattice— 
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the intrinsic topology, as Birkhoff calls it, since it is defined in terms of the in- 
clusion relation without external considerations. For instance, the lattice 
operations are said to be continuous’ if a; > a and b; > b imply a; Ub; +a Ub 
and dually. For this, it is sufficient ({3] p. 30) that a; | a imply a; Ub | aUb 
and dually. If sup {a,} and inf {a;} exist for every set {a;} then the lattice is 
said to be complete. 

We have already (§4 of [14]) obtained a simple topological result for FL(n), 
in finding that in certain cases one element covers another; thus /L(n) is in a 
sense not everywhere dense. Moreover, in Theorem 9 below we find that FL(n) 
is not complete—we exhibit sets without suprema. This leaves open the ques- 
tion of the existence of an infinite ascending chain with a supremum; if there is 
none then Theorem 8 is vacuous. 

TurorEeM 8: FL(n) ts continuous. 

Proor: Suppose a; | a. By [3] (p. 30) it suffices to show a; Ub | a Ub. 
But a U b is obviously a lower bound to the a; U b; it remains to be shown 
greatest—that is, that if c is any lower bound to the a; Ub thence S aUb. But 
if this should fail—if ce ¢ a Ub—thenec Ua Ub > aU bande Ua U b is again 
a lower bound, so it suffices to show by induction on L(c) that it is impossible 
to have c > a Ub and c a lower bound to the a; U b. 

CasE l:c = ju c;, where we may suppose that no ¢c; is a join. Then 
ec <a; Ub for all 7, soc; S$ a; Ub for alli andj. Hence by Theorem 1, given 
i and j, either (1) c; S a;, or (2) c; S Bb, or (3) c; = Il .¢;, and for some k, 
cj < a; Ub, the possibility (3) being excluded if c; is a generator. If (3) holds 
for some j and infinitely many 7, it holds for that j and infinitely many 7 and some 
fixed k, since m is finite. By monotonicity of the a;, ¢;, U yo j¢: is a shorter 
lower bound than ¢ and contains a U b, contrary to hypothesis of induction. 
Thus, given j, it must be tkat (1) holds for infinitely many 7 or (2) does; perhaps 
both. In the former case c; S a, in the latter c; < b, soc = Dic; SaUb 
contrary to hypothesis that c > a U b. 

CasE 2:¢c = [Ti c;. Then II c; < a; U b for all 7, so given 7 either (1) 
¢ S a;, or (2) c S b, or (3) for some j, c; S a; Ub. If (3) holds for infinitely 
many 7, then (since m is finite) it holds for some fixed j and infinitely many 2, 
and hence for that j and all 7, and ¢; is a shorter lower bound, c; > a U b, con- 
trary to induction. Otherwise (1) or (2) holds for infinitely many 7, soc S a 
ore < b, contrary toc > a Ub. 

Case 3: c is a generator. This is included in Case 2, with (3) impossible. 
This starts the induction. Thus the theorem holds. 

This leaves open the question of whether there are any infinite sequences 
Which have limits. We proceed to show that at any rate in FL(3) not every 
infinite sequence has a limit. For our horrible example we consider the elements 


* Not to be confused with the use by some authors of ‘‘continuous” for what we call 
“complete,’”’ nor with the use of ‘‘continuous” in connection with a metric in a lattice 
([3], p. 43). 
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which Birkhoff used’ to show that FL(3) has an infinite number of distinct 
elements. 

Let th = 21, terror = tecsona Maer , teizensr = torso U xeny: fori = 0,1, 2, ---, 
where the subscripts on z are taken modulo 3. Thus for instance 


te i+7 = (((((teix1 a) 2X2) U 2X3) N 23) U 2X2) N 2X3) U v1. 
By Theorem 1, ¢; S ¢; , and by induction ts: S tix, in FL(3), ifh <7. Birk- 


hoff’s example just cited shows that equality cannot hold; as could also be 
shown by Theorem 1 and induction, so te4. < teiz, in FL(3) if hh < 7. We 
have thus six infinite strictly monotone increasing chains: 4, t, hz, ---; 
te , ts , tia, Be ete. 

Lemma 4.1: If one of the infinite chains tei+x (k fixed) has a least upper bound, 
then so does each, and if sup; {teizx} = sx, then Sox = Sora 1 xox and Sex. = 
Sok U T2k+1 + 

Nore: The subscripts on s may be taken modulo 6, on x modulo 3. We do 
not as yet assert that, sox_; M x2 gives the canonical form of 89; . 

Proor: By Theorem 8, if s2_; exists then 


Sox, = sup; { tersen} = sup; { tei42K—1 N Lox} 
= supi {tei+ex-1} AN sup; xx 


= Sex-1 N V2k 


so that so, exists and equals so.) M vo. Likewise sory: = sx U xox41 and so if 


any s exists, then by repetition all do. Q.E.D. 

Lemma 4.2: If the s, are in canonical form, then the equalities in Lemma 4.1 
become identities. 

Proor: Part (I): sexs1 = Sox U rons. 

Case 1: soi: = [] ri. Then either s.4; = S24 OF Sex41 = Xex41 , by Corollary 
1.2. But the second is contradicted by Zer41 S teisorga < Sor4i , and if the former 
held, then by Lemma 4.1, 


Tong < Soxgs = Sor S Tx 


whereas 2241 £ 2%, in FL(3). Thus Case 1 is impossible. 


Case 2: S41 = D> r;. By Corollary (19) of [14] and by (1), we have 
(1) given j, either r; < s, or Y; S Lerpi. 


Now 22x41 S 82x41, 80 by Theorem 1 B, 224; S 7; for some j; say 
(2) Yep SN. 
But as in Case 1, 


(3) Lok+1 FE Sx. 





7 (2] pp. 451-452. The following typographical changes are needed on p. 452: line 5, 
subscript should be 7 + 1; lines 7-8, interchange meet and join symbols. 
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By (2) and (3), 71 € Sex , so by (1) and (2), T1 = Xek41. By canonicity and (1), 


we have | 
(4) ry = Xee+1 and 7S 8x for j>1. 
By Lemma 4.1, 
Sok—1 a) Lor = Sx S Sey = ps iy 


so by Theorem 1, either 


(5) Soe S 1; for some 2, or 
(6) Ser—1 S Sensi or 
(7) Tor ZS Sorpi. 


If (7) holds, then az U 2x41 S Sex41 , which is impossible in FL(3) by the covering 


results stated in Theorem 3 since 82441 is the limit of a strictly monotone increas- 
ing sequence. If (6) holds then a similar contradiction is reached: x; U 


Tors1 S Ser4i1. Hence (5) holds. But so, £ xen; , for 


ton 1 xox S (Sere U xox_1) M xox = Sona M ron = Sox 


whereas aox-1 M 22. € 2x41. Hence in (5) i > 1 and by (4), r; = sx. By 
canonicity, 


Seu = 11 U To = Lor41 U Sok . 


CaSE 3: Ss, = x;. Like Case 1. 
Part (II): sox = Sora 1M aoe . 
Casp 1: s, = }or;. By Corollary 1.2, either 


(1) Sox = Sek-1 or 
(2) Sor = Lox. 
If (1) holds, then 
Lor ZS Ses = Sx S Lx 
Whereas 22-1 £ x. If (2) holds, then 
tor U aorss S soe U renga = Seng 


contrary to Theorem 3. 
CasE 2: sy, = Il r;. By Corollary (19) of [14], given j, either 


(1) Sora S 1; or 
(2) Vek = Tj - 
Also 82 S x», so for some j, 7; S 2%; say j = 1: 


(3) T1 < Vor - 
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(2), xo, < 71, and by (3) and canonicity we have 


Then sx1 £ 71 (otherwise %ox-1 S sera S11 S Tx, whereas 2x1 £ 22%) so by 


(4) Lox =" and Sor-1 S 1; for j>1. 


Also 


II T; = Sox = Sor-1 N Lox ZS Sox-1 = Sexe U T2k-1 ; 


so either 
(5) Sor S Sons or 
(6) Sok V2k-1 or 
(7) ri S Sx1 for some i. 


If (5) holds, then so, S 24-2 M aa, , and if (6) holds then sox S xox. M wx , each 


contrary to Theorem 3. Hence (7) holds, and by (4) and canonicity, 
Sox = Vor N S2k-1 - 


CasE 3: 8s, = 2;. Like Case 1. 
Thus Lemma 4.2 is proven. 

Lemma 4.3: FL(3) ts not complete. 

Proor: The assumption that every set has a least upper bound leads via 
Lemmas 4.1 and 4.2 (applied six times) to the conclusion that 


§ = (((((s1 N 2X2) U 3) N 21) U X2) N 23) U HiT 


and that both sides of this equation are in canonical form, which is impossible 
since they are not of the same length. 

TuEorEM 9: FL(n) 1s not complete’, for n = 3. 

Proor: FL(n) has the infinite chain {t:::}, of which each element is a poly- 
nomial in 2, 22, 23 alone, not involving 24, ---,2z,. By’ Lemma 3.2, the 
least upper bound of this chain (if it exists) is a polynomial in 2 , 22 , 23 alone, 
and so by Lemma 3.1 must be the least upper bound in FL(3), contrary to the 
proof of Lemma 4.3. 


5. FM(4) 


Birkhoff has shown ([1] p. 463-464) that the free modular lattice FM/(4) 
has infinitely many distinct elements. A slightly stronger result, again due to 
Birkhoff” is this: 

TueoreM 10: FM(A) has an infinite chain of distinct elements. 

Proor: Let A be the free Abelian group generated by 2, 22, °**,@n, °°" 
For k = 0, 1, 2,--- let S; = [xe], the subgroup of A generated by the 22: , 
Se = [aor + orga], Ss = [erga], Se = [ergs + tor42]. If we set B = [Si, S:, 





8 In fact, not even conditionally sigma-complete (([3] p. 29); we have exhibited a bounded 
countable set without least upper bound. Note: While n was required finite in Theorem 3, 
the method of applying that theorem here avoids such a restriction in the present theorem. 

* The adjunction of 1 and 0 possibly required for that lemma causes no trouble, for (using 
Lemma 3.1) we may apply Lemma 3.2 to the lattice generated by the first three z’s and those 
involved in an alleged least upper bound; since this set is finite, 1 already exists for this 
sublattice. 

10 Who communicated this section to the author by letter, March 7, 1940. 
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S;, Ss], then the set of all subgroups of B is a modular lattice ([3] p. 35). Let 
T; = Si, Tan+i = T sn Nn Si ; T sn+2 = T sn41 U Se ; T sn43 _ T snse N Ss ’ T sno = 
T sn43 U Ss . Then 


Tan = [Zensor—1, Lon42k » Toe41 + Loxr42] 
Tiny = [on42%] 
T inte = [Xon42x » Tensok41 » Tee + Xox+1] 
Tints = [on42k-+1], 


whence 7; > Ts > Tw > --:. Thus one modular lattice with four generators 
has an infinite chain, hence so does FM(4). Q.E.D. 


6. Unsolved problems 


As far as the author is aware, the following problems suggested by or related 
to the present paper remain open. (1) Solve the word problem for free modular 
lattices ((3] p. 146). This seems to be difficult. (2) Extend Theorem 3, and 
[14] §4. Perhaps not difficult. (3) Does some infinite set in FL(n) order- 
converge (§4)? We may call a set of elements {a; , a2, ---} a fence below a if 
c < aimplies c S a; for some i. As we saw in Theorem 3 the >> iz) 2; form a 
fence below the unit in FL(n); ete. Is it perhaps true that in FL(n) every 
element has a finite upper and lower fence? This would settle the first part of 
(3). On the other hand if some suprema exist, are there real cases like the 
vacuous one of Lemma 4.2 where canonical forms carry over? Do there exist 
infinite connected chains in FL(n)—ones in which no further elements can be 
interpolated? (4) Study the free complete lattice. Study the completion of 
FL(n) by cuts (MacNeille [9] p. 443; [3] p. 27). (5) Determine the finite sub- 
lattices of FL(n); ef. Theorem 7. 
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TOPOLOGICAL METHODS FOR THE CONSTRUCTION OF TENSOR 
FUNCTIONS 


By Norman E. STEENROD 
(Received July 7, 1941) 


1. Introduction 


It is a well-known theorem that an orientable manifold M admits a continuous 
field of non-zero tangent vectors if and only if the Euler number of M is zero. 
Stiefel [5]' has generalized this result to the case of any finite number of fields 
independent at each point, obtaining necessary cvnditions in the form of the 
vanishing of certain cohomology classes of M. 

From these results, there is every reason to expect a general theory connecting 
the existence of tensor functions of various types over a manifold M with the 
topological structure of MM. It is our purpose in this paper to give the founda- 
tions and first theorems of such a theory. 

Briefly, it is shown that the set M’ of point tensors (of a fixed order and 
weight) over the differentiable manifold M is a differentiable manifold forming, 
in a natural way, a fibre bundle over M in the sense of Whitney [6]. A tensor 
function attaches to each point of M a point of the fibre in M’ over it. The 
nature of a tensor function is restricted by specifying that its values lie in a 
submanifold M” of M’. If M”’ is likewise a fibre bundle, then there is a char- 
acteristic cohomology class in M attached to M’’. The vanishing of this class 
proves to be a necessary (and sometimes sufficient) condition for the existence 
of the prescribed tensor function. As an application, a direct and simple proof 
is given that any separable manifold admits a Riemann metric.” 

It is worth noting here that the characteristic cohomology class belongs to a 
new type of cohomology group: one based on local coefficient groups connected 
by local isomorphisms (see section 10). It reduces to the usual group if J is 
simply connected. 

It will be seen in the proofs that the problem we are considering is a generaliza- 
tion of the problem of extending continuous mappings. We shall both generalize 
and use extensively certain theorems of Eilenberg in this connection [2]. 

In an appendix, the existence and properties of the characteristic cohomology 
class are established for the more general type of fibre space introduced by 
Hurewicz and the author [3]. Any lengthy proof that would interrupt the trend 
of ideas is postponed to a later section. 





' Numbers in square brackets refer to the bibliography. 
2 Whitney [7] has proved this by showing that any C’-manifold is C’-homeomorphic to 
an analytic manifold in a euclidean space. 
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2. Spaces of point tensors 


In the following, M will denote the differentiable manifold’ of dimension n 
over which tensors are to be defined. The class r of M is assumed to be 22. 
Ii is not assumed that M is compact. It is assumed that M is separable so that 
a countable set of codrdinate neighborhoods can be found to cover it. It follows 
from results of Cairns [1] that M can be triangulated. We may therefore 
assume that M is homeomorphic with a definite simplicial countable, complex. 
The symbol M* will denote the subcomplex of M composed of its simplexes of 
dimensions Sq. 

In order to be explicit and yet not have too cumbersome a notation, we shall 
define only the manifold M’ of point tensors over M having one contravariant 
and two covariant indices. If P is a point of M, C(x) a coérdinate neighbor- 
hood of P, and aj, (i, j, k = 1, ---, n) an ordered set of n* real numbers, the 
combination (P, C(z), jx) is called a representation of a point tensor. Two such 
(P, C(x), aix), (Q, C(%), Gx) are said to be equivalent if P = Q and 

- u Ox” dx” dx 
(A) ajk = Aww agi aa* aan" 
(The derivatives are evaluated at P.) As is well known, this is a proper equiva- 
lence relation, so that the combinations (P, C(x), aj) fall into mutually exclusive 
equivalence classes. An equivalence class is called a point tensor. The adjec- 
tive point is used for the obvious reason that a point tensor is attached to that 
point of M occurring in any one of its representations. 

The family of all point tensors of the above type at all points of M form a set 
M' which we now proceed to show is a differentiable manifold in a natural way. 
To do this we must define 1-1 maps of subsets of M’ into suitable subsets of a 
euclidean space. Let C(x) be an admissible coérdinate neighborhood in M. 
Let U be the family of -all point tensors having representations (P, C(x), a}x) 
(where P varies in C(x), and the a’s are arbitrary). Then U is in 1 — 1 corre- 
spondence with this set of representations in C(x). Attach to (P, C(z), ajx) the 
n+ n° real numbers 2’, --- , 2”, ai, where the 2’s are the codrdinates of P in 
((z). The two correspondences define a 1 — 1 map of U into the open subset 
of (n + n°)-euclidean space of coérdinates (x, a) where z is in C(x) and the a’s 
are arbitrary. Thus for each C(x) in M a coérdinate neighborhood C(z, a) 
in M’ is determined. If a point tensor is in both C(z, a) and C(#, a) then, 
if z' = f'(x) is the codrdinate transformation from C(x) to C(%), these equations 
together with the equations (A) define the codrdinate transformation from C(z, a) 
to C(%, @). Thus, the 2’s are functions of the x’s alone while the @’s are func- 
tions of both the z’s and the a’s and are linear in the latter. The determinant 
of this transformation is easily seen to be a power of the determinant of the 
transformation from C(x) to C(#). Since the derivatives in (A) are of class 


lnnsiiaceseii 


* For the concept of differentiable manifold see [7]. 





+ eR Ee RE RR 
ae ae * 


118 NORMAN E. STEENROD 


r — 1, it follows that M’ is a differentiable manifold of class r — 1. Its dimen- 
sion is n + n’. 

It is clear that the relative point tensors of a given weight likewise form a 
differentiable manifold. The same procedure likewise carries through for the 
space of point affine connections. It is only necessary that the transformation 
law in question shall define a proper equivalence relation among the representa- 
tions. For example, ordered pairs of covariant vectors at points of M have 
representations of the form (P, C(x), a;, b;) with coérdinate transformations 
of the form 

‘ e dx" — 3 
# = f'(z), di = Gua b; = bu a: 
The determinant is again a power of the determinant of x — Z. 

In the following pages we shall frequently speak of ‘‘a tensor manifold M’ 
over M’’. It is to be understood that M’ is the space of point tensors over M 
of a fixed order and weight—or M’ is the space of point affine connections over 
M—or M’ is the space of ordered sets of vectors (or tensors of given order and 
weight) at points of M. 


3. The projection of the tensor manifold onto 1/ 


Let the function 7 assign to each point tensor in M’ the point of M to which 
the tensor is attached. This natural mapping of M’ onto M we refer to as the 
projection. If C(x) is a coérdinate neighborhood in M, and C(z, a) the cor- 
responding one in M/’, then z has the form of a projection in these codrdinates. 
The Jacobian of the projection has rank n at each point of M. 

The inverse image of a point P of M in M’ (i.e. the point tensors at P) form 
a linear space which we shall refer to as the fibre F'> over P. It follows readily 
that M’ is a fibre bundle over M in the sense of Whitney [6]. The fibres are 
euclidean spaces with linear transformations as the admissible group, and the 
fibres over a particular codrdinate neighborhood form a product space. 


4, Tensor functions over MV 


A tensor function over M is a map f of M in a tensor manifold M’ over M 
having the property that af is the identity. The image of M in M’ under f 
is called the graph of f. 

The usual definition of tensor function has the disadvantage that graphs exist 
only locally and then vary with the coérdinate system. The advantage of the 
present method is that, by identifying the equivalent functional values first, 
the function itself falls into that class of objects (usually referred to as functions) 
which are point to point correspondences. 

If f is a map of the set A in the set B, the graph of f is usually defined to be 
the set (a, f(a)) in the product space AXB. Therefore the foregoing definition 
of graph of a tensor function needs a few words of justification. Suppose 1’ is 
the space of point scalars over M. It is not hard to see that M’ is the product 
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space MXL of M with a codrdinate line L. Any map f of M in L (i.e. a scalar 
function in the usual sense) has a graph in M XL which defines a scalar function 
in the sense described above. Therefore, at least in this case, the term is 
justified. An additional reason is that for any neighborhood C(x) the part of 
the graph over it is the graph of the functions a(x) in the product space C(z, a). 

In general, as examples given later will show, M’ is not the product space of 
M witha fibre. Consequently we cannot expect that tensor functions as usually 
defined will have graphs in the usual sense. We have, however, with the present 
definition, most of the important features of a graph. The graph is in a space 
which is locally a product space over M, and we have the projection z which, 
when applied to the graph, results in the identity map of M. The only missing 
feature is the resolution of M’ into a product space of a second space with M. 
This, however, is inherent in the nature of tensor. 

In case M can be resolved into a product space, it is of little interest unless 
the resolution satisfies several strong conditions. We shall say that M’ is 
properly resolved into a product space M XE where E is a euclidean space pro- 
vided there is a homeomorphic map of class r — 1 of MXE onto M’ with the 
property that, for each P e M, the section PXE is mapped linearly on the fibre 
over Pin M. Then we have 

THEOREM 1. Jf M’ is a tensor space over M of dimension n + m, it can be 
properly resolved into a product space if and only if there exist m tensor functions 
over M of class r — 1 which are linearly independent at each point of M. 

Suppose M is properly resolved, and ¢ is its homeomorphism with M XE. 
Let a, ++ , @m be m linearly independent points of E. Then f;(P) = $(P, ai) 
(1 = 1, +++, m) are m tensor functions of class r — 1 which are linearly inde- 
pendent at each point of M. 

Conversely, let {f;(P)} be m independent tensor functions of class r — 1. 
Define ¢(P, a1, -++, Gm) = >, aifi(P). Then ¢ is a proper map of MXE 
onto M. 


5. Statement of problem 


The most general type of problem for which we shall give a method of attack 
may be formulated as follows: 

Let M’ be a tensor manifold over M, and let M” be a differentiable sub- 
manifold of M’ such that the projection maps M” onto M, has a Jacobian of 
rank n at every point of M”’, and M” is locally a product space over M. (This 
last means that each point P of M has a neighborhood C such that the product 
CXF”, where F”’ is the fibre over P, is homeomorphic with the part of M” over 
C, and, for any point Q of C, QXC is mapped on the fibre over Q.) The problem 
is to define a map f of M in M” such that af is the identity map of M, and f has 
a specified class (up to the class of M”’). 

The following are examples of problems of this type. 

a. If M” is all of M’, the solution is immediate, for the zero tensor at every 
point is an f of the required kind. 
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b. Let M’ be the space of contravariant point vectors over M and M” the 
family of non-zero vectors. This is the problem of defining a non-singular 
vector field over M. 

c. Let M’ be the covariant point tensors of order 2, and M” the symmetric 
positive definite ones. A solution f determines a Riemann metric in M. 

d. Let M’ be as in c, and let M” be the symmetric semi-definite tensors of a 
fixed rank k. 

e. Let M’ be as in c, and let M” be the symmetric non-singular tensors of a 
fixed index h. 

f. Let M’ be the set of ordered sets of k contravariant vectors, (k S n), and 
let M’’ be the subspace of independent sets. This is the problem considered 
by Stiefel [5]. 

g. Consider the problem raised by Theorem 1. Let M”’ be the tensor space 
of ordered sets of m tensors each of the same order as in M’. Let M’” be the 
subspace of independent sets. Then the existence of a map f of M into M’” 
such that «f = identity is a necessary and sufficient condition that M’ can be 
properly resolved into a product space. 

The methods to be given seem to be of little value in handling a problem 
involving differential conditions such as defining a flat affine connection or a 
Riemann metric of constant or constant mean curvature. 

The following theorem reduces the general problem to the simpler one of 
finding a continuous admissible tensor defined on M. 

THEOREM 2. If f is a continuous map of M in M” such that xf = identity, 
then there exists a map f’ of class = that of M” such that rf’ = identity. Ifa 


metric is given in M"’, f’ may be chosen to approximate f as closely as desired. (If 
M”’ is analytic, we can only assert the existence of an f’ of class ~). 


6. Construction of a Riemann metric 


In order to illustrate the basic method of attack on our problem, we shall 
show that one can define over M a symmetric, positive definite, tensor function 
g of covariant order 2. This result has already been established by Whitney 
[7]. His procedure is to construct a regular imbedding of M in a euclidean space 
and then to take over into M the metric of the euclidean space. Our procedure 
is a direct construction of the metric tensor and is somewhat simpler. However, 
it fails to give the imbedding theorem. 

Let M’ be the manifold of covariant point tensors of order 2 over M. Let 
M" be the subset of symmetric, positive definite ones. Let F’ be the fibre in 
M’ over a point P in M, and let F” be its part in MM”. The important observa- 
tion at this point is that F’’ is a convex linear cell of dimension n(n + 1)/2, 
This is proved by noting that a linear combination with positive coefficients of 
two positive definite quadratic forms is positive definite. Since a symmetric 
matrix is determined by n(n + 1)/2 of its elements, and since any symmetric 
matrix sufficiently near a positive definite one is likewise positive definite, it 
follows that the dimension is n(n + 1)/2. 
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We suppose now that M is subdivided into a simplicial complex so fine that 
each simplex is contained wholly within some one coérdinate neighborhood. 
Since the number of simplexes is countable, we may order them in a sequence 
o,, 0, °** in such a way that a simplex is preceded by any one of its faces. 
Then o, isa vertex Pof M. Wechoose a point in the fibre F”’ over P and denote 
it by g(P). Suppose inductively that g has been defined over all simplexes 
preceding o; so as to be continuous on their point set sum and zg = identity. 
Then g is defined on do, (the boundary of ox). Let C(x) be a coérdinate neigh- 
borhood containing o,. Then the functions g;;(z) are defined and continuous 
over do. These functions alone map do; into the fibre F” over a point P in 
C(x). Since F”’ is a cell, these functions can be extended over the interior of 
g; so as to give a continuous map of the closed simplex o; in F’”’. The desired 
map g of ox in C(x, gi;) is now obtained by setting g(x) = (2, gi;(x)) for x € 0% . 
Then g is continuous on the sum of the first & simplexes, for if a function is con- 
tinuous on each of two compact sets, it is continuous on their sum. This in- 
ductive construction leads to a continuous map g of Min M"’. The differentiable 
approximation is given by Theorem 2. 


7. Observations on the construction 


It is clear that the construction just given applies in any problem where F’” 
isacell. This condition may be weakened to the extent of requiring that every 
continuous map of a (k — 1)-sphere in Ff” for k S n is contractible to a point 
inF’’. This latter condition is equivalent to the requirement that all homotopy 
groups of F’”’ of dimensions <n shall vanish. This in turn is equivalent to the 
same requirement on the homology groups of F”’ of dimensions <n [4]. 

As an application, suppose it is required to define a tensor function over M 
of a prescribed order >1 which is not zero at any point. In this case the fibre 
F” is a euclidean space with its origin deleted. Since the order is >1, the 
dimension m of the euclidean space is >n. Deleting a single point from a 
euclidean m-space does not alter the fact that a map of a sphere of dimension 
<m — | in the space is contractible to a point. The required function therefore 
exists. 

We formulate our results as follows: 

TurorEeM 3. If all the homotopy groups or equally well all the homology groups 
of the fibre F” vanish for each dimension <n, then there exists a tensor defined 
over M of the specified type. 


8. Construction of the characteristic cocycle 


If some sphere in F” of dimension <n is not contractible, we can expect 
essential difficulties. In order to discuss this case we make the 

Assumptions. Let hk be the smallest integer such that the homotopy group 
4), 7.(F”) # 0. We suppose h < n. By m(F”) is meant the 0‘ homology 
group of F’”’ where cycles are taken with integer coefficients, and the sum of the 
coefficients of a cycle is zero. If h = 1, we shall suppose that 7(F’”) is abelian. 
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Since M” is locally a product space, any two nearby fibres are homeomorphic. 
As M is connected we can pass from one fibre to any other through a succession 
of fibres such that successive pairs are homeomorphic. Thus, the above assump- 
tions need only have been made of one fibre. 

It is a consequence of our assumptions that any map of an oriented h-sphere 
in F” determines a unique element of 2,(F’’) (i.e. it is not necessary that a fixed 
reference point of the sphere be mapped on a fixed reference point of F’”’). 

We shall suppose that M is subdivided so fine that the star of a simplex lies 
wholly within a single admissible neighborhood of M (one such that the part 
of M” over it is a product CXF”). Then, by the argument of section 7, one 
may construct a map f of the h-dimensional skeleton M" in M” such that af = 
identity. 

To any map f of M" in M” such that f = identity, we attach a chain c’"'(f) 
of M as follows. If ¢ is an oriented (h + 1)-simplex, C an admissible neighbor- 
hood containing o, and CXF” a representation of r ‘(C) in M”, then f maps 
do into CXF”. Let \ map CXF” into F” by attaching to each point its F’” 
coérdinate. Then Af maps do into F’’, determining thereby an element of 
m,(F’") which we denote by c(f, «). Then* 


cp) ES > e(f, fy F*. 


The sum extends over all (h + 1)-simplexes of M. 

An object is a chain if it is a function from simplexes to a group. Here F” 
varies from one neighborhood to another, so the definition of chain is not satisfied 
by c'(f). The definition will be satisfied when we have established a fixed 


4”? . . . uM 
reference Fy , and fixed isomorphisms connecting ,(F’’) for each F”’ to m(Fo). 
We know such isomorphisms exist; but arbitrarily chosen ones will not serve 
our purpose. We consider this matter in the following two sections. 


9. The orientable case 


Let A be a curve joining two points P, Q of M defined by a function ¢(i), 
a<t<b,¢(a) = P, o(b) = Q. Suppose a continuous function h(y, ¢) is given 
with values in M”, defined for y in Fp and a S t S b, such that rh(y, t) = ¢(t) 
and h(y, 0) = y. Then we shall say that h deforms Fp along A into Fo. Two 
such deformations of Fp are said to be equivalent if the two resulting maps of 
F?; in F@ are homotopic in F¢ . 

If the curve A lies in a neighborhood C and the part of M” over C is repre- 
sented as a product CXF”, then h(y, ¢) can be defined as the point (¢(é), y) of 
the product CXF’. Now any curve A can be expressed as a sum of curves 
A,, +++, Ax each of which lies in a single neighborhood. By piecing together 
homotopies along each, one obtains a homotopy along A. 

A homotopy of F'> along A into F¢ induces an isomorphism between m(F ?) 





4 The chain c**1(f) is the “characteristic cocycle’ to be found in the work of Stiefel [5] 
and Whitney [6]. 
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and ni(Fo ). This isomorphism appears to depend on several factors. However, 
we have 

Lemma 1. Jf Ai, Az are two curves from P to Q which are homotopic leaving 
their end points fixed, then a deformation of F> along A, into F¢ is equivalent to 
one along Ae. 

The virtue of the lemma is that it assures us that the isomorphism set up 
between (Fp) and m(F@) by deforming F? along a curve into F'¢ depends only 
on the homotopy class of the curve. Consider now the case P = Q. Then 
every element of (J) defines an automorphism of m(F>). It is not hard to 
see that the attached automorphism gives a homomorphism of 7(J/) into the 
group of automorphisms of (Ff >). 

DeriniTIon. We say that M” is orientable over M relative to m(F”) if, for 
each point P of M and each element of m(J/), the resulting automorphism of 
m,(F'p) is the identity. 

The use of the word orientable is explained by the fact that M itself is orientable 
if and only if the space M” of non-zero, contravariant, point vectors is orientable 
over M relative to mn1(F'”’). 

The next remark is that in the definition of orientability we do not need to 
require of each point P that any element of (J) shall induce the identity 
automorphism. It is sufficient to demand this of just one point Po ; it then 
follows for every point P. This follows from the well-known fact that any 
closed curve beginning and ending at P is homotopic to a path which first describes 
a curve A from P to Py, then a closed curve from Pp» to Py, then finally de- 
scribes AW’. 

The virtue of the orientable case is that any two deformations of F> along 
curves into ed induce the same isomorphism between a(F'p) and m(Fo). For, 
if A, B are two curves from P to Q, and ¢; , ¢: are the two corresponding iso- 
morphisms, then deforming F¢ around the closed curve A ‘B gives the identity 
isomorphism of m,(F 4 This automorphism applied to ¢: gives ¢2, since the 
path AA~'B is homotopic to B. 

Assuming now the orientable case, we choose a fixed fibre F'¢ , and for any 
fibre F”” we set up the unique isomorphism between m(F”’) and m(Fo) obtained 
by deforming F” along a curve into Fj. In this way, each element of m,(F’’) 
for any F”’ represents a unique element of m(F 0). Consequently, in the orient- 
able case, the object c’*"(f) defined above is a chain (in the proper sense of the 
word) with coefficients in the group m(Fo). 


10. The non-orientable case 


Here we cannot proceed as before since no unique isomorphisms in the large 
exist. However, for each simplex o, unique isomorphisms connecting the 
t(F'p) for P eo can be set up using curves in o; for a simplex is simply connected. 
Thus each simplex o of M has a coefficient group G(c). A q-chain is now defined 
to be a function f attaching to each qg-simplex o an element f(c) «G(c). The 
q-chains form a group in the obvious way. Suppose o’ is a face of o (o’ < a), 
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then by using a curve in the closure of o, joining a point of o to a point of o’, 
a unique isomorphism h,, of G(o) onto G(o’) can be defined. If [o:0’] is the 
incidence number, we can now define the boundary of a q-chain f to be the 
(q — 1)-chain of having on o’ the value 
af(o’) = D [o:0'lhere(f(c)) 

which is an element of G(c’). Since the closure of o is simply connected, 
a” <o' <a implies herehgs = here. From this it follows that ddf = 0. Co- 
boundary is defined by 


éf(c) = y [ozo'lhor.(f(o')); 


and, again, 66f = 0. Thus cycles, cocycles, homology and cohomology can be 
defined as usual.’ Thus, in the non-orientable case, we are dealing with the local 
coefficient groups (Fp) connected by the local isomorphisms gotten by deforming 
the Fp along curves. 


11. Properties of the characteristic cocycle 


Having agreed on the sense in which c’*'(f) can be regarded as a chain in M, 
we are prepared to state its principal properties. 

TuHeoreM 4. Under the assumptions of section 8, there exist maps f of the 
h-dimensional skeleton M" of M in M" such that xf = identity. Any such f 
defines a chain c'*'(f) with the following properties: 

(a). c'*(f) = 0 is a necessary and sufficient condition that f can be extended 
continuously to M""", preserving xf = identity. 

(b). c’"(f) is a cocycle. 

(c). If f’ is any other map of M" in M" such that rf’ = identity, then c''(f’) 4 
e(f). 

(d). If c'** is a cocycle cohomologous to c'*'(f), there exists a map f’ of M* in 
M" such that xf’ = identity, and c'** = c'*(f’). 

(e). A necessary and sufficient condition that there be a map f of M"** in M" 
such that xf = identity is that, for any such map f' of M", we have c'(f') = 0. 





5 The resulting groups may be handled much as the ordinary ones. Care must be taken 
that simplicial transformations are accompanied by local coefficient group isomorphisms. 
The usual proof of topological invariance carries through with just these modifications. 
These new groups may also be defined for a general space. Here each point P has its 
coefficient group G(P), and a homotopy class of curves from P to Q determine an iso- 
morphism which is transitive under addition. It has come to the author’s attention that 
“local coefficients’ and Reidemeister’s ‘‘Uberdeckungen”’ (Topologie der Polyeder, Leipzig, 
1938) are equivalent concepts. A discussion of the connection and an analysis of this 
homology theory will be found in a forthcoming paper. 

° The procedure of Whitney [6], in the case of non-orientable sphere-bundles, is to reverse 
the sign of certain incidence numbers in M. His method can apply in our case only when 
the sole automorphism on G(c) is a reversal of sign. 
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(f). The cohomology class of o f) is independent of the subdivision of M which 
is used and of the map f of M',; ; it ts therefore a topological invariant of the pair of 
spaces M, M" and the map r. 


12. Proof” of Theorem 2 


In order to construct the differentiable approximation, we shall prove some 
preliminary results. 

(A). Let D, D’ be two rectangular domains in n-space E" defined by 
a; <2 < bi, a; < a; < b;, respectively, and such that D’ contains the closure 
D of D. Then there exists a real-valued function g defined in E” of class ~, 
and such that 





1 in D, 
Osgs1, g= 
(0 in EB” — D’. 
Let (c, d) be an interval and let 
ex (- . ao : ) in (c, d) 
Wear) = ° x-c x-d stings 
0 outside (c, d). 


Then y is of class ©, andy = 0. Let 


x d 
seatz) = [ voatat / [youd dt 
Then ¢ is of class ~»,0 S$ ¢@51,¢ =Oforz Sc,and¢@=1forx2d. If 


(a, b), (a’, b’) are two intervals and a’ < a, b < b’, then, by piecing together 
two such functions as ¢, we obtain a function 


da'a(X) for x b, 
g(x) = 
1 — dw (x) forz > b 


IIA 


of class ©,0 S$ g S$ 1,g = 1 in (a, b), g = 0 outside (a’, b’). Let gi(x:) be such 
a function for the pair (a; , b:), (a; , b;). Then the product g(11,--+, 2n) = 
gi(t1)- +++ +g,(2,) has the properties asserted in (A). 

(B). Let U be an open set in E” with compact closure U, and let U’ be an 
open set containing U. Then there exists a real-valued function g defined in 
E" of class «©, and such that 

| 1 on U, 
» = 


0 


lA 
lA 


' 0 outside U’. 


As U is compact, we can choose a finite number D,, --- , Dm of rectangular 
domains covering U such that the closure of each is in U! Let D; be a rec- 


“A shorter proof can be based on a result of H. Whitney, Analytic extensions of dif- 


fen functions defined in closed sets, Trans. Amer. Math. Soc., 36 (1934), pp. 63-89, 
‘h 
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tangular domain containing D; and contained in U’. Then there is a function 
gi attached to the pair D; , Dj asin (A). Define the function g in E" by 


1 —g = (1 — gi)(1 — go) «+> (1 — gm). 


Then g is of class »,0 S g S 1, some g; = 1 implies g = 1, every g; = 0 implies 
g=0. Thusg = 1in 3° D,, andy = 0 outside >> D; . 

(C). If Q is a point of M”’, and C(x) a coérdinate neighborhood of 7(Q), then 
a codrdinate neighborhood o”@) of Q in M” may be chosen such that z has the 
form a’ = z'(y) = y' @ = 1, , n). 

Let C(g) bea ot See of Q, and let x be given by the functions 2’ = z'(). 
Since m has rank n at Q, the equations y' = #'(g) can be solved for n of the 9’s, 
say #1, --* , Jn, as functions of the y’s and the other g’s in some neighborhood 
of Q. If we let y’ = 7' (§ = n+ 1,-:-, m), then, in this neighborhood, the 
y’s form an admissible coérdinate system. 

Returning now to the proof proper of Theorem 2, let f be a map of M in M” 
such that af = identity. Let Pe M and f(P) = Qe M”. Corresponding to 
a neighborhood C of P, let C’’ be the neighborhood of Q given by (C). We 
can then choose two neighborhoods D, E of P such that C D D, D D E, and 
f(D) c C”. As M is locally compact and separable, we may choose a sequence 
{C; , C; , D; , E;} of such sets of neighborhoods such that M is covered by the 
neighborhoods E; , and each E; meets only a finite number of other E;. This 
latter property can also be arranged for the D; by reducing them in size without 
losing the property D; D> E; . 

In the pair of neighborhoods D, , Cr, f is given by m functions y' = f'(2). 
Due to the choice of codrdinates in Ci’ and af = identity, we have f'(x) = 2' 
(¢ = 1,---,m). Choose a pair of neighborhoods U’, U such that D,; > > U’, 
U'D>U and UDF. If €>0 is given, we can " choose functions ¢/(z) 
(j = n+ 1,---,™m) in D, of class © and such that | ¢’ — f’| <«. Let g(z) 
be the function given by (B) for the pair U’, U. Define 

v’ = go’ + (1 — gf’ in Dy. 
Then y’ is of class » in U, and y’ = f’ outside U’. If ¢ is sufficiently small, 
the functions f', --- , f", wy", --- , w” define a map f, of D; in Ci. If fi =f 
outside D,, then f; is a map of M in M” such that zf; = identity, and fi is 
differentiable to the class of M” in an open set about E,. Since only a finite 
number of D; meet D, , by restricting «, we can insure that f, maps D; in C; 
for each 2. 

Suppose a map fi, of M in M” is given such that af, = identity, f, maps each 
D; in C? , and f; is differentiable to the class of M’’ in an open set W about 
Dik . Choose a pair U’, U of open sets such that U D Bru — W-Eeu, 
U’ DU, Diss D U' and U ’. “1 E; = 0. Apply now the construction of the 
preceding paragraph to each of the last m — n components of f; in the neighbor- 
hood Dj. The components yj will not only be differentiable in U but like- 
wise wherever the fi are differentiable, namely, in W-Dyi1. This leads to a new 
map fxs: which is differentiable in an open set about 01" E; . 
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Since frsa = fx on Doi E; , the sequence of functions {f,} so constructed con- 
verges to a map f’ of M in M” such that f’ = f, on > E;. Therefore f’ is dif- 
terentiable to the class of M’’ everywhere and xf’ = identity. 


13. Proof of Lemma 1 


Consider the closed curve Ay Az beginning and ending at Q. By assumption 
it is contractible into Q leaving its end points fixed. The two maps of Fy in 
F., are homotopic along this curve. We must cover the contraction of Aj'As 
into Q by a contraction of the homotopy into Fg. Let EZ be a 2-cell, and y a 
map of E in M so that its boundary d# is mapped into Ay'A:. Subdivide E 
into simplexes so fine that the image of each lies wholly within a coérdinate 
neighborhood of M. Now Aj'A: can be contracted into Q over ¥(E) in a finite 
number of steps, each consisting of deforming an arc of the curve over a simplex 
of EZ. Thus, each step occurs in a single coérdinate neighborhood. Suppose 
then ¢(t, 0), (a S t S$ b,O S 6 S 1) is a homotopy of the are g(t) into ¢;(t) 
leaving the end points fixed and occurring in a neighborhood C(x). Let h(y, t) 
be a homotopy of Fp along ¢o(t). Now the part of M” over C(z) is a product 
space CXF’. Hence, h(y, t) is given by a pair of functions h’(y, t) = @o(é) in 
C and h'’(y, t) in F”. Define h’(y, t, 6) = o(t, 0) and h’’(y, t, 0) = h’'(y, 2). 
The second pair h’, h’’ define in CXF” a deformation of h(y, t) into a homotopy 
h(y, t) along ¢:(¢) without altering h(y, a) and h(y, b). This proves the lemma. 


14. Proof of Theorem 4 


The proofs of (a) to (e) parallel closely proofs to be found in a paper by 
Eilenberg [2]. The modifications are all of the same type. We shall be dealing 
with a simplex o of M;C will be a neighborhood of «, CXF” will be a representa- 
tion of the part of M” over C. In each case our problem will be to construct, 
extend, or deform homotopically a map f of ¢ or do. The function f has, locally, 
two components af = identity in C, and Af in F”. It will be seen that Eilen- 
berg’s arguments apply in each case to the component Mf. 

(a). Suppose f is defined on M’*", Then for any o””’, Af(o""’) is a cell in F” 
whose boundary is Af(d0"""). Therefore c(f, o’*') = 0. Conversely, c(f,o"*") = 0 
means that \f can be extended to a map of o'*' in F’”. If we extend af over 
o"' to be the identity, we obtain the extension of f. 

(b). Let o"** be arbitrary, and K = | oc"? |. Now Af maps K’in F”. If F” 
is taken to be the space Y of Eilenberg, then the chain c’*’(Af) of Eilenberg is 
identical with c’"(f) over K. As the former is known to be a cocycle on K, it 
follows that o"** enters éc'*"(f) with coefficient zero. As o”*’ is arbitrary, the 
proof is complete. 

(c). We need the following: 

Lumma 2. There exists a homotopy f(x, t) of f(x) for x «M",0 < t <1, such 
Pg mf(z, Age x for x ¢ M" and all t, f(x, 0) = f(x) for x « M", and f(x, 1) = f’(z) 

or re MM’. 
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Define f(z, 0) = f(x) for « eM", f(x, 1) = f'(x) for x eM" and af(z, t) = 2 
for ze M",0 < t <1. We must extend the local components Af(z, t) over the 
rest of M" x I. Order the simplexes of M’™ in a sequence such that each sim- 
plex is preceded by its faces. As the first is a vertex P, and F”’ is connected 
(if h > 0), we can join f(P) to f’(P) by a curve f(P, t) in F”. Suppose f(z, é) 
is defined over all prisms oXJ for simplexes o preceding o;. Then f(z, f) is 
defined on o;X0, o:X1 and d0;XJ, and therefore f(x, t) maps 0(o;XJ) in F”, 
As the dimension of this sphere is < h, Af can be extended over o;XJI. Having 
thus defined f(z, 1) over M" "XI, we have only to extend it over each o'XI. 

As Af(z, t) is defined over o’X0 + d0"XI, and this set is a retract of o'XI, 
\f(x, t) admits a continuous extension over o’XI. This proves the lemma. 

Let f(x) = f(x, 1). Since for any o*! \f(do"*") is homotopic in F” to 
\f’’"(do"*"), we have c'"(f) = c'"(f"). Corresponding to the maps f’, f” which 
agree on M""', we define (following Eilenberg) an h-chain d’(f’, f’). Let o” be 
any h-simplex. Write the oriented h-sphere as a sum S" = E’ + E” of two 
hemispheres. Let g’, g’ map E’, E” respectively on co" topologically with de- 
grees 1, —1 so that they agree on the common boundary. Then define ¢ = f’g’ 
on E’,¢ = f"g" on E”. As f’, f” agree on do", \¢ is a continuous map of S$" in 
F” determining thereby an element of ,(F’’) which is denoted by d(f’, f”, o’). 
Let d'(f’, f") = Yo d(f’, f", o)o". Then 


(A) ad's’, f") = EG’) — EG"). 


If, for any o”*', we consider the functions df’, Af” defined on | do"*’ | and the 


chains d’(Af’, sf”), caf’), cf’), as defined by Eilenberg for the complex 

o*' |, then the relation analogous to (A) holds. However these latter chains 
agree with the former where both are defined. The proof of (c) is therefore 
complete. 

(d). Let 6d" = c’*' — e'(f). Define f’ = f on M*". Given any a’, define 
af’ = identity in o”. Then define Af’ on o” so that d(f’, f, o’) (see proof of (c)) 
is the coefficient of o ind’. Then d’(f’, f) = d". As shown in (ec), 6d"(f’, f) = 
ef’) — ef). Therefore, c’** = e'*(f’). 

(e). If a map f of M"** exists, then, by (a), c'(f) = 0. By (c), for any f’ 
defined on M", c’*"(f’) 4 c"(f) = 0. Suppose c*"(f’) — 0 for some map of M. 
Then, if we choose c’*’ = 0 in (d), we obtain a new map f” of M” such that 
cf") = 0. It follows from (a) that f’’ can be extended over M*™". 

(f). Let M1, Mz be two subdivisions of M into complexes. We suppose M2 
is so fine that there is a simplicial map r+ of M2 into M, such that, for each point 
x, r(x) lies on the closure of the simplex of M containing x. There is, therefore, 
a homotopy 7(z, ¢) connecting the identity to r(x) such that 7(z, ¢) lies on the 
closure of the simplex of M, containing zx for 0 S ¢t S$ 1. We now suppose /; 
is so fine that the map r of any prism ¢XJ, where ¢ is a simplex of Mz, lies in a 
neighborhood of M. (This will be the case if the closure of the star of each sim- 
plex of M;, lies in a neighborhood). Now let f be a map of M{ in M’. Con- 
struct a map f’ of M]" in M" (always so that xf’ = identity). We must extend 
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f’ over M! so that c2°"(f’) = ci"(f). To this end we shall define a map f’(z, t) 


of M’xI in M”. Let f(z, 1) =fr(z) for re M}, and f'(x, 0) = f'(x) for 


reM*". Order the simplexes of M$ in a sequence so that each is preceded by 
its faces. If P is the first (a vertex), we define xf’(P, t) = 7+(P, é) and Af’(P, 0) 
to be a path in F” joining Af’(P, 0) to Af’(P, 1). Suppose now f’(z, ¢) is defined 
for « in any simplex preceding ¢, and is such that af’(x, t) = r(x, 2). Then, if 
dimension ¢ < h, f’(z, #) is defined on the boundary of ¢XJ, and therefore, 
\f’(x, t) admits an extension over this prism. We extend zf’(z, ¢) so as to be 
r(x, t) over ¢XJI. If, however, dimension ¢ = h, f’(zx, t) is defined only on 
acxI + ¢X1. As this set is a retract of ¢XJ, Af’(z, 2) admits an extension 
mapping (XJ in F’’. Then we set af’(x, t) = r(x, t). Now let f’(x) = f’(zx, 0) 
fore «M2. Then, for any ¢”*" of M? , df’(a¢""") is homotopic in F” to \f(dre"™"). 
Therefore c2(f’, ¢*") = ex(f, re"). Therefore, the cocycle c)*'(f’) is the image 
of the cocycle ct*'(f) under the simplicial map 7. This completes the proof of ( f). 


Appendix I. Extensions of method 


In some problems a tensor may already be defined on a submanifold L of M, 
and it may be required to extend it over M. Such a problem could arise in 
connection with a manifold M with regular boundary L. If M is subdivided 
so that L is a subcomplex, then as before f extends to L + M*. The chain 
c"'(f) lies in M — L and is a cocycle in the open complex M — L. Then a 
necessary and sufficient condition that f on L can be extended to L + M**! 
is that c"(f) ~ Oin M — L. 

In those problems for which the characteristic cohomology class is zero and 
maps f of M’** can be defined, we are faced with the difficulty of extending 
such an f to M"**. We can, of course, proceed as before and define a chain 
c’(f) with coefficients in ,4:(F”). For this, it is necessary to know that F'’” 
is (h + 1)-simple in the sense of Eilenberg,’ so that Af(d0"**) determines a unique 
element of m41(F’”’). It will follow as before that c’**(f) is a cocycle; and 
c’’(f) ~ 0 is a sufficient condition for an f’ defined on M*** to exist However, 
it is not necessary; for the cohomology class of ¢’**(f) may well vary from one 
ftoanother. Just how this cohomology class varies is not known. Some deeper 
analysis is required to resolve the difficulty. 


Appendix II. Application to fibre spaces 


In a paper by Hurewicz and the author [3], the notion of a fibre space was 
introduced as a generalization of the Whitney notion of fibre bundle. In those 
cases for which we know that F’”’ is compact, we can prove that M/”’ is a fibre 
space over M relative to r. This suggests that any fibre space X over a base 
space B relative to a mapping 7(X) = B determines in some sense a character- 
istic cohomology class in B. We propose to show that this is the case. 

Assuming B to be arewise connected, the fibres F may be deformed along 


"Ifh > 1, then r(F’’) = 9, and F” is i-simple for every 7. 
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curves into others and these deformations induce isomorphisms between the 
m(F) (where h is the smallest integer such that m(F) ~ 0). Therefore, the 
coefficient groups 7,(F’) are at hand as before. 

A fibre space X need not be locally a product space over its base space B. 
Consequently, the xf, Af method must be replaced by a new mechanism. Such 
a one is provided by the following lemma. 

Lemma 3. Let X be a fibre space over B relative tox. Let K be a complez, La 
subcomplex, y a map of K in B, and py’ a map of Lin X such that rp’ = py. Sup- 
pose Y, is a homotopy of y(K) and yp; ts a homotopy of ~'(L) such that m, = Vi, 
O0Osts1. Then, ¥; admits an extension to K such that mi = y,, this is also 
true of y’. 

The complex U = LXI + KX1 is a deformation retract of KXI. Let 
h, (0 < + < 1) besuch a retraction. Since ¥; gives a map of U in X such that 
m, = ¥, on U, the function ¥;h; maps KXI in X such that mihi = Win. 
Since yh; is homotopic to y; leaving U pointwise fixed, the covering homotopy 
[3] deforms Whi leaving U fixed into an extension of vy; to KXI such that 
my, =v. Then y% is the required extension of y’. 

Returning now to the problem of defining a characteristic cocycle, let K be a 
complex and y a map of K in B. We propose to show there is a map y’ of K" in 
X such that rf’ = y. There is no difficulty in defining ¥’ on K°. Suppose it 
has been properly defined on K' and a is an (i + 1)-simplex. Then y is defined 
ono, andy’ on dc. Let h,; contract o on itself to a point. Let ¥: = Wh, and 
let ¥; cover ¥,on dc. Ifi <h, the map v; of do in the fibre F over ¥:(c) can be 
extended to a map of cin F. Applying Lemma 3 gives an extension of y’ over 
o. Thus, y’ can be defined over K”. 

If y’ is a map of K” in X such that my’ = y, we can define a chain c’**(y’) in 
K as follows. Let o be an (hk + 1)-simplex, and let h; contract dc over o to a 
point Py. Then the homotopy ¥: = Wh; of dc has a covering homotopy ¥; of 
y’. As yi maps do into the fibre F over ¥(Po), it defines an element of 7,(F) 
which we denote by c(y’, 0"). Define c’(y’) = > cy’, o")o"**. Then we 
have: 

TueoreM 5. If X is a fibre space over B relative to x, K a complex, and y a 
map of K in B, then there exist maps w' of K" in X such that mp’ = w, where his 
the smallest integer for which m(F) # 0. Any such map determines a cocycle 
cy’) in K whose cohomology class c** is independent of w'. It may be chosen 
arbitrarily in its class by an appropriate choice of ~'. Therefore, in order that 
there be a map y’ of K"* in X such that ry’ = y, it is necessary and sufficient that 
the cohomology class c'*' = 0. Furthermore, the class c’*’ is independent of the 
subdivision used in K. 

The proofs are like those of Theorem 4. They differ only in that covering 
homotopies and Lemma 3 are used in place of the CXF” construction. 

A continuous finite cycle in B is composed of three things: a complex K, a 
map y of K in B, and a finite cycle Z in K. Let us consider (h + 1)-cycles with 
local coefficients in the character groups of the m(F). Then c’*'-Z"* is a real 
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number mod 1. If (Ki, wi, Z:) and (Kz, ye, Ze) are homologous continuous 
cycles, then by definition, there is a complex K; containing K, , Kz as subcom- 
plexes, a map #3 of K; in B agreeing with y; , 2 on K, , Ke, and a chain in K; 
whose boundary is Z; — Z2. Ifamap v3 of K* in X is given such that m3; = V3, 
then c’*"(W3), cht (3) and cy" (Ws) are simultaneously defined, ci*'(y3) is the part 
of ci (W3) on Ky, and cy*"(W3) the part on Ky. Therefore, ci*'-Z; = ch*!-Z,, 
c.Z. = cy''+Zo. Since Z; ~ Zz in Ks, cs"'-Z; = ch''-Ze. Thus, the real 
number mod 1, c’*’-Z, is independent of the representation of the homology 
class of Z. Thus, a map of the homology group H*'(B) in the reals mod 1 is 
at hand. This map is homomorphic; for the sum of two cycles is represented 
by the abstract sum K, + Ke, amapy = yon K,, = y on Kz, and the sum 
Z, + Z,. The characteristic cocycle on K, + Ke is the sum of the cocycles 
of K, and of K,. Therefore, ct .(Z, + Z2) = ch -Z, + ch*'-Z.. ~Summariz- 
ing, we have: 

THEOREM 6. Corresponding to the fibre space X over B, there is a character- 
istic cohomology class c'*' in B, where h is the smallest integer such that m(F) ¥ 0. 
c'*" belongs to the cohomology group-of characters of the homology group H"*'(B) 
based on continuous finite cycles with local coefficients in the character groups of 
the m(F). If K is a complex, and y a map of K in B, then the image of c'*' in K 
under is the characteristic cohomology class of K relative to y (see Theorem 5). 
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HOMOTOPY PROPERTIES OF THE REAL ORTHOGONAL GROUPS 


By Grorce W. WHITEHEAD 
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1. Introduction 


In this paper we propose to investigate the topological structure of the rota- 
tion group F,, of the n-sphere, with special emphasis on its homotopy properties. 
Of particular interest are the homotopy groups 7; of R,. These groups, one 
for each dimension 7, were first defined for a general space by Hurewicz [1].’ 
Like the homology groups, they are topological invariants of a space; unlike the 
homology groups, however, no general method for computing them is known. 
Each space thus presents a problem in itself. 

The computation of the groups 7;(R,,) for 7 S 5 and all n will be carried out 
by the method of fibre mappings and covering homotopies developed by Hure- 
wicz and Steenrod [2]. We shall make extensive use of the results of Freuden- 
thal [3], Hopf [4], and Pontrjagin [5] on the homotopy groups of spheres. 

The groups 7;(R,,) are useful not only in the study of the homotopy properties 
of spheres, but also are used by Whitney in his theory of sphere-bundles [6, 7], 
where they appear as coefficient groups for certain cocycle invariants. 

Another application of our results appears in the theory of continuous vector 
fields over spheres. It is well known that no continuous field of unit vectors 
‘an be defined over the spheres of even dimension. Over the odd-dimensional 
spheres, however, one such vector field can always be defined; and if n = 3 
(mod 4) or n = 7 (mod 8) it is possible to define three or seven independent 
vector fields, respectively, over the n-sphere S". These can be readily con- 
structed by the use of the multiplication matrices for quaternions and Cayley 
numbers. For a general odd n, however, there is no known result on the maxi- 
mum number of independent vector fields which can be defined over S". 

In this paper the case n = 1 (mod 4) is resolved as follows: Any two vector 
fields over S*"™' (m = 0, 1, 2, «++ ) are somewhere dependent. As a corollary to 
this result it is observed that the tangent sphere-bundle of S" is not simple if 
n > 1 and n = 1 (mod 4). 

This investigation was carried out under the direction of Prof. N. E. Steenrod, 
to whom the author wishes to acknowledge his indebtedness for many valuable 
suggestions and criticisms. 


2. Table of groups 7; to z; of R,, 


‘s section the results of our computation of the homotopy groups 7:(2,) 
are exhibited, and a set of generators for these groups is given. Proofs will be 
deferred until Section 8. 





1 Numbers in square brackets refer to the bibliography at the end of the paper. 
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Let « denote the free cyclic group, 2 the cyclic group of order two. If A 
and B are two abelian groups, A + B denotes their direct sum. In terms of 
these notations, the groups 7;(R,,) may be tabulated as follows: 





na ek & me Bw 
mio 2 2 eS 6° oS wey 
mT ee SEA CED) ae i 
nr,  O o o+f+ ao oo oe 
wit 2 See fo oe owe 6 
oe 0 


0 0 0 0 QO -+- 9Q 





The results of the first two rows were first obtained by Cartan [8]. 
A generator of 7(R,,) is given by the map of the circle xj + x3 = 1 defined by 


} m1 —% 0 | 
rI— Yo ty 0 |, 
om eat 
where J,,_; is the (n — 1)-rowed identity matrix. : 


4 
A generator of 13(Rp) (n = 3) is given by the map of the 3-sphere >> x? = 1 
i=l 


Vy =“ “Ze — IZ 0 
|| Le vy ~~ Da 3 0 
|| 
ao | 3 X4 Vy —Le 0 
X4 — 2s Lo ry 0 


II 0 0 0 0 } a 


The corner matrix is the linear transformation of Euclidean 4-space defined by 
multiplying every quaternion on the left by x; + tx + jas + kay. 

The generator of 23(R2) is the well-known double covering of Rz by S’. 
Bordering this matrix with a 1 in the lower right hand corner and zeros else- 
where, we obtain the extra generator of 73(R3). 

To obtain the generator of 74(R2), we map S‘ on S’ essentially, and then map 
S into Rz by means of the generator of 73(R2) given above. Such an essential 
map was constructed by Freudenthal [3]. In a similar manner we obtain gen- 





erators for a4(R3) and m4(R,). f | 
Finally, the generator of 75(Rs) is determined by the map of S’ into R; given by 

ial ke 0 is 

x — |! bi3 — 2x57; ||- |» 
i 7 7 0 sal 1 : 
‘3 

; 
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3. Preliminary notions 


In this section we introduce notations and concepts which will occur through- 
out the paper. The relative and absolute homotopy groups of a space are 
introduced and two homomorphisms relating these groups are discussed. 

Let points x in Euclidean (n + 1)-space be referred to coérdinates (2; , 22, --- , 
tn41). The unit sphere >> 2; = 1 we denote by S". The equatorial plane 
Xni1 = 0 divides S” into two hemispheres Vj and V2 defined by the inequalities 
Inui = O and 2,4, S O respectively. If x = (21, 2, °°* , Uny1) € S”, the anti- 
podal point (—x%1, —%2, +++ , —Xn41) is denoted by % We shall refer to the 
point x’ = (0,0, --- , 1) as the north pole, and to its antipode Z’ as the south pole. 

The group R,, of all rotations of S" may be represented as the group of all 
real square orthogonal matrices of order n + 1 with determinant +1. The 
subgroup of F,, consisting of all those rotations of S” which leave the north pole 
fixed is isomorphic with the group R,_; , and we shall denote the former group 
also by the symbol R,_; . 

Let Y be a topological space, F a closed subset of Y, and y, a fixed point of F. 
Let X¥ denote the space of all maps of Vi into Y which carry the boundary 
dV; = S"" into F and the north pole x’ of S”' into y.. We introduce an 
equivalence relation in ¥ as follows: two maps fi, fo « ¥ are said to be equivalent 
if they are homotopic, and during the homotopy S” remains in F and 2° 
remains at y.. In other words, two points of X¥ are equivalent if they can be 
joined by an arc in X. The relation of equivalence is easily seen to be reflexive, 
symmetric, and transitive, and thus divides X into classes of equivalent maps, 
called homotopy classes. The homotopy class determined by a map f we denote 
by {f}; the set of all such homotopy classes by 7,(Y, F). Hurewicz [1] has 
introduced an operation, called addition, in 7,(Y, Ff), by means of which it 
becomes a group, the n** relative homotopy group of Y modulo F. If the closed 
set F is specialized to consist only of the point y, , the group 7,(Y, y.) so obtained 
is called the absolute homotopy group m,(Y). The latter group may also be 
defined by means of mappings of spheres into Y and we shall frequently find it 
convenient to use this definition. 

We now introduce a homomorphism w of z,(Y, F’) into m,1(F). This homo- 
morphism is defined as follows: if a = {f} ¢7,(Y, F), then w(a) denotes the 
homotopy class of 7,-1(F) determined by the map f(S"") C F. Evidently 
{f} = {g} implies w({f}) = w({g}). Thus w maps 7,(Y, F) into m,-1(F), and it 
follows from the definition of addition that w isa homomorphism. Let no(Y, F) 
denote the kernel of this homomorphism, 7,_;,.(F) the image of 7,(Y, F) under w. 
Evidently z,.(Y, F) consists of those homotopy classes determined by those 
relative n-cells in Y modulo F which are contractible into F, while tn-1,0(F) 
consists of the classes determined by those (n — 1)-spheres in F which are 
homotopic to points in Y. 

Since each element of 7,(Y), considered as a set, is a subset of an element of 
m™,(Y, F), we have a natural mapping y of z,(Y) into 7,(Y, F), which is a homo- 
morphism. It is not hard to show that ¥({f}) = 0 if and only if some f’ in the 
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class of f maps S” into F. If {fi} = {fo} and ¥({fi}) = W({fe}) = 0, then ff 
is homotopic in Y to f2. Thus f; and fy determine the same element of 
r,(F)/tno(F). Conversely, if f(S") C F, then ¥({f}) = 0. Hence the kernel 
of the homomorphism y is isomorphic to 7,(F)/mno(F). The image of 7,(Y) 
under y is evidently the group mno(Y, F). We summarize these results in 
TuroreM 1. The natural homomorphic maps w{r,(Y, F)| C m-.i(F) and 
vir,(Y)] © m.(¥, F) are related as follows: the kernel of the homomorphism yw is 
isomorphic to 1n(F’)/tno(F’), while the image of r,(Y) under yp is the group mn,o(Y,F). 


4. Homotopy relations in compact Lie groups 


Let G be a topological group, H a closed subgroup of G, and B = G/H the 
space of left (or right) cosets of H in G. Then there is a natural mapping z 
of G onto B defined as follows: for every g « G, r(g) is the coset of B containing g. 

If G is a compact Lie group, then 7z is a fibre map in the sense of Hurewicz 
and Steenrod [2]. A slicing function can be defined as follows: a plane of maxi- 
mum dimension independent of the tangent plane to H at the identity 1 meets 
each coset b in a sufficiently small neighborhood U of b, = (1) just once. We 
denote this point by ¢(1, b). Then if g'b € U, let o(g, b) = go(1, gb). Evi- 
dently ¢ has all the required properties of a slicing function. 

The following theorem will be useful in our discussion of the rotation groups: 

THEoREM 2. If G is a topological group and B is the space of left (or right) 
cosets of a closed subgroup H of G, and if there exists a map f(B) © G such that 
af(b) = b, then G is homeomorphic with the product space H X B. 

We may suppose B is a space of left cosets. Let f’(b) = f(b)-[f(b.)]'; then 
nf'(b) = xf(b) = b, and f’(b.) = 1. We then set up the homeomorphism by 
means of two maps p(@) = H X B and q(H X B) = G defined as follows: 


pg) = Ig" -f'(xg), 79] (g €G), 
q(h, b) = f"(b)-h” (h eH, be B). 
Then 
pla(h, b)] = {hlf’(b)] 'f’(b), b} = (h, 6), 
qlp(g)] = f'(mg) Lf’ (mg)T +9 = 9, 


and both maps are continuous. Hence G and H X B are homeomorphic. 


5. Slicing functions for R, — R,/Rira 


In this section the results of Section 4 are applied to the special case G = R,., 
H = R,_1, and an explicit slicing function is constructed. The special cases 
n = 1,3, 7 are treated separately, and for these values of n Theorem 2 is applied. 

Let us consider the mapping 7(R,) = S” defined by x(r) = r(x’) (r € Rx). 
As shown by Hurewicz and Steenrod [2], 7 is a fibre map of R, into S", the 
fibres being the left cosets of R,-1 in R,. In terms of the matrix representation 
of R,, , r(r) is the last column of the matrix r. 
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We now define the slicing function promised above: if « ¥ 2°, let (I, x) be 
the rotation carrying 2x’ along a great circle into x, and leaving the (n — 2)-sphere 
orthogonal to this great circle fixed. In terms of matrices 


_ @- + 6; nt) (2; + 4;, n-+1) | |: 
Tn + 1 | 





o(/, x) — A,(z) = 


(j= 
where J,, denotes the n-rowed identity matrix. Then ¢(r, x) is defined as is 
Section 2. Evidently it is impossible to extend ¢(J, x) so as to be defined and 
continuous over all of S". We shall show later that there is no slicing function 
with this property for a general n. 

For the dimensions 1, 3, and 7, however, it is possible to define such a slicing 
function. Let %n41 (n = 1, 3, 7) denote the algebras of complex numbers, 
quaternions, and Cayley numbers, respectively, over the field of real numbers. 
By means of these algebras a multiplication x-y of points of Euclidean (n + 1)- 
space is defined. This multiplication has the property that ||z-y!| = 
| x ||-|| y ||, where || x ||” = >° 27 is the square of the distance of the point x 
from the origin. Hence S” is closed under multiplication and for x, y « S” we 
have «-y = B,(x)-y, where B,(x) eR, , and, if the coérdinate system is chosen 
so that x° is the unit of the algebra, B,(x’) = I, rB,(x) = x. Since B,(z) is 
defined for all z e S", we have 

THEOREM 3. Forn = 1, 3,7, R, is a product space R,1 X 8S". 

Since the 2** homotopy group of a product space X X Y is the direct sum of 
the 7*" homotopy groups of X and Y, we have 

Coroutiary. For n = 1, 3, 7, 7:(R,) is the direct sum m;(Rna) + mi(S"); 
in particular, mra( Rn) = tn«a(Rp). 


6. The canonical map of S” in RF, 


We now introduce a mapping C,, of S” into R, which plays an important role 
in the following discussion. We shall refer to it as the canonical map. It is 
proved that this map is contractible into R,_, if n is even; while for n odd it is 
not so goa The canonical map is then used to construct a generator 
for 7,(R, , Ry-1). 

In order to define the map C,, , let 6(x)(x ¢ S") denote the angular distance 
from x° to x, and let x’ be the point in the great circle through 2° and x with 
A(x’) = 20(x). Let C,(x) (x # %°) be the rotation which carries x’ along a great 
circle into x’ and leaves the orthogonal (n — 2)-sphere fixed; and let C,,(z’) = I. 
Evidently 
\In 0 | 

| 


(2) Cr(z) = [An(a)P = || 6; — 2xe2;||-! 


ee a ae 1). 
‘o 1] (7, 9 1, ,n +1) 


We observe that C,,, unlike A, , is defined and continuous over all of S”. Fur- 
thermore, antipodai points have the same image, while distinct pairs of antipodal 
points have distinct images. Thus the image of S” in R, is a projective n-space. 
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yn 


Let gn(S") = S" denote the projection C,, of the canonical map. If g,,;(x) 
is the 7» coérdinate of g(x), we have gn,i(@) = Writnsy — Singa (i = 1,-+-,n +1). 

TuEorEM 4. If n is even, g, has degree zero; if n is odd, g,, has degree two. 

For gn maps the equator S"” into #? and maps V? — S"” topologically on 
S" — 2°; in fact, g, can be obtained by a homotopy of S” on itself in which each 
point moves along the great circle joining it to the north pole. Thus g, maps V{ 
on S" with degree 1. Furthermore, g, maps Vz on S” with degree (—1)""'; 
for gn(@) = gn(%) (x e Vz) and the antipodal transformation x — # has degree 
(—1)""".. Hence g, maps S” on itself with degree 1 + (—1)""". 

If n is even, g, has degree zero, and hence is homotopic to a point. We shall 
give a homotopy of g, which will be useful in a later section. This homotopy 
g,(z, 4) is given by the equations 


2{(1 hit t)Xei1%ni1 + [¢(1 a t)}'x;}, 
2{(1 — t)XeiXn41 sa (¢(1 ante t)]'x04-1} (2 ss Jee, n/2), 


Jn,2i-1(2, t) 


(3) Jn 2i(2, t) 
Jn,n+i(Z, t) = H = 2(1 ‘ong ‘(1 —_ 1n41). 


It is easy to verify that g,(z, t) contracts g,(8") over S" into 2°. 
If n is odd, g, has degree two. We shall give a deformation of g, into a 
/ . * . : . 
second map g, of degree two. The latter map is defined by the equations 


Gn,i(a) = % (7 =I1oee-n- 1); 


g , (x) cc. 22 nUn+1 
(4) oe (x, + via)’ 
2 2 
U Inti —- Xn (2 2 . 
Innu(t) = ———,—", (tn + tau ¥ 0), 
(x, + Fn41)° 
Jn n(X) =s Jn nga() = () (2, = LTaui = 0). 


It is easily seen that g;, is defined and continuous over all of S". The homotopy 
g,(x, t) of g, over S” into In is given by 

(1 — tra — [ed ui )}* oi 

(l= d= @ + cy!’ 
(1 — t)tx% + [1 — t)}' roi 

{1 — dl — @?2 + 234))} 


0 Goce Ra 


Jn,2i—1(2, t) = tXoi-4 + {¢(1 dai t)]* Lai + 22 ni 


Gn2i(a, t) = tre — [11 — t)]Pxey + eng 








22nXn 1 
Saks, t) = - i) 
{1 — dl — (vi, + vid]? 
2 
Onnsi(t, t) = 2rn+1 1 — fl — (@2 + 2hy)}}i. 


f-f-@+2l} _ 
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Although g,(z, t) is not defined everywhere for ¢ = 1, it is easily verified that 
limy1 gn(2, t) = g(x) uniformly in z. 

We now use the canonical map to construct a generator of 7,(R,, R,.). 
We shall take as fixed reference points for this group the north pole of S”” and 
the identity matrix J ¢R,1. Since ([2], Theorem 2) ,(R,, Rn-1) is isomorphic 
to 7,(S”) under the map 7(R,,) = S”, a generator of the former group is repre- 
sented by any relative n-cell in R, modulo R,_; which projects into S” with 
degree +1. To define such a relative n-cell, we observe that C, maps V? 
into R, and S”” into the coset Rn_-1 opposite to R,-1 and projects into S” with 
degree 1. Hence the map D,(x) = C.(2)-| = ve (xe Vi) defines a 
relative cell in R, modulo R,_; , and it is easily verified that D,(x°) = I, while 
d,(x) = D,(x) = Gn(x) has degree (—1)"". Hence D,, represents the required 
generator. 

Since 7,1(R, , Rn—-1) = tn-1(S") = 0, it follows from the results of Section 3 
that mri(Rn) = tn1(Rn—1)/tn-1,0(Rn+a). Thus mr+(R,) is a factor group of 
atn-1(R,-1), the kernel of the homomorphism being the group mr1,.(R,-). But 
Tn-1,0( Rn) = wlrn(Rn, Rn—s)]; hence a generator of 7,~1,0(R»-1) is given by the 
map wD, , which is easily shown to be the canonical map C,,. Hence 

TureoreM 5. The kernel of the homomorphism tr1(Rna) — tr-a(Rn) ts the 
subgroup of the former group generated by the canonical map. 


7. On the possibility of sectioning the cosets of F,_; in R,, 


In this section the following question is considered: Is there an n-sphere in FR, 
which projects into S” with degree 1? It is shown that this question can be 
answered in the negative for certain values of n._ For other dimensions the ques- 
tion remains open. 

The first step toward the solution of this problem appears in 

THEOREM 6. The following conditions are equivalent: 

1) there is a map F(S") C R,, such that rF has degree one; 

2) R, can be represented as a product space Ry. X S"; 

3) the homomorphism mnr1(Rn-+1) > tn-1(Rn) is an isomorphism; 

4) the canonical map of S"* into R,-1 is homotopic to a point in Ry. 

The first condition implies the second. For let F(S") C R, be such that +F 
has degree one. Since zF is homotopic to the identity, it follows from the 
covering homotopy theorem ((2], Theorem 1) that F is homotopic to a map 
F’(S") C R, such that rF’(x) = x. Then by Theorem 2, R, = Ry X 8S”. 

That the second condition implies the third we have observed in the proof of 
the Corollary to Theorem 3; that the third implies the fourth follows from 
Theorem 5. 

The fourth implies the first; for during the homotopy of C,_; to a point a 
relative n-cell is swept out in R,_1 whose boundary is the (n — 1)-sphere defined 
by the canonical map. But the map D, defines a relative n-cell in R, with the 
same boundary as the first one. Joining these two cells by identifying corre- 
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sponding points on the boundaries, we obtain a sphere in R, whose projection 
has the same degree (—1)"** as that of d,. The required map is then easily 
constructed. 

Theorem 6 enables us to answer immediately the question posed above for the 
case when n is even. For suppose that n is even and suppose that such a map 
exists. Then by the fourth condition in Theorem 6, the canonical map C,_; 
is homotopic to a point in R,_,;. Hence gn: = rC,_; is inessential. But we 
have already shown that gn, has degree two. This contradiction completes 
the proof of 

TuEeorEM 7. If n is even, there is no map F(S") C R,, such that rF has 
degree one. 

We now turn to the much more difficult case where n is odd. A partial answer 
to the question is obtained in 

THEorEM 8. Ifn > 1 and n = 1 (mod 4), there is no map F(S") C R,, such 
that rF has degree one. 

The proof may be outlined as follows: 

1) Since for n odd, gn-1 is homotopic to a point, it follows that C,_; is homo- 
topic to a map Gp1(S"”') C Rn». Such a homotopy is exhibited, and it is 
proved that k,1 = wGn_1 is essential if n = 1 (mod 4), and inessential if n = 3 
(mod 4). 

2) A generator P,(Vi}) C R,_1 of the group 7,(R,_1 , Rn-2) is constructed for 
alln = 5, and the projection p,_, of the map wP,(S”") C R,-2 is shown to be 
inessential. 

When these steps have been established, the proof of the theorem may be 
completed as follows: Suppose that n > 1 and n = 1 (mod 4) and suppose that 
the theorem is not true. Then C,_;, and consequently G,_: , is homotopic to a 
point in R,1. Since G,_; is not homotopic to a point in RF,» , the deformation 
of G,_1 defines a relative n-cell in R,_; modulo R,_2, and hence an essential 
element of 7,(Rz-1, Rng). This group has been shown by Freudenthal [3] to be 
the cyclic group of period 2 if n = 4. Hence wP, and G,_1 are homotopic in 
R,2. But px_; and k,_; are not homotopic, a contradiction. 

Lemma. If n is odd, the canonical map C,_; is homotopic in R,-, to a map 
G,a(S"") C Ry», whose projection into S”~ is essential if n = 1 (mod 4) and 
inessential if n = 3 (mod 4). 

Let E” denote the closed n-cell bounded by the unit sphere S" in Euclidean 
n-space. H” denotes the upper half z, = 0 of Z”. Let points y e H” be repre- 
sented by codrdinates (x, r) where x ¢« V} is the central projection of the point 
yon Vj", and r is the distance of the point y from the origin. Let 


H(r) = 


ooo © 
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where c = 1 — 27°, 8s = 2r(1 — ry? (0=rsz1). Let 


_s ll —Iece OF 
Gy) = G(x, 7) = Cnale)-H(r) Cray") ~ || 


(6) 


(xe Vi;0 Sr < 1)s 


map H" into R,,. Evidently G(x) = Cn-algn-s(x)] for z € Vi’, while G map, 
the equatorial plane into R,-2 and S”” into a single point. Deform V}~ over 
H” into BE" * by letting each point move along the perpendicular joining it to the 
plane z, = 0. The image of G under this homotopy gives a homotopy of 
C,-1[gn(z)] to a map K(V{') C R,-2. Since under the homotopy S"* 
remains fixed, K maps S”~” into a single point. Evidently K(x) can be repre- 
sented in the form K(x) = @n—algn—1(z)], where Gn1(S” ’) C R,_2 is defined and 
continuous over all of S”’, and G,_; is homotopic in R,1 to Cp-1. 

By multiplying out the matrices in (6) and computing the homotopy, we find 
that the map k,1 = 7G,-, of S"” into S"” is represented by the equations 


2x1 Ine Loi Ln—1) 
(1 — 2) 





Ya = ? 
— 2( 29; Ln—2 — V2i-1 Tn) 
+= —— 
(1 — 2)! 
(2, r5-1) 
(t,~2 + Zn-1) (1 — 22)? 


(1 — 2.) 
i (1— 2, #0); 





yi = O0(¢ = 1, ---,n — 2), Yra=tr,(1—2, = 0). 


n—l 


It follows easily that ‘, 1 is defined and continuous over all of S”” and maps 
S”* on S””. In order to investigate this map, let us consider the map 
Mna(S"”) = 8” obtained by setting z, = yn-1 = 0 in (7). This map can be 
studied more easily in complex coérdinates. Let 2; = 2oj-1 + t%;, Wi = 
Yoia + tye; (J = 1,---, (nm — 1)/2 = k), where w, = yn-2 is real. Then S”” 
and S”"~* are given by the equations >> 2,2; = 1, >> w,®; = 1, respectively. 
In terms of these coérdinates the equations representing the map m,_; take 
the form 

(8) W; = 22;% (j = 1, -++,k—1), 


WwW, = 22,2 — 1. 


If the complex coérdinates occurring in (8) are formally replaced by real ones, 
the map gx_1 is obtained. In equations (3) and (5) we have constructed homo- 
topies of g, for n even and odd, respectively. The functions defining these 
homotopies can be extended so as to be defined for complex codrdinates, as 
follows: if k is odd, i.e., if nm = 3 (mod 4), let 


Uj = 2{(1 sa t)2oj-1 2 + [¢(1 _ t)}* Zo;}, 
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(9) We; = 2{(1 — tej% — [t1 — t)}* 251} ( = ]1,--:, t=), 


wy = 1—2(1 — (1 — % %). 


Evidently the homotopy (9) deforms m,_; over S"* to a point. Hence m1, 
and consequently also k,_; , is homotopic to a point. On the other hand, if k 
is even, i.e., if m = 1 (mod 4), let us consider the map m},_,(S" ”) C S”~* defined 
by the equations 


Wi = 2 (j =1,-:-,k —2), 


224-12 
(2e-12h—-1 + 2 x)” 





y..3. 
(10) 
22. Zk 


a ee — (41% + zn)" (Zp Zp + 2e% ¥ 0); 
Ce—-1 2-1 Kez 


UW, = 





Mii=w,=0 for w1 = 2 = 0. 


Setting w; = z; = 0 (Gj = 1, --- , k = 2) in (10) and writing the result in real 
coordinates, we obtain a map of S’ on S’ of Hopf invariant +1 (ef. Hopf [4], $5). 
It follows from the results of Freudenthal [3] that m/,_, is essential. 

We shall now define a deformation of mn: to m,,_; (for n = 1 (mod 4)) by 
extending the functions in (5) so as to be defined for complex coérdinates, as 
follows: let 
(1 ae t)2oj;-1 2% —_ ue —_ t)}* 24 22; 


{1 — ¢{1 — (e_aZe1 + ze 2)]}?’ 
(1 — t)zo;%, + [t(1 — t) |’ 24 Zoj—-1 


ag wire — Al's. cS See TT Ne 975 
Wo; tzo; — [t(1 t)]’ Za; + 2 Fe ay are tee TT 


: k —2 
(11) (j= 1, ---, #54), 


224-1 2% a 
{1 — ¢{l — (es2e1 + 22) ]}P’ 


Wee = tea + [1 — Om; + 2 








Wa = 


— 22% 2 at a ae a. b 

ig Aa {1 — {1 — (@er2e1 + 2% 2x)]}! (1 — ll — @naZea + 20%)]}" 

Although this map is not defined everywhere for ¢ = 1, it is readily verified that 

as t— 1, the functions in (11) converge to the corresponding ones in (10) uni- 

formly in z. Thus m,—; and m,_; are homotopic, so that mn1, and conse- 
quently also k,_;, is essential. This completes the proof of the Lemma. 

As indicated above, the next step in the proof is to construct a generator of 
the group ,(Rn1, R,-2). This group is isomorphic with 7,(S"') under the 
projection wr ({2], Theorem 2). If n = 4 we may take as generator of the latter 
group the map p,(S") = S”” defined by 


Pna(x) = 2; (i = 1, ---,n —4), 
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2(rn-s2n-1 + In—2 Tn) 
an ,? 
(x2 + xa + tne + x?_3)* 
p (x) = 2(2n—-2Ln-1 pene Inge) 
n,n—2 — ’ 
(12) (a2 + 23a + 22-2 + 25-5) 
a, + tn — Tne — Ens 
(22 + a2 t+ zie t+ 24-3)" 


Pnn(t) = Lng (c+ 2,1 ttn +725-3 <0), 





Dn,n—3(X) = 








Pn,n—1(X) nad 


Pn n—3(X) = Pnn—2(X) = Pn.n—1(2) = 0 (an = Ln = Ln-2 = Ln-3 = 0). 


Evidently p, maps V7? into V?~ and S”” into S"”. The latter map is essen- 
tial; in fact, it represents a generator of tm AS”). Let Pa(z) = Dralpn(z)] 
(xe Vi). Then P, represents the desired generator of m,(Rr1, Rn-2); for 
rP,,(x) = dn-s[pn(x)], and the latter map represents a generator of 7,,(S nt 2°) = 
r,(S"’). 

Let P* = wP,, and p.-; = P% its projection into S"”. Since p, maps 
S""* into 8S", and since wD,-1 = Cn-2, we have Ps(x) = C,-2[pn(x)], and hence 
pr-s(x) = gn-[pn(t)| (x eS”). Let a denote the element of Tn-2(S” ) deter- 
mined by the identity map, B the element of ,:(S” ’) defined by the map 
p,(S"') = 8S". Since {g,-2} = 0 or 2a according as n is even or odd, we have 
{p.-1} = 0 or 48° respectively. But Freudenthal [3] has proved that 26 = 0 
if n = 5; hence for all n = 5 we have {p,_1} = 0, so that p,_1 is inessential. 
This completes the proof of the theorem. 


8. Computation of the homotopy groups 


We are now in a position to establish the results exhibited in Section 2. The 
generators which we shall compute here will differ slightly from those already 
exhibited; however, they may be easily seen to be homotopic. 

We have already observed that 7,(R,41) is a homomorphic image of 7,(R,). 
In a similar manner we can prove (cf. [2], Theorem 5) that mn(Rasi) (k = 
1, 2, --- ) is isomorphic with 7,(R,41). Another useful result is the following: 

THEOREM 9. If n is even, 1n(Rn) is a factor group of m,(Rn-1); the kernel of the 
homomorphism is the group mn,o(Rn-1). 

Since {D,} is a generator of 7,(Rn, Rn) and since w{D,} = {Cri} # 0 for 
n even, it follows that m,,.(Rn, Raa) = 0. Hence (Rn) = tn(Rn—1)/tn,o( Rn). 

In order to compute 7(R,), we first observe that, since R; is homeomorphic 
to S', its fundamental group is the free cyclic group generated by any map of Ss 
on FR, of degree 1. Such a generator a is given by the map 


By(x) = | a #1 . 


Since R2 is homeomorphic with projective 3-space P*, it follows that m(R:) 





* This follows easily from Theorem II b’ of [4]. 
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is the cyclic group of order two. But 7(R2) is a factor group of m(R;); hence 
for a generator of 7;(R2) we may take the generator a for 7,(R;) subject to the 
condition 2a, = 0in R,. The same result holds for (R,). 

Since all the higher homotopy groups of S’ vanish, the same holds for R, . 
In particular, m2(R;) = 0. Then, by Theorem 9, 2(R,,) = 0 for all n. 

The higher homotopy groups of A: are isomorphic to those of its covering 
space S. In particular, 73(Re2) is the free cyclic group, and a generator a; is 
represented by the covering map H (S*) = R, given by the equation 


| a—a3—- ata 2(ar122 — 2324) 2(a12%3 + 2224) | 
H(x) = | Qaits+ rex) te-—a3taz—22 2(xex3 — 1%) . 
|| 2(aias — rex,) Q(aite t+ r2%3) zi +a3—23—2} 


We observe that tH (x) maps S* on S’ with Hopf invariant +1. 

Since R; is the product space of R. and the quaternion subgroup Q’, the 
homotopy groups of R; are the direct sums of the groups of the same dimension 
of R, and Q’ = S*. In particular, 73(R3) = m3(R2) + 73(S°) is a free group with 
two generators. For one of these generators we may take the generator a; of 
7;(R2); the second generator @; is determined by the quaternion matrix 








V4 v3 —Ze Zi | 
| 
—t f 2» | ‘ 
B,(z) = (x ¢S’). 
— . —-%y v4 23 | 
—2;1 ~—-I_e —Z | 


To compute 73(R4) = 23(R3)/73,0(R3), we observe that 
H(x) 0 | 
1| 

so that {C3} = 26; + a3 = Oin Ry. Hence z3(R,) is a free cyclic group with the 
one generator 6; , and the same is true of 23(R,) (n 2 4). 

We now consider the groups m. Freudenthal [3] and Pontrjagin [5] have 
proved that 24(S°) is the cyclic group of order two, a generator being determined 
by the map p,(S*) = S*. Hence a generator a, of (R2) is determined by the 
map Hp,. The group 7(R3) is the direct sum of two cyclic groups of order two; 
for generators we may take a, and 6, = {Bsp,}. 

We have observed in the proof of Theorem 8 that 7,.(R3) is generated by 
w{Ps} = {Ps}. But 


C(x) = Balgs(x)]- | 


| Hips 0| 
P§(x) = Bslpi(z))- sort | 


0 1i 


and {p;} = 0, so that {P3} = a, = Oin Ry. Hence 74(R,) is the cyclic group 
of order two generated by Bs. 
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We have proved in Theorem 8 that {Ci} # 0 in Ry. Hence m,(R,) = 
m(R,), so that (Rs) = m(R,) = 0 (n 2 5). 

We conclude by computing the five-dimensional homotopy groups of R,,. 
Pontrjagin [5] has proved that a5(S°) = 0; hence m5(R2) = m5(Rs) = 0. Hence 
a3(Rs) = ms,0(Rs, Rs) = O since m1,.(R3) # 0. This in turn implies that m5(R;) = 
m;..(h;, Rs). But 25(R;) contains the essential element as = {C5}, and since 
aC; has degree two, it follows from Theorem 8 that 25(f;) is the free cyclic group 
generated by as. Since as = 0 in Ry, we have finally that 75(Rs) = m5(R,) = 0 
(n = 6). 


9. Continuous vector fields over spheres 


The above results will now be applied to the study of continuous vector fields 
over 8S". Geometrically, a continuous vector field may be thought of as a set of 
functions V'(x) (¢ = 1, --- ,n + 1;2 €S") defining a unit vector tangent to S” 
at the point x, the functions V‘(x) being continuous over all of S”. A set of p 
such fields are said to be independent if the vectors of the fields at each point 
of S” are independent vectors. 

Let P;, denote the point of S" whose coérdinates are 6, (7, k = 1, +--+, + 1). 
R,-» denotes the subgroup of #,, consisting of all rotations leaving P; fixed 
(k=n—p+2,---,n+1). The coset space R,/R,_, may be thought of as 
the space of all sets of p mutually orthogonal points of S"; for two elements of 
R,, are in the same coset of R,_, if and only if their last p columns are identical. 
These columns define the orthogonal p-tuple associated with the given coset. 
Conversely, given a set of orthogonal points Q; , Qo, --- , Q» , the required coset 
is the set of all rotations carrying P,_p.2 into Q,, --- , and P,4; into Q,. 

Since R,_,» C R,z-1, each coset of R,_» lies in some coset of R,1. Thus a 
natural mapping R,/R,-p > R,/R,»~ = S" is defined; each coset of R,_» is 
mapped into the coset of R,-, containing it. We refer to this map as the 
projection; it is easily verified that it is a fibre map. If we regard an element of 
R,,/R,—-» as being determined by a set of p mutually orthogonal points, the pro- 
jection is the pt point of the set. 

Since the usual process of orthogonalizing a set of independent vectors can be 
carried out here, there is no loss of generality in assuming that the vectors of the 
fields we are dealing with are orthogonal at each point and of unit length. 

THeoreM 10. Every set of p orthogonal vector fields over S” defines a mapping 
of S" into R,/R»-p-1 whose projection into S" is the identity; conversely, any such 
map defines a set of p orthogonal vector fields. 

By translating the vectors at any point z to the center of S” and adjoining 
the point x, we obtain an orthogonal (p + 1)-tuple whose projection is z. This 
process is continuous and gives the required map. Conversely, given such a 
map, we define the p orthogonal vectors at x as follows: the given map associates 
with x an orthogonal (p + 1)-tuple, the (p + 1)s* point of which is z. Transla- 
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tion of radius vectors drawn to the first p points to the point z gives the set of 
vectors at x. 

CoroLLaRy. There exists a set of p independent vector fields over S" if and 
only if the canonical map of S " into Rn-1 is contractible in Ry-1 into Ry—-p-. 

It follows from Theorem 7 that there is no vector field over S" if n is even. 
However, if n is odd, it follows from the Lemma used in the proof of Theorem 8 
that there is at least one. Over S’ and S’ are three and seven orthogonal fields, 
respectively. These are defined by the mappings S° — R; — S* and S’ > 
R; — S' of degree one given by the matrices B and B obtained in Section 5. 

TuEeorEM 11. Jf n = 3 (mod 4) there at least three orthogonal vector fields over 
S"; if n = 7 (mod 8) there are at least seven. 

We shall prove the theorem for n = 4m + 3; the proof for n = 8m + 7 is 
entirely analogous. Let V‘(x) (¢ = 1, 2, 3; 2 eS") define a set of orthogonal 
vector fields over S"; the components of the vector V'(x) will be denoted by 
Vi(x) (j = 1, 2,3, 4). We extend V'(z) to be defined over all of E* asfollows: 
if y eB’, let x be the central projection of y on S’, r the distance of y from the 
origin. Then V'(y) = rV'(e) defines a set of three orthogonal vectors at each 
point of EZ’, and these vectors vanish only at the origin. 

If z is a point of E*”™* with codrdinates (2, --- , Zims4), let 2’ (j = 1,---, 
m + 1) denote the point of E* with codrdinates (z4;-3 , 24;-2 , 24j-1, 24;). Then 
we define three vector fields W‘(z) over E*”** as follows: 

Wiise(2) = Vi(a?™) (¢ = 1,2,3;7 =0,---,m;k = 1, 2, 3, 4). 
Evidently the vectors W'(z) are mutually orthogonal at each point z, and if 
S‘"** they are of unit length. Thus the theorem is proved. 

The problem of determining the maximum number of independent fields 
which can exist over S” has not yet been solved for general odd n. Forn = 1 
(mod 4) the solution appears in 

THEorEM 12. If n = 1 (mod 4) any two vector fields over S" are somewhere 

dependent. 


~ 


The theorem is evidently true for n = 1. Suppose n > 1 and suppose that 
the theorem were not true. Then by the Corollary to Theorem 10, the canonical 
map C,,_, would be contractible in R,: into R,-3. Hence the map G,4(S" ') C 
R,2 would be homotopic in R,1 to a map F(S"") C R,». Hence 
(Gia} — {F} emnto(Rns). But a[{Gaa} — {F}] = {Ga} — {F} = 
™\G,.1} #0. In the proof of Theorem 8 we have shown that this is impossible. 

Corottary. If n > 1 and n = 1 (mod 4) the tangent sphere-bundle of S" is 
not simple ([7], p. 788). 
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We have proved in Theorem 8 that {C,} # 0 in Ry. Hence m,(R,) = 
a(Ry), so that (Rs) = m(R,) = 0 (nm 2 5). 

We conclude by computing the five-dimensional homotopy groups of R,,. 
Pontrjagin [5] has proved that m5(S°) = 0; hence m5(R2) = m5(R3) = 0. Hence 
a5(Rs) = ms,0(Rs, R3) = O since ms,.(R3) # 0. This in turn implies that 25(R;) = 
m; (fs, Rs). But 2;(R;) contains the essential element a5 = {Cs}, and since 
aC; has degree two, it follows from Theorem 8 that 7;(f;) is the free cyclic group 
generated by as. Since as = 0 in R, , we have finally that 75(Rs) = m5(R,) = 0 
(n = 6). 


9. Continuous vector fields over spheres 


The above results will now be applied to the study of continuous vector fields 
over S”. Geometrically, a continuous vector field may be thought of as a set of 
functions V‘(x) (¢ = 1, ---,2 +1; 2 €S") defining a unit vector tangent to S” 
at the point x, the functions V'(x) being continuous over all of S". A set of p 
such fields are said to be independent if the vectors of the fields at each point 
of S” are independent vectors. 

Let P;, denote the point of S" whose coérdinates are 6; (7, k = 1, ++: ,n+ 1). 
R,,» denotes the subgroup of #, consisting of all rotations leaving P; fixed 
(k=n—p+2,---,n+1). The coset space R,/R,_, may be thought of as 
the space of all sets of p mutually orthogonal points of S”; for two elements of 
R,, are in the same coset of R,_, if and only if their last » columns are identical. 
These columns define the orthogonal p-tuple associated with the given coset. 
Conversely, given a set of orthogonal points Q; , Qo, --- , Q» , the required coset 
is the set of all rotations carrying P,_p2 into Q,, --- , and P,4; into Q. 

Since R,_p C R,1, each coset of R,_» lies in some coset of R,1. Thus a 
natural mapping R,/R,-p — R./R,.~ = S" is defined; each coset of R,_» is 
mapped into the coset of R,_, containing it. We refer to this map as the 
projection; it is easily verified that it is a fibre map. If we regard an element of 
R,/R,-» as being determined by a set of p mutually orthogonal points, the pro- 
jection is the p™ point of the set. 

Since the usual process of orthogonalizing a set of independent vectors can be 

arried out here, there is no loss of generality in assuming that the vectors of the 
fields we are dealing with are orthogonal at each point and of unit length. 

THreorEM 10. Every set of p orthogonal vector fields over S" defines a mapping 
of S" into R,/Rn—p- whose projection into S" is the identity; conversely, any such 
map defines a set of p orthogonal vector fields. 

By translating the vectors at any point z to the center of S” and adjoining 
the point x, we obtain an orthogonal (p + 1)-tuple whose projection is z. This 
process is continuous and gives the required map. Conversely, given such a 
map, we define the p orthogonal vectors at x as follows: the given map associates 
with x an orthogonal (p + 1)-tuple, the (p + 1)s* point of which is z. Transla- 
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tion of radius vectors drawn to the first p points to the point z gives the set of 
vectors at 2. 

CoroLtary. There exists a set of p independent vector fields over S" if and 
only if the canonical map of S"~ into Rn-1 is contractible in Ry into Ry—p—. 

It follows from Theorem 7 that there is no vector field over S" if n is even. 
However, if n is odd, it follows from the Lemma used in the proof of Theorem 8 
that there is at least one. Over S° and S’ are three and seven orthogonal fields, 
respectively. These are defined by the mappings S° — R; — S* and S’ => 
R; — S' of degree one given by the matrices B and B obtained in Section 5. 

TueorEM 11. Jf n = 3 (mod 4) there at least three orthogonal vector fields over 
S"; if n = 7 (mod 8) there are at least seven. 

We shall prove the theorem for n = 4m + 3; the proof for n = 8m + 7 is 
entirely analogous. Let V(x) (¢ = 1, 2, 3; 2 eS") define a set of orthogonal 
vector fields over S"; the components of the vector V‘(x) will be denoted by 
Vi(e) (j = 1, 2,3, 4). We extend V'(x) to be defined over all of E* asfollows: 
if y e E’, let x be the central projection of y on S’, r the distance of y from the 
origin. Then V'(y) = rV‘(a) defines a set of three orthogonal vectors at each 
point of EZ’, and these vectors vanish only at the origin. 

If z is a point of E*”** with codrdinates (2, , +++ , Zims4), let 2? (j = 1,---, 
m + 1) denote the point of E* with codrdinates (zs ;-3 , 24j-2 , 24j-1, 24). Then 
we define three vector fields W‘(z) over E*”** as follows: 


Wiise(2) = Vila?) (¢ = 1,2,3;7 = 0, --- ,m;k = 1, 2, 3, 4). 


Evidently the vectors W'(z) are mutually orthogonal at each point z, and if 
ze S'"** they are of unit length. Thus the theorem is proved. 

The problem of determining the maximum number of independent fields 
which can exist over S" has not yet been solved for general odd n. Forn = 1 
(mod 4) the solution appears in 

THEOREM 12. If n = 1 (mod 4) any two vector fields over S" are somewhere 
dependent. 

The theorem is evidently true for n = 1. Suppose n > 1 and suppose that 
the theorem were not true. Then by the Corollary to Theorem 10, the canonical 
map C,,_; would be contractible in R,_; into R,-3. Hence the map G,_,(S" ') C 
R,2 would be homotopic in R,. to a map F(S""') C R,z3. Hence 
Gra} — {F} €mn1,o(R,2). But #[{[G,1} — {F}] = x{Giu} — r{F} = 
™\G,4} #0. In the proof of Theorem 8 we have shown that this is impossible. 

Corotuary. If n > 1 and n = 1 (mod 4) the tangent sphere-bundle of S" is 
not simple ([7], p. 788). 
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ON MATRIX ALGEBRAS OVER AN ALGEBRAICALLY CLOSED FIELD*; 


By Winston M. Scorr 
(Received June 2, 1941) 


Introduction 


Recently a number of writers have discussed interesting developments in the 
theory of not completely reducible matrix sets and non-semisimple algebras.’ 
Here we have made use of some of these concepts and methods to study matrix 
algebras over an algebraically closed field. We shall discuss in some detail in 
this introduction the definitions that are used and the theorems that are 
developed. 

Let 2% denote a matrix algebra, with unit element, over an algebraically closed 
field K. 2 will be taken in reduced form, by which we shall mean that % is 
exhibited with only zeros above the main diagonal, with irreducible constituents 
of %{ in the main diagonal, and that I is expressible as a direct sum of its radical 
and a semisimple subalgebra which latter has non-zero components only in the 
irreducible constituents of 2: 








( Gu ) 
Cn € 
(1) =| 0, 
aon ey 
the €;; denoting the irreducible constituents; further 
A= N+ A*, 





* The following constitutes a portion of a dissertation written under the direction of 
Dr. C. J. Nesbitt and accepted by the University of Michigan in January, 1941. The aid 
and encouragement given me by Dr. Nesbitt has been invaluable in the preparation of 
this work. 

t Presented to the Society, May 2, 1941. 

1 See, for instance, the forthcoming paper by R. Brauer, On Sets of Matrices with Coeffi- 
cients in a Division Ring; T. Nakayama, On Frobeniusean Algebras, I, these Annals, Vol. 
40 (1939), pp. 611-633; T. Nakayama, Some Studies on Regular Representations, Induced 
Representations, and Modular Representations, these Annals, Vol. 39 (1938), pp. 361-369; 
T. Nakayama and C. Nesbitt, Note on Symmetric Algebras, these Annals, Vol. 39 (1938), 
pp. 659-668; R. Brauer and C. Nesbitt, On the Regular Representations of Algebras, Proc. 
Nat. Acad. of Sci., Vol. 23 (1937), pp. 236-240; C. Nesbitt, On the Regular Representations of 
Algebras, these Annals, Vol. 39 (1938), pp. 634-658. We shall refer to the last two as B.N. 
and N.R., respectively. 

* Cf. N.R., p. 639. 
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where t is the radical of 9 and 
0 


(2) 














- Gu | 
Let F,, F2, +--+, F, denote the totality oi distinct irreducible representations 
of %. Then each G;,; is equivalent to one of the F,. It is well known that up 
to equivalence the irreducible constituents C;; of 2% are uniquely determined. 

As a part of %&, ©;; forms an additive group or module of matrices upon 
which %, itself considered as a module, is homomorphically mapped. We wish 
to consider €;; as a matrix module with % as both a left and right operator 
system. For a matrix A of %, let us use the notation C;;(A), (7 S 7,7 = 1, 2, 
-++ , ¢) to denote the parts of A, 


Cu (A ) 
Cu(A) Cuo(A), 


Ca(A) Cx(A)-+++*Cu(A) 
Let B be any element of %, and let B* be the component of B in the semisimple 
subalgebra %*. We define B as a left and as a right operator of C;;(A) by the 
relations below, using o to distinguish this operation from ordinary matrix 
multiplication 








BoC; (A) = Cii(B)-Ci(A) = Ci(B*A), 

Ci(A)oB = Ci(A)-C;(B) = Ci;(AB*). 
Let us call a module which has % as both right and left operator system an 
(2, 20) module, and a homomorphism which is an operator mapping under the 
system of operators %{, acting on both sides, an (2{, 21) homomorphism. Under 
definition (4), @,; is a simple (2%, 2%) module. Moreover, each G;; is either a 
0-part or there exist elements in % such that the corresponding C;; have any 
arbitrary components from K. 

Accordingly, we shall call the ©;; the simple parts of &%. The simple parts 
€;,; , or irreducible constituents of Y{, have been rather thoroughly studied. Our 
first aim, then, is to develop a theory of simple parts which includes the Gi; , 
with 7 ¥ j, that is, the simple parts of 2% which appear in the radical 2 of Y. 

A first remark is that, when 9 is considered as an (M, %) module, it can be 
proved in a direct manner that each €;; which is not a 0-part is (Mf, 2) isomorphic 
to a composition factor group of %. This result may also be obtained by apply- 
ing a useful theorem given recently by R. Brauer.’ 


(4) 





3 R. Brauer, op. cit. 
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When G;;, ©;; are respectively the irreducible constituents F, , Fy of YI, we 
shall say that ©;; is of type (x, A). If « ¥ A, we shall say that C,; is of mixed 
type, and if « = \ that @;; is of unmixed type. An (2, 2) isomorphism may be 
defined for any two G;; of type (x, \) and, as a consequence, the corresponding 
factor groups of % are also isomorphic. It is easy to see that two simple parts 
not of the same type are not (2, 2f) isomorphic. A representation Y of 9{ may 
be considered as an (9, 2%) module. Again applying Brauer’s Theorem it follows 
that the simple parts of type (x, A) of a representation 9%, which is in reduced 
form, are (2{, 21) isomorphic to the simple parts of 9% of type (x, A). 

In N.R. extensive use was made of a basis system of % first employed by 
Cartan‘, and which was there called the Cartan basis system. The coefficients 
in the expressions for the elements A of % as linear combinations of the Cartan 
basis elements yield a set of matrix modules ", (u = 1, 2, --- , m) upon which 
%, as a module, is homomorphically mapped. The §* may also be considered 
as (%, %) modules. We shall call these * elementary (related) modules of %. 
The number m of elementary modules is equal to the composition length of % 
considered as an (2, 2) module, and each §* is (2, %) isomorphic to a composi- 
tion factor group of %. Conversely, to each composition factor group of a com- 
position series of 2{ there corresponds an isomorphic elementary module. It 
follows that up to (2, 20) isomorphism the set of elementary modules is uniquely 
determined. 

We say that an elementary module $* is of type (x, A) if * is defined by 
Cartan basis elements of type (x, A). Simple parts and elementary modules 
may also be classified by the powers of the radical to which they belong. A 
simple part €,;; (an elementary module §*) belongs to N' if this is the highest 
power of the radical such that all its elements are not mapped on the 0-matrix 
in ©;; (*). The principal relation between simple parts and elementary 
modules is that every simple part ©;; of type (x, 4) which belongs to 9" is ex- 
pressible as a linear combination of elementary modules §* of type (x, A) which 
belong to N’, j Sh. 

The form of a center element of 2{ can be computed. For a center element 
Z,C;;(Z) = Oif ©;; is a simple part of mixed type, and C;;(Z) is of form (€-dmn), 
c and element of K, if €;; is of unmixed type. Let ca denote, as in B.N., the 
Cartan Invariants. Then the rank p of the center is at most equal to the number 
s= p EP Cx Of elementary modules of unmixed type. 

As an application of these concepts we obtain a decomposition of the matrix 
algebra 2. By use of the concept of type, the simple parts of {& may be classi- 
fied into ‘blocks’. If €;;, €;;, 7 < 7, do not belong to the same block then 
¢;; must be a 0-part. An immediate consequence is that 2{ may be decomposed 
into parts which contain all simple parts belonging to a block. Each such part 
defines an invariant subalgebra which may not be decomposed into a direct 
sum of invariant subalgebras. 


*E. Cartan, Les groupes bilinearies et les systemes de nombres complexes, Annales de 
Toulouse, 12B (1898), p. 1. 
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We consider a matrix algebra %, with unit element FZ, over an algebraically 
closed field K. We may assume that 9% has no 0-constituent.’ We take % in 
the reduced form (1) and define operators for the parts ©;; of 2 by (4). The 
field K may be considered as included in the operator system by identifying 
the element k of K with the element k-# of 2. 

By means of (4) the parts ©;; of 2 (cf. (1)) may be regarded as (2, 2) modules. 
If ©;; contains only the 0-matrix, we call €;; a 0-part, and obviously, in this 
ease, ©;; is a simple module. Suppose, instead, that there exists an element 
A of % such that C;;(A) # 0. It is well known that elements L of % can be 
chosen so that the corresponding C;;(L), C;;(L) have any components arbitrarily 
chosen from K. It follows from (4) that by suitably choosing right and left 
operators L, M, --- to be applied to C;;(A) one obtains a system of matrices 


C;;(L*A M*) = Cii(L)C;;(A)C;;(M) 


in G;; , from which may be generated matrices of ©;; with arbitrary coefficients. 
Thus, the admissible subgroup which contains C;;(A) is the whole module C;;. 
Let us call a module of matrices, each of m rows and n columns and with co- 
efficients in K, a complete module if it contains all such matrices. We then have 

TuHeorEM 1: Each ©;; is either a 0-part or a complete module. In either case 
C;; is a simple (A, 2X module. 

We shall let 9t’ denote the set which contains all elements of the form 
>> NuNu. -*: Nu,, where the N,, are elements contained in the radical SN. 
For a sufficiently large value of t, N' = 0. These 2” form invariant subalgebras 
of %. If we denote A by N°, we have 


A= MON OV ORD.--- DR DN =O0. 


We say that an element A belongs to 2” if h is the largest value such that 
N" contains A. In particular, the elements of %* belong to N°. The product 
of an element belonging to It" with an element belonging to J’ belongs to n" 
with k = h + 37. 

We can now prove 

THEOREM 2: A non-zero simple part ©;; of A is (A, W) isomorphic to a com- 
position factor group of % itself considered as an (2%, 2X) module. 

Proor: Take the series 


AIR DRVPORFD--- DR TDN’ =0 
and refine it to obtain a composition series 
i>---3,.F>-- 9k. 38 





’ For, from conditions stated for %, we may show that if % has 0-constituents, then it 


. Y%: O 
may be decomposed in the form & = * ) where %, does not have 0-constituents, and 2 
0 


is isomorphic to Y, . 
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of %. Let 2, be the first group in this series such that for each of its elements 
A, C;(A) = 0. Then denoting elements of %,-, by Agi, we have that 


Aq — Ci;(Ag-a) 
is an (2{, 2%) homomorphism, since for any element of Y, 
B-Agi = B*-AgitN-Aqgi 
— Ci;(B*Aga) + Cis(N-Agu). 
But N-A 1 C W, so that Ci;(NA,1) = O and, therefore, 
B-Agi — Ci;(B*Agu) = BoC;;(Ag-4). 


The same argument holds for right side multiplication. The kernel of this 
mapping (that is, the elements mapping into the identity element) contains A, 
and, therefore, the kernel is A%,. It follows that %,1/%, is (YU, 2%) isomorphic 
to the simple part G;;. 

We have said that if ©@;;, €;; are respectively the irreducible constituents 
F,, Fy of &, then the simple part G;; is of type (x, 4). We now show that 

THEOREM 3: T'he non-zero simple parts ©;; of a given type (x, X) are mutually 
isomorphic in the (2, W) sense. Simple parts of different types are not isomorphic. 

Proor: It should be noted here that the word isomorphic is to have a meaning 
differing from that of Theorem 2. In Theorem 2, the isomorphism is obtained 
from A — C;,;(A), that is, €;; is considered as a set of matrices related to Y. 
Here, ©,; is just to represent the system of matrices. 

Let Gi; , mn be two simple parts of type (x, A) which are not 0-parts. An 
(2, X) mapping of €;; upon C,,, is obtained by the relation Ci; — Cm, if Ci; = 
Cmn Where Ci;, Cmn denote matrices of €;;, Gmn, respectively. For if B is 
any element of 2, then 


BoC; = Cii(B)-Ci; = F.(B) -Ci; 
= C..(B)-Ca, = BoCa.. 


On the other hand, if ©;;, Gmn are of types (x, A), (u, v), respectively, with 
« ¥ w, then any relation C;; > Cmn is not an (Y, 2%) operator mapping, for we 
may choose B in % such that C;,(B) = F,.(B) = 0 while Cn»(B) = F,(B) = E;, 
where £;, is a unit matrix of proper degree. 


2 


The basis of 2{ which seems best adapted to the study of simple parts is a basis 
system first employed by Cartan.® This basis was used by C. Nesbitt in his 
study of regular representations of linear associative algebras.’ 

We denote, as before, the irreducible representations of % by Fi, F2, Fs, 


* E. Cartan, op. cit. 
"A detailed description of the Cartan basis system is given in N.R. section 2. 
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. _ F,, and their degrees by fi, fo, --*,Jf%. Let Ex(m, n) be the matrix of 
9 which has 1 for the (m, n) component of each ©;; which is equal to F, , and 
has zero elsewhere. The relations 


, if either » ¥ v, or p ¥ q, 
E,(m, n)-E,(p, q) = 

\E.(mqg ifh=»,n = p, 

follow from the definition of the E,(m, 7). 

Let E, = py E,(ii). Then the E,, (x = 1, 2,---, k), form a system of 
mutually idempotent elements. In fact, Z, is the unit element of a certain 
simple algebra which is a summand in a decomposition of 2* into a direct sum 
of simple algebras, and )“!_, E, = E, where E is the unit element of %. 

A matrix A of Yf is said to be of type (x, A) if #,-A-E, = A. In particular, 
E,(m, n) is of type (x, x). An element of type (x, \), x # A, we shall say is of 
mixed type, and if « = A, of unmixed type. The product of an element of type 
(x, \) and an element of type (u, v) is an element of type (x, v). The product 
of an element of type (x, \) and of an element of type (u, v) vanishes for \ # u. 
A matrix A of type (x, \) has non-zero components only in simple parts C;; of 
type (x, A). 

A basis set Bi, , Bi, --- , Bi, is first obtained for those matrices of & of type 
(x, \) which have non-zero components only in the upper left corners of simple 
parts of type (x, A). The rank ¢ of this set is the Cartan Invariant, ca.” A 
basis for the whole algebra is then given by the set 


E,(a1) Bi E\(1b), 
°, Ca; a = 1, 2, nee oe 
eo eAmi,2 -++,& 


This basis ean be so chosen that any element A of % which belongs to N’ is 
expressible in terms of basis elements which belong to 2°, for p = 7.” 

For convenience we change slightly the above notation. We take together 
in one set all the elements B% for all x, 4, and w and redefine the superscript u 
to enumerate these elements, independently of type, in such a way as to take 
first all those elements which belong to ®°, namely #,(11), --- , £,(11), then 
next those which belong to N’, and so on. yu will now have the range 1, 2, --- ,m 
where m = , Ca. Where the type of the element need not be explicitly 
stated we shall drop the subscripts x, \ from the symbols By . 


3 


Expressing the element A of 2 as a linear combination of the elements of the 
Cartan basis system, we have 


(5) A = >) hi (A)E,(a1)B% E\(1b). 


a,b 


8 See B.N. or N.R. 
9 See N.R., p. 641. 
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Here each Bi is a basis element having components different from zero only 
in the upper left hand corners of simple parts ©;; which are of type (x, \). 

We denote the matrix (ho(A))a (ef. (5)) by H*(A). The module consisting 
of the matrices H(A) will be denoted by *. We shall call §* an elementary 
(related) module of YU. "is evidently a complete module, since the coefficients 
in (5) may be taken arbitrarily from K. 

An elementary module will be said to be of type (x, d) if it results from, or is 
defined by, Cartan basis elements of type (x, 4). We shall write 6%, to denote 
that 6° is of type (x, A). If x # X we shall call H% an elementary module of 
mixed type, and if x = A we shall call 6% an elementary module of unmixed 
type. 

Let us say that a module I of matrices is related to N° if N° is homomorphi- 
cally mapped on Yt. In general, we shall deal with modules 9 which are re- 
lated to N° = A, but it is convenient sometimes to consider IN as the map of 
only the subalgebra J’ rather than Y itself (see p. 157). A related module M 
will be said to belong to MN’ if o is the largest value such that for at least one 
element N, belonging to 9°, the corresponding matrix M/(N,) of MN is not zero. 
In particular, the elementary module * is related to 2, and belongs to the same 
power of Jt as does the corresponding basis element B’. 

LemMa 1: Let IN be a module for which the concept of type is defined. If 

i). Dt cs of type (x, A), and its elements are f, XK fy matrices, 

ii). M is related to N°, and belongs to N’, and 

iii). Mis a simple (A, WX) module such that for any element B of %, and element 
N, of N° 


BoM(N,) = F.(B)-M(N,) = M(B*N,) 
M(N,)eB = M(N,)-F\(B) = M(N,B*), 


(6) 


then it follows that as a module related to N°’, M(N,) = b mH(N,), where m, 
are fixed scalars, N, is any element of N°, and where the elementary module D% 
belongs to N’, p S + S a, and is considered as related to N’. 

Proor: We shall use the notation (U,.), to denote a matrix with 1 as its 
(r, s) component, and with zero elsewhere. Then operating with £,(1, 1), 
E\(1, 1) on M(B4) = (m‘%,,), we obtain 


EI 1)oM (Bo) F,(11) = (Uu)rs° (ma) . (l ue = (m1) -(l 1) pa 


II 


M(E,(11)BH2,(11)) = M(B). 
Dropping the subscripts 11 we have 

M(B) = (m'*Un) a - 
Here m” + 0 only if BY, belongs to 2", 7 < o. Also 


M(E,(a1)BoEx(1b)) = (m"U ar) po - 
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.--, F,, and their degrees by fi, fe, -**, fx. Let E.(m, n) be the matrix of 
% which has 1 for the (m, n) component of each ©;; which is equal to F, , and 
has zero elsewhere. The relations 
‘4 if either » + v, or p ¥ q, 
E,(m, n)-E,(p, q) = : 
\E,(m,q) ify =n = p, 
follow from the definition of the #,(m, 7). 

Let EE, = di E,(ii). Then the A,, (« = 1, 2,---, k), form a system of 
mutually idempotent elements. In fact, EZ, is the unit element of a certain 
simple algebra which is a summand in a decomposition of 9{* into a direct sum 
of simple algebras, and el E, = E, where E is the unit element of Y. 

A matrix A of Y is said to be of type (x, A) if #,-A-E, = A. In particular, 
E,(m, n) is of type (x, x). An element of type (x, 4), x # A, we shall say is of 
mixed type, and if « = \, of unmixed type. The product of an element of type 
(x, \) and an element of type (xu, v) is an element of type (x, v). The product 
of an element of type (x, A) and of an element of type (u, v) vanishes for \ # u. 
A matrix A of type (x, \) has non-zero components only in simple parts C;; of 
type (x, A). 

A basis set Bl, , B2, , --- , Bi, is first obtained for those matrices of % of type 
(x, \) which have non-zero components only in the upper left corners of simple 
parts of type (x, A). The rank ¢ of this set is the Cartan Invariant, ea. A 
basis for the whole algebra is then given by the set 


E.{al1)BQE\(1b), 
“, Ca; a=1,2,---,f., 


ot ew aes eo. ee | 


This basis can be so chosen that any element A of 9% which belongs to N’ is 


expressible in terms of basis elements which belong to 2°, for p = 7.” 


For convenience we change slightly the above notation. We take together 
in one set all the elements BX for all «x, A, and w and redefine the superscript 
to enumerate these elements, independently of type, in such a way as to take 
first all those elements which belong to X”, namely E,(11), --- , H,(11), then 
next those which belong to 2’, and so on. u will now have the range 1, 2, --- ,m 
where m = ok y-1¢a. Where the type of the element need not be explicitly 
stated we shall drop the subscripts «, \ from the symbols B’ . 


3 


Expressing the element A of % as a linear combination of the elements of the 
Cartan basis system, we have 


(5) A = )) hi(A)E,(a1)B% E\(10). 


a,byy 


8 See B.N. or N.R. 
® See N.R., p. 641. 
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Here each BY is a basis element having components different from zero only 
in the upper left hand corners of simple parts ;; which are of type (x, A). 

We denote the matrix (hi(A))a (ef. (5)) by H*(A). The module consisting 
of the matrices H"(A) will be denoted by §*. We shall call * an elementary 
(related) module of %. "is evidently a complete module, since the coefficients 
in (5) may be taken arbitrarily from K. 

An elementary module will be said to be of type (x, \) if it results from, or is 
defined by, Cartan basis elements of type (x, A). We shall write $f, to denote 
that $* is of type (x, A). If x * » we shall call Hh an elementary module 7 
mixed type, and if «x = X we shall call S% an elementary module of unmixed 
type. 

Let us say that a module I of matrices is related to N° if MN’ is homomorphi- 
cally mapped on Yt. In general, we shall deal with modules 9 which are re- 
lated to N° = Y, but it is convenient sometimes to consider J as the map of 
only the subalgebra 2° rather than Y itself (see p. 157). A related module M 
will be said to belong to N’ if o is the largest value such that for at least one 
element N, belonging to 9’, the corresponding matrix M(N,) of M is not zero. 
In particular, the elementary module $* is related to A, and belongs to the same 
power of Jt as does the corresponding basis element B’. 

Lemma 1: Let Mt be a module for which the concept of type is defined. If 

i). Pt zs of type (x, A), and its elements are f, X fx matrices, 

ii). Mis related to N°’, and belongs to N°’, and 

iii). Mis a simple (AX, 2) module such that for any element B of A, and element 
N, of N° 


BoM(N,) = F,.(B)-M(N,) 
M(N,)oB = M(N,)-F\(B) 


M(B*N,) 
M(N,B*), 


I 
I 


(6) 


then it follows that as a module related to N°’, M(N,) = >., m,H%(N,), where m, 
are fixed scalars, N, is any element of N°, and where the elementary module Dp 
belongs to N’, p S + S o, and is considered as related to N’. 

Proor: We shall use the notation (U,s)», to denote a matrix with 1 as its 
(r, s) component, and with zero elsewhere. Then operating with £,(1, 1), 
F\(1, 1) on M(B4) = (m4), we obtain 


E,.(11)oM(Bi)oB(11) = (Ui)re- (msg) (Ui ue = (mtr) (U1) pa 
= M(E,(11)B)8,(11)) = M(B). 
Dropping the subscripts 11 we have 
M (BR) = (mM'Uy)oe - 
Here m” # 0 only if BY, belongs to N’, 7 So. Also 


M(E,(a1)Boy(1b)) = (mar) pa « 
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We have finally that 
M(N,) = M(X hin(N ,)E.(a1) Be E(1b)) 
wa, 


> m* H%,(N°) 


where 9% belongs to 2’, p S 7 S a, since N, is an element of J’, and m belongs 
to NW’. 

Relating the simple parts of 2 to the elementary modules of YX, we have 

THEoreM 4: A simple part ©;; of YX of type (x, A) which belongs to N' is ex- 
pressible as a linear combination of the elementary modules of type (x, X) which 
belong to W, r Sr. 

Proor: We consider G;; as a simple module related to & = N°, and belonging 
to N’, and apply the lemma. It follows that G;; is of the form >>, d?;H%,, 
that is, for each element A of 2{ we have that 


Ci;(A) = } di; mA), 


where each H%,(A) belongs to some N’, 7 S r. 


We now prove 

THEOREM 5: The number m of elementary modules is equal to the composition 
length of X considered as an (2%, 2) module. Each elementary module is (2, X) 
isomorphic to a composition factor group of X, and conversely, to each factor group 
of % there corresponds an isomorphic elementary module. 

Proor: We will construct a composition series for %{ in terms of the Cartan 
basis elements. As indicated above, we take the whole set of elements Bh 
(x, = 1, 2,3, --- ,&) and use the superscript pw (u = 1, 2,3, --- , m) to enu- 
merate these elements, taking first those elements which are not in Nt’, then those 
which are in Jt" but not in N’, and so on. Let %s_1 denote the subgroup of 2% 
consisting of all linear combinations with coefficients in K of the elements 


(x, A = 1,2,---,ork), 
(7) E.(a1)Boky(1b), (a= 1,2,---,fe; b= 1,2,---, fh), 
(7 = S,S+1,---,m). 
In particular, % = %. We form the product 
A-E,(a1)By E,\(1b) = (A* + N)-E,(a1)Bz Ey (1b). 
Here 


A*-E,(a1)By E,(1b) = > fen(A)E,(m n)-E,(a1) Bi Ey(1b) 


pim,n 


dD Sfna(A)E,(m1) Bz, Ey(1b) 


™m 


is again in As. So also is N-E£,(a1)Bi,E,(1b), since this belongs to a higher 








r 
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power of the radical than does Bi, and is, therefore, expressible in terms of the 
elements (7). Then the whole product is in %s_;. The same is true when A is 
a right factor, so we obtain that %s_; is an admissible subgroup of Y%. More- 
over, the factor group %s_1/%s consisting of the residue classes 


o> No E.(a1) Be, E\(1b)), modulo Ys, 


is easily seen by similar calculations to be simple. It follows that 
% 2% DO AW D--- D Ani D0 


is a composition series of 9, and the first part of the theorem is proved. 
Again, we may easily calculate that 


o> h8,(A)E,(a1)BS,E,(1b)) + H’,(A) 


is an (2, 20) isomorphic mapping of %s-1/%s upon the elementary module 6%, 
(ef. (7)). From this follow the other statements in the theorem. 

It may be noted here that from Theorem 4 and Theorem 5 another proof of 
Theorem 2 may be obtained. 

We can now prove the converse of Theorem 2 

THEOREM 6: T'0 each composition factor group of X there corresponds at least 
one non-zero simple part Ci; . 

Proor: By Theorem 5 we have that to each composition factor group of 
there corresponds an isomorphic elementary module $°, say of type (u, 7). 
Then there exist non-zero simple parts of type (u, v), and by the same argument 
as that used in Theorem 3 it may be shown that each non-zero simple part of 
type (u, v) is (2, Mf) isomorphic to °. 


4 


A system of matrices is called a representation of % if 2% is homomorphically 
mapped on %. We may define % as a left and right operator system for a repre- 
sentation Y& by the relations 


A-A(A,) = A(A-A) = A(A)-A(A)), 


(8 
4(A,)-A = A(Ay-A) = A(A,)-A(A). 


Further, if the representation 9% is taken in reduced form, then a simple part 
Gi; of Y may be considered as an (2%, %) module if we define the elements of 
as operators in ©;; by relations of the form (4). We then obtain 

TuroreM 7: The simple parts ©;; , of type (x, d), of a representation % of A are 


(1, 2) isomorphic’ to simple parts Emn , of type (x, d), of YU. 





* As in Theorem 3, the word isomorphism here has a somewhat different meaning from 
that of Theorem 2. 
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Proor: By Theorem 2 we have that each simple part ©;; of YU is isomorphic 
to a composition factor group of a composition series for Yt. Let 


(9) % D%, D% D--- DH =0, 

(10) ADA, DA D--- DHA, = 0, 

be composition series for Y, Xf, respectively, and suppose 
C5; = Apa/Mp. 


Mis an (2%, 2%) module upon which YX is homomorphically mapped by the relation 
A — A(A). Then the Jordan-Hélder Theorem gives us that to the factor 
group A,-1/%, of (9) there corresponds a factor group %,-1/%, of the series (10) 
such that 


Xp-1/A» = Ao1/A, e 


In addition we have from Theorem 6 that to the factor group %,-:1/%, there is 
at least one non-zero isomorphic simple part Cnn of YL, 


A/a = Bias ° 


Combining these relations, and observing that all these isomorphisms are (%, 9%) 
isomorphisms, we obtain 


C;; = Gan 


with operators (2, 9%). This completes the proof of the statement. 

Now suppose that 9 is a representation of %, and that % is in reduced form. 
Let us denote the element of % corresponding to the element A of % by A, 
A — A; further, we shall consider % as a direct sum of its radical Uz and a semi- 
simple subalgebra, %s ,% = %s + Ae, where As is completely decomposed into 
its irreducible constituents. We use As, Ag to denote the components in Xs , 
%, of the element A of ¥, A = Ag + Ap. 

The set X* of elements in the representation Y which correspond to the semi- 
simple subalgebra %{* of % form a semisimple subalgebra of % equivalent to %s . 
Since X*, Xs have the same irreducible constituents, they are equivalent algebras, 
but are not necessarily identical. It is easy to construct examples where * 
is not Ys. ‘ 

Let us suppose §,, --- , 5, are a set of elementary modules for the algebra I. 
We wish to give explicitly the relation between the modules § of %, and the 
elementary modules © of Y. 

The irreducible constituents of %{ are equivalent to irreducible constituents 
of 2%. For simplicity, let us suppose they are identical with constituents of %. 
Let 5 be of type (x, \) and belong to the ot» power of the radical of 9. We may 
consider $ as a module related to % by setting H(A) = H(A). As such, 9 
belongs to 2’. Let B be any element of %, and N, an element of 2’. Then 


F.(B)H(N.) = F,(B)H(N.) = H(BsN,). 
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But Bs = B*, mod Az , so that BN, = B*N,, mod %%"", and as § belongs to 
the ot power of the radical We of 2, we have 


H(BsN.) = H(B*N.) = H(B*N,) = H(B*N,). 


We may then view § as an (2%, %) module of type (x, \), related and belonging 
to 2’, such that 


BoH(N.) = F,.(B)H(N.) = H(B*N,) 


with a similar relation for right operators. ‘Applying Lemma 1, we have that 
as a module related to 2’, § is a linear combination of the elementary modules 
64, of type (x, 4) which belong to N°." It follows, also, that a simple part © 
of % of type (x, 4) which belongs to the o** power of the radical of % may, con- 
sidered as a module related to 9’, be expressed as a linear combination of the 
elementary modules $f, of type (x, A) which belong to YN’. 

If %* = Ws then the relation 


F,(B)H(A) = H(B*A) 


holds for all elements A of &. Again applying Lemma 1 we obtain that § 
considered as a module related to % itself is expressible as a linear combination 
of the elementary modules § of type (x, 4) which belong to N’,7 S o. 

If A* is not identical to Xs , that is, if Y* is not completely decomposed, then 
we can go over to an equivalent representation %, such that %* = Ws where X*, 
i, have the same meaning with regard to Y as do Y%* and Ys in regard to Y. 
We may then state: 

THEOREM 8: To any representation of % there exists an equivalent representation 
whose simple parts, considered as modules related to AX, are expressible as linear 
combinations of the elementary modules of A. 


5 


It is easy now to discuss the center of Y%. We note that 

THEOREM 9: For a center element Z of A, Ci;(Z) = 0 af Ci; is a simple part 
of mixed type, and C;;(Z) is of form (c-dmn), ¢ an element of K, if Gi; is of un- 
mixed type. 

Proor: Since an element Z of the center must commute with the elements 
E.(mn) of YM (kx = 1, 2,-++,k; m,n = 1, 2,--- ,f,) an easy calculation shows 
that in terms of the Cartan basis elements 


Z = Do ¢(Z)EAr1) Bi. E.{17), 


"If we do not take the constituents of % identical with constituents of % —_ ore 
necessary to apply suitable left and right non-singular matrix multipliers to the Hx in the 
expression for ©. 
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in which the range for r is determined by the s basis elements B’ of unmixed 
type. It follows that H*(Z) = 0 if * is of mixed type, and 


H*(Z) = (€(Z)6:i) ii 
if S* is of unmixed type. Applying Theorem 4 we obtain the theorem. 
It should be noted that this theorem can be obtained directly from Schur’s 


Lemma and (2). 
6 


If an element is of type (x, \) we say that x, \ are the type indices of the 
element. We say that two non-zero simple parts ©;; , ©», , belong to the same 
block” if there exists a chain of non-zero parts such that any two neighboring 
parts have at least one type index in common. This relation is reflexive, sym- 
metric, and transitive so that a separation of the non-zero simple parts into 
distinct disjoint classes is obtained. 

TurorEM 10: Each simple part in the i™ row of X is either a 0-part or belongs 
to the same block as ©;;. Similarly, each simple part in the j** column is either a 
0-part or belongs to the same block as G;;. If Cis, &;; do not belong to the same 
block, then ©;; 1s a 0-part. 

For if the simple part C;; is not a 0-part, then @;; , ©:; , €;; is a properchain 
and so @;;, Gi;, €;; all belong to the same block. 

In the same way we may classify the basis elements 


(11) “¥ (u = 1,2,-+-,m;«n,rX = 1,2, ---, ork) 


into blocks. We say that Bi, , B}, belong to the same block if there exists a 
chain of elements Bis of the set (11) connecting BY, , B?, such that any two 
neighboring elements in this chain have at least one type index in common. 
Let us denote by & the set consisting of all the Bj, belonging to a given block 
and their associated elements of form E,(a1)Bj,E,(1b). If A is any element 
of YU, then A-E,(a1)Bj.H,(1b) is expressible in terms of & again; the similar 
statement is true for the product E,(a1)Bj,£,(1b)-A. It follows that the ele- 
ments of & form a basis of an invariant subalgebra of %{: we denote this invariant 
subalgebra by ". 

We can now prove 

THEOREM 11: By elementary transformations % may be decomposed into the form 


Bi 0 
B» 


0 


(12) 


s 
where each 8, contains all simple parts belonging to one block. The elements of 
which have only zeros in the parts 8; , j ¥ i, form an invariant subalgebra A; of A, 





2 R. Brauer and C. Nesbitt, On the Modular Representations of Finite Groups, Univ. of 
Toronto Studies, Math. Series, No. 4 (1937); R. Brauer and C. Nesbitt, On the Modular 
Character of Groups, these Annals, Vol. 42 (1941), pp. 556-590; T. Nakayama, Some Studies 
on Regular Representations, Induced Representations, and Modular Representations, these 
Annals, Vol. 39 (1938), Theorem 5. 
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and % is the direct sum of these invariant subalgebras A;. The A; may not be 
decomposed into a direct sum of invariant subalgebras. 

Proor: If Gi: , ©i41,:41 do not belong to the same block, then by Theorem 10, 
11: is a O-part. It follows that by permuting the i row with the (i + 1)** 
row and the 7 column with the (¢ + 1)** column that we may reverse the posi- 
tions of Gi;, Cis1,i41. in the main diagonal of %, but leave Y% in reduced form. 
By successive transformations of this form we may bring together in an upper 
part 8; of Y& all ©;; which belong to the same block as Gi. We then have 


ms 0 
Y= 
Doi Doo 


But since the simple parts ©;; in B, and the ©;; in Dz. belong now to different 
blocks, then the simple parts in Dz: must all be 0-parts, or, that is, D2: is a 0-part. 
By continuing this process we obtain 2% in the form (12). 

To prove the remaining statements in the theorem we first remark that to 
each basis element By, there corresponds at least one non-zero simple part G;; 
of type (x, A). For, by definition, Bx, is a matrix of % having non-zero coeffi- 
cients only in the upper left corners of simple parts of type («, A). 

Let now Bj, be an element of the set & of Cartan basis elements which belong 
toa given block. If the simple parts of type (p, c) are in part %; of Y, then by 
the above remark Bj, is an element of the invariant subalgebra %;. If By, 
is also from the set &, that is, if BY, belongs to the same block as Bj, , then the 
simple parts of type (u, v) belong to the same block as simple parts of type 
(p, ¢). For a simple part of type (p, «) may be connected by a chain of non- 
zero simple parts to a simple part of type (u, v), the members of this chain 
corresponding to the members of the chain connecting Bj,, By,. Then the 
simple parts of type (u, v) are in the part %; and so Bj, also is an element of ; . 
It follows that the invariant subalgebra %*, generated by the elements of &, 
coincides with %;. We now have at our disposal a correspondence between 
invariant subalgebras determined by blocks of Cartan basis elements on the 
one hand, and by blocks of simple parts on the other. 

Now let 


(13) A= %+%+--- +H, 
be a direct decomposition of % into invariant subalgebras which may not be 
directly decomposed, and let A; be an element of %;. If in the expression 
A; = > Wb, (Aj) E.(a1) BS E,(1b) 

for A; in terms of the Cartan basis elements, ht,(A;) ¥ 0, then since 

E,(1a)A ;E,(b1) = ht,(A;)BY 
isin X;, so also is B4,. In this way we can determine the direct summand of 
the decomposition (13) to which each element Bi, belongs. In particular, we 


may determine the summands to which the elements E£,(11), (x = 1, 2, --- , k) 
belong. If BY, belongs to X; then E,(11), E,(11) must also belong to %; , since 


E.(11)Ba = BoE (11) = Ba 





Rete stag eue- omy vee 


pets > 


AL AT APOE RL IIL IEG NS a. ID 
ae = 


ecitlen phnlinaa CT 


oN NT et OS 





160 WINSTON M. SCOTT 


and if, for instance, £,(11) did not belong to the same summand as Bf, , the 
product £,(11)Bi, would be zero. 

Suppose now that the element Bj, of the set B is in %,; but that there are 
elements of & which are not in %;. Then we may choose an element B}, 
of & which is not in %; , but such that in the chain joining Bj, to BY, , BY, is the 
only member which does not belong to %,;. The member preceding By, in this 
chain has either the type index y or v; let this member be B},. Then by the 
above, E,(11) is in X; , since B}) is in %; ; on the other hand £,(11) must be in 
the same summand as B?, , which gives a contradiction. Thus all elements of 
the set ®& are in Y%,;. Similarly, if any member of a second set B; of Cartan 
basis elements which all belong to one block is in 4%; , then all members of the 
set B, are in %;. But then the invariant subalgebras %{*, % which have as 
bases the sets &, &: , respectively, would be direct summands of %; contrary to 
our assumption that % ; is directly indecomposable. We now have %; = & = Y; 
which completes our proof. 

We suppose now that each %; has been split into its indecomposable parts’ 
and that these are in reduced form. Let Uj, U3,---,U%, be the indecom- 
posable parts of B;. We now classify the U* by the following relation: we say 
that U; , U} belong to the same block if there exists a chain” 


(14) U; ’ Us oe IB ’ US 


such that any two neighboring parts of the chain (14) have at least one irre- 
ducible constituent incommon. We will show that all indecomposable parts U; 
(o = 1, 2, --- ,n) of B; belong to one block. Let us take together all U; that 
are connected with Uj by such a chain and suppose U‘, does not belong to this 
set. Then the simple parts of U’, cannot be connected by a proper chain of 
non-zero simple parts of Uj , contrary to our provision that simple parts of 8; 
all belong to one block. 

Since a matrix commuting with an indecomposable part U* can have just 
one distinct characteristic root’® and since, as we have seen, all U} of %; have 
at least one irreducible constituent in common, then for an element Z of the 
center of 2 the matrix B;(Z) of B; corresponding to Z has just one distinct 
characteristic root. 

We have then proved 

THEOREM 12: The indecomposable constituent of a part 8; may be characterized 
as belonging to a block. It follows that for a center element Z, the corresponding 
matrix B;(Z) has only one distinct characteristic root. 


UNIVERSITY OF ALABAMA 
‘8 For definitions of indecomposable parts, see B.N., or N.R. 
4 R. Brauer and C. Nesbitt, On the Modular Representations of Groups of Finite Order, 
Univ. of Toronto Studies, Math. Series, No. 4 (1937), p. 14. 
8 R. Brauer and I. Schur, Zum Irreduzibilitatsbegriff in der Theorie der Gruppen linearer 


homogener Substitutionen, Sitzber. der Preuss. Akad. der Wiss., Phys-Math. Klasse, Berlin, 
XIV (1930). 
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QUADRATIC FORMS PERMITTING COMPOSITION’ 


By A. A. ALBERT 
(Received November 8, 1941) 


1. Introduction 


An associative algebra, with a unity quantity, over a field § has an involution” 
(involutorial anti-automorphism) J such that x + 2” and zz” are in @ if it is 
either §, an algebra of order two over §, a purely inseparable field the squares 
of whose elements are in § of characteristic two, or a generalized quaternion 
algebra over §. The quaternion algebras have order four and may be imbedded 
in a generalized Cayley-Dickson’ algebra of order eight over §. All the algebras 
so obtained are then alternative’ algebras with a unity quantity and an involu- 
tion J such that « + 2” and zz” are in §. Then the norm ra’ is a quadratic 
form in the coordinates of x which permits compvsition. 

In 1898 A. Hurwitz’ showed that if § is the field € of all complex numbers, 
forms equivalent to the quadratic norm forms described above are the only 
quadratic forms permitting composition. L. E. Dickson® pointed out the con- 
nection of these forms with the corresponding algebras and thus completed the 
proof in the case § = C€ of the following 

THEOREM. A quadratic form over § permits composition if and only if it is 
equivalent in §& to the norm form xx” of an alternative algebra over § with a unity 
quantity and an involution J such that x + x” and xx” are in §. These latter 
norm forms are quadratic forms in 1, 2, 4 or 8 indeterminates except for the diagonal 
norm forms, in 2° indeterminates, of purely inseparable fields of degree 2‘ and 
exponent two over § of characteristic two. 

It is readily verified that Dickson’s version of the Hurwitz proof is valid for 
any algebraically closed field of characteristic not two. However, there seems 
to be no treatment of the case § of characteristic two, a case presenting interest- 
ing new features. We shall derive the results for this case here and shall indeed 





' Presented to the Society Nov. 21, 1941. 

? An involution over § is a linear transformation J over § of an algebra & such that 
(ab)’ = b’a’ and J? is the identity transformation. 

* For the definition and elementary properties of such algebras see L. E. Dickson, On 
quaternions and their generalizations and the history of the eight square theorem, these Annals, 
vol. 20 (1919), pp. 155-71. 

‘See M. Zorn, Theorie der Alternativen Ringe, Hamburg Abh. vol. 8 (1930), pp. 123-47 
and his Alternativkérper und Quadratische Systeme, loc. cit. vol. 9 (1933), pp. 395-402 for a 
bibliography and the discussion of such algebras. 

* Gottingen Nachrichten, 1898, pp. 309-16. 

® See footnote 3. 
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provide an elegant unified study’ for the case where § is arbitrary. Our results 
will include a generalization’ of the Cayley-Dickson algebras to provide new 
algebras of order 2° over §. Certain of these algebras 8 have connected quad- 
ratic norm forms and the property that if these norm forms are not null forms 
then every non-scalar quantity of 8 defines a quadratic subfield. However 8 
need not then be a division algebra’ unless e < 4. 


2. The general Hurwitz problem 


Let 21, °°: ,2n, Yr, *** » Ym be independent indeterminates over a field §, 
© = Fai, +++ ,%n, Yt, *** » Ym) be the corresponding rational function field. 
Designate the transpose of any matrix S with elements in § by S’ and define 
the one rowed matrices 


w= (%,°°* na); Y = (Yi, °** , Ym). 


Then if A is any n-rowed square matrix with elements in § the matrix product 
f(x) = xAz’ is a quadratic form in 2, +++ ,2,. Conversely every quadratic 
form f(x) is expressible as such a product. However A is not unique and 
xAx’ = xAox’ if and only if A — Apo is an alternate (that is, skew-symmetric) 
matrix. 

Suppose that B is an m-rowed square matrix so that g(y) = yBy’ is a second 
quadratic form. Then the general Hurwitz problem” is that of determining 
under what conditions on f(x) and g(y) there exist quantities in § such that 


(1) S(x)gy) = fl), 


where z = (21, -*+ , 2n) and 
j=1,---, 


(2) Ze = TeVsk Yi (k 


i=l,° +n 


Write G; = (y$}?), so that G; is an n-rowed square matrix with elements in §. 
Define 





7 The argument required to make the extension of our theorem from the case where our 
field of reference is an algebraically closed field of characteristic not two to that where it 
is an arbitrary field seems not to be in the literature and will be a major contribution of our 
discussion. 

§ The formulation by L. E. Dickson of the Cayley algebras is sufficiently general so that 
we are able to use it to define such algebras over a field of characteristic two. These 
algebras are new, however, and so are the other more general types (for example, of order 16) 
yielded by the Dickson process and given here. 

* We define algebras which are generalizations of the Cayley-Dickson algebras to alge- 
bras of order 2‘ and with an involution J such that 2 + 2’ and zz’? = 27x are in §. For 
proper choice of the defining parameters rz’ is a quadratic form in 2’ squares. If § is the 
field of all real numbers each element of % defines a subalgebra equivalent to the complex 
field. But % is not a division algebra for t > 3. We shall show this in a later paper where 
the conditions that our algebras be division algebras will be discussed. 

1° See his posthumous paper in the Math. Annalen, vol. 88 (1922), pp. 1-25. 
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(3) Gy = Gy + +++ + Gnym, 
so that if e; = (0,0, --- ,1, 0, --- ,0) with 1 in the 7 column then 
(4) G,. = G; . 


We see that (2) is equivalent to the statement that z is the matrix product 
(5) 2= 2G,. 

Then (1) holds if and only if z[g(y)Alz’ = xG,A(G,)'z’, that is, if and only if 
(6) N = g(y)A — G,A(G,)’ 

is an alternate matrix. Thus (2) holds if and only if 

(7) gy)E = GEG)’, E=A+A’, 


and the diagonal elements of N are all zero. 

Let o(€) = &Cé’ and ¥(¢) = ¢D¢’ be equivalent to f(x) so that there exist non- 
singular matrices P and Q such that &Cé’ = EPAP’t’, De’ = (QAQ’¢’. Then 
N, = C — PAP’ and Nz = D — QAQ’ are alternate matrices. If (1) and (2) 
hold the matrix YY of (6) is alternate and so is PNP’ = g(y)PAP’ — T,QAQ'(T,)’, 
where l, = PG,Q™*. Then the matrix 


No = g(y)C — T,DI, = PNP’ + g(y)Ni — T,N2(Ty)’ 


is also alternate. Let also p(n) be equivalent to g(y) so that there exists a non- 
singular matrix S such that g(nS) = p(n). Then if A, = T,, y = 7S, the 
matrix 


p(n)C — A,D(A,)’ = No 
is alternate and 


(8) o(é)o(n) = ¥(S) 


for ¢ = (1, +--+, &n) and the ¢ bilinear forms with coefficients in § in the &; 
and the »;. Thus we have shown that (1) is possible if and only if (8) is 
possible for quadratic forms ¢(x) and (zx) equivalent to f(x) and p(n) equiva- 


lent to g(y). 
The principal purpose of our discussion is the derivation of a complete solu- 


tion of the Hurwitz problem in the case m = n and g(x) equivalent to f(z). 
Thus we shall stress the study of 


(9) J@IY) = Ff), 


for z as in (2) with m = n. If f(x) has the property (9) we shall say that the 
quadratic form f(x) permits composition. Then our principal object will be that 
the determination of the conditions on f(x) that it permit composition. 
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3. The non-singular case 


Let f(z) be a quadratic form given by 
(10) f(z) = z Ui Mik Lk (ax in §), 


so that f(z) = xAz’ for A the n-rowed square matrix (ax). If the charac- 
teristic of § is not two we may take A to be a non-singular diagonal matrix so 
that ax, = 0 fori # k, ai; ~# 0. However, when § has characteristic two the 
rank of A + A’ is an even integer 2r, and n = 2r. Then” 


(11) f(z) = oti + +++ + ont (a; ¥ in §) 
if r = 0, and otherwise 
(12) (x) = att +--+ + antn + (titry + +++ + 2,22). 


Here we assume that if n > 2r the quantities ae41,--- ,@n are all not zero. 
Moreover if 0 < i < rand both a; and a+, are zero the transformation x; = §£;, 
Vier = &i + Eis, Gives titiy, = EF + Ekin. If a: = 0, aiy, ¥ 0 we may inter- 
change the corresponding indeterminates. Thus we may assume in all cases 
that if r > 0 the quantities a, , --- , a, are all not zero. 

If & has characteristic not two and A is a non-singular diagonal matrix as 
above then EH = A + A’ = 2A isnon-singular. However when § has character- 
istic two the matrix # is non-singular if and only if n = 2r, 


D, I, 0 I, 
(13) A= ‘ E=A+A’= ' 
0 D, Z, 0 


where D, and D, are diagonal matrices and D, is non-singular. We shall show 
later that a quadratic form f(x) permits composition only if it is either a diagonal 
form (11) or is equivalent to a form zAz’ with A + A’ non-singular. Let us 
then study (1) temporarily only in this non-singular case, and treat the re- 
maining cases later. 

If we replace y = (y1, °++ , Ym) in g(y) by n = (m,--+ , mm) for the n; in § 
we obtain a quantity y = g(n) in § which we say is represented by g(y). Then 
we have 

Lemma 1. Lety ¥ Oin § be any quantity represented by g(y) in the non-singular 
case of (1). Then f(x) is equivalent to y‘f(z). 

For by (1) we have f(x)y = f(u) where u = xP and P =G,. Thus f(z) = 
y ‘f(u) is equivalent to y f(x) if we can show that the matrix P is non-singular. 
But xyAz’ = «PAP’z’ if and only if yA — PAP’ is alternate. Hence yE = 
PEP’ and P must be non-singular if y ¥ 0 and E£ is non-singular. 





1 For these results see Chapter II of my Symmetric and alternate matrices in an arbitrary 
field, Transactions of the A. M. S., vol. 43 (1938), pp. 386-436. 








QUADRATIC FORMS PERMITTING COMPOSITION 165 


Write 
(14) gy) = >» yi Bis Yi » 
ij= 


where we are taking By, ~ 0. Then (1) implies that ¢(x)g(y) = ¢(z) where 
g(x) = aif(x). Also g(y) = Bu¥(y) and Bu = g(n), » = (1,0,---,0). It 
follows that ¢(x) is equivalent to Bi ¢(z) and that then [6;:'¢(z)]- [Buv(y)] = o(z), 
o(x)¥(y) = ¢(z). Thus we have shown that in the non-singular case there is no 
loss of generality if we assume that ay = By = 1. 

Note that in the study of quadratic forms f(x) permitting composition 
Lemma 1 implies that f(x) is equivalent to aj; f(x) and thus that we need only 
study forms f(x) with ay, = 1 in the non-singular case. 

We now write (7) in the equivalent form 


(15) G,(Gy)" = g(y)I, 
where I is the n-rowed identity matrix and 
(16) (G,)” sat EG,E™ = Giys + ++ + Grey m ° 


It is well known that the correspondence G — G’ = EG’E™ is an involution 
of the algebra of all n-rowed square matrices with elements in §, and we shall 
use the consequent properties of J. 


The equation (7) is an identity in the indeterminates y;, --- , ym and is 
equivalent, in view of (14), to 
(17) GG; = Bul, GG} + GiGi = 4:1 (( ~Jj;1,7 = 1,--+,m), 
where 
(18) bi; = 655 = Bij + Bi 


In particular G;G] = I since we have taken 8, = 1. Then also GiG, = I. 
We now define 


(19) Gy” = GiGy = GP'yr + +++ + Gn ym 


and clearly have 
(20) GY = 1,4) GP)’ = AG GNA = g(y)GiG = g(y)I, 


so that Gj” is a solution of (7) if G,is. But also Gi = G7’ and g(e) = 1, (6) states 
that A — GAG} is alternate and so is G7A(G{)’ — A. Then by (6) 


No = [A — GIAG)Ig(y) + Gilg(y)A — GyAGy)'G1)' = Ag(y) — Gy AG) 


is an alternate matrix. It follows that G, defines a solution (5) of (2) so that (1) 
holds if and only if G{° does, and we may thus assume that 
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Equations (17) for 7 = 1 now give 
(22) G) = I — G; 
while G] = 2] — G,. But then 
(23) (G,)” = t(G,) — G,, 


where the trace function, ¢(G,), is the scalar matrix 


(24) Gy + (G,)” ” (20 + p> i) I, 
j= 


and is linear in the coordinates y; of y. Thus the mapping 
1 G, 


is a linear mapping of the linear space % of one by m vectors 7 on the linear 
space of matrices G,. Moreover if we define e = (1, 0, --- , 0), 


(25) 7 = (2n +> rs in) = 

we see that J is a linear transformation on % such that 

(26) Gy = (G,)’. 

But [(G,)’]’ = G, and hence 

(27) (n’)” = 1. 

We shall now specialize our study of (1) to the case m = n and g(y) = f(y). 


4. Composition in the non-singular case 


Let f(x) be a quadratic form permitting composition. Then 


(28) S@FYy) = f(xG,), 


where the elements of the n-rowed square matrix G, are linear forms in 
Yi, °** , Yn and we have seen that if e = (1, 0, --- ,0) we may take 

(29) G=I, fe) =1, GG) = f(y)I 

such that (23) and (24) hold. Then the ordinary matrix product z = «2G, gives 
(2) and these equations may also be written as the first equation in 


(30) z= yH, = xG,, 


where we define p{j? = y‘} and have 


(31) Hi = (of), Hz. = Hit --- + Anta. 


But f(y)f(x) = f(yH:) and our derivation of the properties of G, implies that 
we may interchange the roles of f(x) and f(y) to obtain 


(32) H.H; = f(a)l, 
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as a consequence of (15). It follows from (29) that 


(33) HH = I, 

and thus that H, is non-singular. Define 

(34) u=uy)=yH., Rh =G,, 

so that wu = (m1,°++,Un), y = uH, and y;,--- , Yn are linear forms in 
uj, *** Un. Then by (30) and (28) with x = e we have 

(35) u=eG,=eR,, flu) = f(eGy) = fle)f(y) = fly). 


Moreover u(e) = eG. = e since G, = I, Rue = Ge = I. But then f(z)f(y) = 
f(aG,) = f(cRu) = f(x)flu), 


(36) f(@)fly) = f(rR,). 
We have thus proved that R, is a solution G, of (2) such that 
(37) R=, eRy=y, RyRy = fy), N =fy)A — RAR, 


is an alternate matrix. 


Let now % be the linear space of all & = (£1, --- , &:) for &;in §. Then the 
correspondence 
(38) E— R; : 


is evidently a linear mapping of & on the linear space of all the matrices R; . 
Define an operation 
(39) E-n = ER, 
on % to % and call the result ~-7 the product of — and yn. Then % becomes an 
algebra % of order n over §. Indeed all algebras may be defined in this way. 
We have e-» = eR, = 7 by (87), and n-e = nR. = nl = yn. Hence % has e 
as its unity quantity. We shall give further properties of % in the next section. 
We now relate this result to a certain class of algebras. 
An algebra % over § is called alternative if 
(40) a(zy) = (xx)y, (yx)x = y(xz) 
for every x and y of Y%. Then (z + y)[(x + y)z] = («@ + y)(xx + yx)= 
(xe) + x(yx) + y(wz) + ylye) = [(e + y)(x + ye = (xa + zy + ye + yy)x = 
(rx)a + (xy)a + (yx)x + (yy)x. By (40) we have x(yx) = (zy)z, a postulate 
which is sometimes given as one of the alternative postulates but which is 
actually a consequence of (40). We now prove 
Lemma 2. Let % be an algebra with a unity quantity and an involution J such 
that 
(41) tp=a2+2’, xx” 
are in §. Then x’x = xx’, and & is alternative if and only if 
(42) (va’)y = 2(27y) = 2’(xy) = (yx)a” = (yx”)a. 
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For zz” = z(t, — 2) = tx —ax = (t, —2)x = zx since t, isa scalar. Also 
x(x"y) = a[(t. — x)y] = te(zy) — x(zy), 
and 
(xa”)y = [x(te — x)ly = te(zy) — (wa)y. 


Thus 2(2’y) = (xx’)y if and only if 2(zy) = (ax)y. Similarly (yx)a” = y(ax’) 
if and only if (yx)x = y(rx). However (2”)’ = 2 and if % is alternative we 
have x’(ay) = (x’x)y = (a2”)y, (yx’)a = y(a"x) = (xa”)y. 

We next prove 

Lemma 3. Let % be alternative and as in Lemma 1. Then the quadratic form 
xx’ in the coordinates x, , +--+ , Xn of the quantities x = (a1, --- , tn) of A permits 
composition. 

For it is clear that if © is any scalar extension of § the algebra Ws has the 
properties we have assumed for %. We let a1, ---,a@n, Y1,°** , Yn be inde- 
pendent indeterminates over § and © = §(a1, °°: ,%n, Yi, °** 5 Yn). Then 
x = (%,°+:,@,) and y = (y1,°--, Yn) are non-zero quantities of %g and so 
arex’,y’. Alsorx’ = x’x = f(x)isinS. Thensoaref(y) = yy’ = y’y,f(zy) = 
(xy)(xy)’. But [f(xy)]e” = 2°[(ay)(ay)’] = [2"(xy)\(y’x") = f(2)ly(y’2”)] = 
fla)f(y)2”, fla)fly) = flay) as desired. 

We now prove the partial converse, 

Lemma 4. Let f(x) = xAx’ such that A + A’ is non-singular. Then f(x) 
permits composition if and only if f(x) is the norm form xx” of an alternative 
algebra X with a unity quantity and an involution J such that x« + x” and xx’ 
are” in §. 

For f(z) = >> aij; with ay = 1 and all the a;; in § and we define an 
algebra 2 over § by (39) and have (37). Then if & = (£,, --- , &,) with the &; 
in § we have seen that R; + (R;)’ = tJ where ¢ = t; is in § and is determined 
by f(x), that is, actually 


(43) le = 2 + De (oj + an)&i. 


7=< 
We now write 
(44) = te — &, 


and have defined a correspondence J which is evidently a linear transformation 
on Y%. Now if t = t; we have 


(45) Ry = Re: = tl — R; = (R;)’ 


so that ty = t , (£’)” = £for every ~of A. Since én is not defined as a matrix 
product we may drop the dot in (39). We define © = $(x1,°-°+,2n; 





” In fact we show that each solution G, of the consequent equation z = 2G, defines an 
algebra. Moreover those of these algebras which have unity quantities have the property 
of our lemma. 
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yi, °** Yn) a8 above and in Ws have x = (2, -++,2n), y = (Yr, °*+ 5 Yds 
fixe = zx’ is the norm form of % as desired. By the proof of Lemma 1 
rr = 2x. Finally 

(46) (yx)x” = (yR.)(Rs) = y(R2R2) = yf(2), 


so that we have part of (42). 

We note now that we may write 7 = éR, = nl; as in (30). But then 
L: + (Ly)” = &I since t; depends only on & , --- , &, and the coefficients of f(x), 
not on the choice of the solution G, of (2). Thus (L;)’ = Ly. It follows that 
x’ (cy) = (yL:)La = yL(L2)” = yf(x). We now use f(x)f(y) = f(xy) and form 
r’f(zy) = 2" [(xy)(cy)’] = 2”(xy)(zy)’ = f(x)y(zy)”’ = fia)f(y)x’. Thus 
y(ry)” = (yy’)x” = y(y’x’). Multiplying by y’ we have y y(xy)” = (y’y)(y’2’), 
(cy)’ = y’x’. But then (£n)” = n’&” for every £ and 7 of 2%, J defines an involu- 
tion of & such that — + & and éé” are in §, Y% is alternative as desired. This 
completes our proof. 


5. Algebras and their norm forms 


The proof of our principal theorem requires that we exhibit algebras 2 whose 
norm forms xx” are quadratic forms xAz’ with A + A’ non-singular. We shall 
show later that such algebras necessarily have orders 1, 2, 4, 8. Let us then 
exhibit algebras of the kind desired and of these orders. 

The algebra of order one is § itself. Any algebra &% = (1, u) with w = 
Bu + y and 8 and y in § has the desired properties and is trivially shown to be 
an associative algebra. Then if 8 = 0 and § has characteristic two we have 


uo = y, (u’)’ = y, uw’ = wu for any involution J. But then zz’ = ax = 
ti + xy = xAz' with A + A’ = 0, contrary to hypothesis. If 8 = 0 and § 
does not have characteristic two we have (u + 1)> = wv + 2u+ 1 = 


2(u +1) + y—1and may take 6 +0. Definek = 8 ‘wandhavek’ =k+a 
forain §. Thus the algebra 


(47) Y= (i,k), K=kta, 


is the only algebra of order two which we need to consider. It is associative, 
has the automorphism 7’ defined by 


(48) x= 2+ 2k, xz” = 2, + 2,(1 — kh), 
and 7’ is an involution of %. It follows that 
(49) tatam=2Q2nt+m, we” =a + ae — 2. 


The quaternion algebras may be defined as algebras % of matrices 


a b 
b7B a™ 


with 6 ¥ Oin §, a = 2, + ak, b = x3 + ask, and k and T defined for the algebra 
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given by (47), (48). Then % has a basis 1, u, v, w over §, where the unity 
quantity 1 of 2% is really the two rowed identity matrix, and 


3 0 ) ( ) 
(51) “= , = . 
0 1-k B 0 


Then vu = (1 — uv, uw =ut+i1,0 = 8 #0. Conversely every algebra with 
such a multiplication table is a simple associative algebra of degree two over its 
center” %, and is representable as the set of matrices (50). 

Every involution” of a two-rowed total matric algebra is a correspondence 


(52) a—>2x” = ex'e", 


for a non-singular symmetric or alternate matrix e. We take 


‘ee 
(53) , = aa 


and see that 


(alls lr o)~(ire ) 
(54) 2 = re = . 4 
, —1 O/\b a = —b Bp a 


Then 2” is in & and (54) defines an involution over § of &. Moreover if a = 
X21 + xk we have 


(55) ate’ =a+a’ =2uy4+ 2% 
in %, 


a b a” —b 
(56) f(x) = x2” -( ‘ )( = aa” — pbb” = x’ z. 
b7B a’/\—b7B a 


Thus f(x) = a} + ae — ax: — (a3 + 23%, — wia)B is the determinant of z 
and is a multiplicative function, that is, f(x)f(y) = f(z) where z = zy. 

Forms in 2, --- , #3 have been connected” with certain non-associative alter- 
native algebras. We shall construct these algebras over fields of arbitrary 
characteristic by the use of L. E. Dickson’s formulation of the non-associative 
algebra of Cayley. Let % be an algebra of order n over § and let %& have a 
unity quantity 1 which we shall identify with the unity quantity of §. Assume 
that % has an involution J over § such that x + 2” and zz” = 2’z are in §. 
Then every x of 2% is a root of an equation 


o(A) = (A— a)(A— 2”) = NV — (e+ 2°) + 227 = 0 


with coefficients t(z) = x + 2” and f(z) = az’ in F. Hence % has degree two 
over § and ¢(A) is the minimum function of every x of % which is not in §. 





13 We use center instead of centrum. 
14 See Chapter V of my Modern Higher Algebra. 
15 See the paper referred to in footnote 3. 
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Every z in % defines a subalgebra §[z] of all polynomials in z and the unity 
quantity of 2 with coefficients in §. Clearly if x is not in § then §{z] = (1, z) 
over § and §[z] is an associative subalgebra of Y%f. Since x” = t(x) — x we see 
that the involution J of 2% induces an automorphism in every subalgebra §{z] 
of %{ which is the identity if and only if either z is in § or t(x) = 0 and § has 
characteristic two. Observe now that the function f(r) = zx” is a quadratic 
form in the coordinates of x with respect to any basis of Y{ and that every x ¥ 0 
of 9{ has an inverse in %f and actually in §[2] if and only if f(x) is not a null form. 

We shall now construct an algebra 8 of order 2n over § with the properties 
described above by the use of any such algebra % of order n over §. The 
algebra $ will have quantities which are pairs of quantities of Y& and it is cus- 
tomary to indicate this by the statement that these quantities are uniquely 
expressible in the form 


(57) r= gi + gow 


for g, and g,in U%. Let y ¥ 0 bein §, J be the given involution of % and define 
multiplication” in 8 by 


(58) ay = (gi + gow)(hi + how) = (gia + yhage) + (hogi + gohi)w. 


Extend the definition of J so that J becomes a linear transformation of 8 by 
means of 


(59) x” = 91 — gow. 
It is clear that J is now a one-to-one linear transformation of 8 such that J” 
is the identity transformation. 

To form the product xx’ we replace he by —ge , hi by gi in (58) and have 
hegi + geht = —gogi + gogi = 0. Then 
(60) zx” = gigi — Y9g2 = xx 
since the interchange of g; with gj , g2 with —g2 does not alter gig” — yg2g2. Also 
(61) tr+e=qatgi 


is in §, each x of B is a root of YX — (x + 2’)A + aa” = 0, and % has degree 
two over §. Finally 


(62) (xy)” = (hig + vgshe) — (hegi + gehi)w, 
and 
yx” = (hi — hew)(gi — gow) 


(63) 
(higi + vgzhe) — (gahi + hagi)w, 


‘6 This is clearly a generalization of the L. E. Dickson formulation of the definition of 
the Cayley algebra of order eight. 
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so that (y)’ = y’x’ and J is an involution of 8. We observe that (58) may be 
given more simply by the use of the distributive law and the relations 


g(hw) = (hg)w, (gw)h = (gh’)w, 
(gw)(hw) = yh"g, 


for every g andh of &. Clearly if {is not a commutative algebra the algebra 8 
is not associative. 


(64) 


To prove that & is alternative we use (57) to compute 
x(xy) = [gi(gihr + yhags) + y(gih2 + Inge)gel 
+ [(hegs + gohi)gr + ge(higi + vgzhe)|w, 
as well asa’ = gi + 19292 + [ge(g1 + gi) |w and 
xy = {(gi + rg2g2)hr + yhalge(gr + 911} 
+ {ho(gi + vg2g2) + [ga(gi + gi)Jhi}w. 


If % is an alternative algebra we have gi(gili) + y(high)g2 = gili + v(g2g2)hn. 
However g: + gi isin § and halge(g: + gi)] = (g1 + gi) (hage) = ga(hage) + (gih2)ge 
if and only if gi(hag2) = (gih2)g2, that is, % is an associative algebra. Con- 
versely if % is associative we have also (hegi)gi + go(g2he) = ho(gi + g292), 
(gohi)g: + go(higi) = go(gi + gihi , and x(xy) = 2’y for every x and y of &. 

It follows that 27(x’y’) = (a7x’)y’ and, by operating with J, that (yr)x = 
y(xx) for every x and y of 8. Hence Bis alternative. This completes our proof 
of the result that 8 is an alternative algebra if and only if % is associative. 

We now see that if 2 is the associative algebra of order four defined by the 
matrices of (50) the algebra % is an alternative algebra of order eight over §. 
Its norm form f(z) = ra” = 2’z is given explicitly by 


(65) 


(66) 


67) f(z) = i + 22 — ra — (x3 + x30, — ria)B 


— (a2 + aes — realy + (a7 + arts — x50) By. 


Note that f(x) becomes the norm form of the algebra % of (50) by putting 
ts = % = X7 = Xs = O, and that of (47) by taking also z3 = 2, = 0. The 
values a = 6 = y = —1 then give us the forms 2; + 22 + m1@2,21 + °°: +ai+ 
i, + x94, ti + +++ + 23 + ate + aers + aete + arts. 

Observe that the algebra % of order eight defined above is a division algebra 
if and only if its associative subalgebra % is a division algebra and f(z) is not a 
null form. For if zy = 0 then x’(xy) = f(x)y = 0 and if z ¥ O then f(z) ¥ 0, 
y = 0. The condition that zx’ = 0 if and only if z = 0 is satisfied when 7 is 
chosen so that y is not the norm gg” of any g of Y. 

It is already known that in § of characteristic not two a quadratic form 
f(x) = xAz' with A = A’ a non-singular n-rowed matrix permits composition 
only when n = 1, 2,4, 8. Thus it remains to show the corresponding result for 
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A + A’ non-singular and § of characteristic two, as well as to study other 
possible cases of composition for this characteristic. Let us thus assume hence- 
forth that the characteristic of § is two. 


6. Determination of possible orders in the non-singular case 

Let %{ be any simple algebra of degree n over its center § and let J be the 
unity quantity of 2. Assume the existence of quantities U and V in % such that 
(68) U’ = gl, V’ = yi, W = UV =I —- VU, 
for 8 ~ Oandyin §. Then W? = U(I — UV)V = W — BI, UW + WU = 
gv + UT — UV) = U. It follows that 
(69) W=W-l, UW=(1- WU. 
But then % contains a generalized quaternion algebra 8 = (J, W, U, WU) = 


(I, U,V, UV). This algebra of order four over § is a simple algebra of degree 
two over its center §. But then it is well known” that % is the direct product 


(70) Y=SxXwH, MW= MA, 


where we write 2%” for the set of all quantities of 9 commutative with both U 
and V. Moreover = 27, %, is a simple algebra of degree n; over its center §. 
Assume now that % contains also U2, V2 such that U3 = Bol, Vi = yl, 
UxVo + Vo2U2 = I, where B. ¥ 0 and y2 are in §. Then if UU. — UU = 
UV, — V2uU = VU2 — U2V = VV2 — V2V = 0, the quantities U2. and V2 are 
in x°. But then %; contains Be = I, U2, Ve, UeVe), and % = BX A 
where m; = 22, % = %*? is simple of degree nz over its center §. We now 
let s = 1 and suppose that % contains s — 1 pairs of quantities U; , V; such that 


(1) Uj=6d, Vi=vd, UVi+VU; =I (G=1,---,8—-)), 
for 8; ~ Oand y;in §. Assume also that 
U,U;, — U,U; = UV — ViU; = ViVi — ViV; = 0 
(j #k3j,k =1,---,8— 1). 


Then % = B, X --» X Ba X A, , and we have proved that 2°” divides n. 
Let us now apply these results to the study of (1) in the case where f(z) = 

tAz', E = A + A’ is non-singular, and we have (12) forn = 27,0, = 1. We 

assume that § has characteristic two and that 

(73) g(y) = yi + Boys + +++ + Bom + (Ysera + °** + Ya¥rs) 


where m 2 2s, the B; are in §, and #2, --- , 8, are all not zero. By (17) there 


(72) 


exist matrices G; = I, G2, --- , Gm such that 
(74) GiGi = B;, GiGi, + GiGi = 641 (2 # k; 1, k= 1, a Te m), 


“See my Structure of Algebras, pp. 52-55. 
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where now 6 = 0 unless 0 < 7 S 28,0 < k S 2s andi — kiss or —s, 
In the remaining cases 6, = 1. Define Uj = G;, Vin = Gizsforj = 2, --- ,¢, 
Then by (74) fori = 1 we have Gz + G, = 0 fork = 2, --- ,s and thus G = G,. 
Hence Uj = Bju1, Vi = Bixtys forj = 1, --- , 8 — 1 where Bj41 ¥ 0. Also by 
(74) fori = j7 + landk = 7+ we have U;V; + V;U; = I and thus (71). 
By these same equations fork — i ¥ sandi =j7 + lorj + 1+ 8 respectively 
we obtain (72). We let % be the algebra of all n-rowed square matrices with 
elements in % and it follows as above that 2°’ divides n. 

Note that we have not utilized all consequences of (74) and that the conditions 
omitted as well as other results would have to be used in order to complete the 
study of (1). However we are using this study of (1) only as a tool in our dis- 
cussion of quadratic forms permitting composition and so shall leave the more 
general considerations for later study. 

Let us then take m = 2s = n = 2r. The results just derived imply that 
2’" divides 2r._ This is not the case for r = 3, r > 4, it is the case for r = 1, 2, 4, 
and thus n = 2, 4, 8. We have shown that in the non-singular case over § of 
characteristic two a form f(x) = f(a1, +--+, 2n) permits composition only if 
n = 2,4,8. We combine this with the known results® for ¥ of characteristic 
not two to see that in the non-singular case the only possible values of n are 
1, 2, 4, 8. 


7. The singular case with A + A’ + 0 
Let § be a field of characteristic two and f(x) = zxAz’ such that 


E=A+A’# Oissingular. Then f(x) has the form (12) forn > 2r > 0 and 
we have seen that we may take a, ---, a, .and a41,°**, @n all not zero. 
Thus 


, A, 0 a 4, 
(75) A= , A= , 
0 D 0 D: 


18 The method we have used does not require that § be algebraically closed and is 
applicable to obtain a much simpler derivation than that in the literature of the analogous 
results for § of characteristic not two. We take f(z) = az? +--+ anz2, gly) = 
Biyi + +++ +Bny?, for the a, and B; all not zero and in §. Then we have seen that we may 
take a; = 8: = 1 and have G;Gi = 6,1, GiG/ + GG! = 0 fori ¥ j andi, j = 1,--: ,m. 
Thus we may take G; = J and obtain G} = —G; , G? = —6.:1, GiG; = —G,G; for i # j and 
i,j =2,---,m. We define u to be the greatest integer in 3m and may prove that 2 divides 
n. For %: = (1, Gz , Gs , G2Gs) is a generalized quaternion subalgebra of the total matric 
algebra % of degree n and % = B, X %2 where %2 is simple of degree nz over its center §, 
n= 2n2,. Ifu > 1 we have m 2 6 and define GsG; = Hi_s for k = 5, --- , mand see that 
G:H; — H;G, = G3sH; — H;G; = 0 for j = 2,---,m— 3. Also H? = —648;,s1, HiHi = 
—H;H; fori ¥ j andi, j = 2,--- ,m — 3. But then the H; are in %. and we have the 
same situation as above with m replaced by m — 3, n by nz, % by A2. It follows that 2 
divides nz , 2? divides n. After u such steps we obtain the result desired. Moreover if 
n = m we have shown that 2 divides n = 3y, 3u + 1, or 3u + 2. However if u > 3 we 
have 2 > 3u + 2, if # = 3 then 2 = 8 does not divide 9, 10, 11, and if » = 2 then 2? = 4 
only divides 3u + 2= 8. Ifyu = 1 then 2 = 2 only divides 3u + 1 = 4 and if » = 0 then 
n = 1, 2. 
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where D, is the non-singular r-rowed diagonal matrix with diagonal elements 


a, = 1, a2, +++, a, De is the r-rowed diagonal matrix with a,4), --- , a2 as 
diagonal elements, D is the (n — 2r)-rowed non-singular diagonal matrix with 
diagonal elements a2,41, -** ,@n. We now prove the 

Lemma 5. The equation (1) is possible only if there exist linear forms Usp+1 , 

+, Un IM Y1,°** » Ym Such that 
(76) gy) = 0135-41 (Oror4 U3 P41 tooo t+ nu, ). 

For proof we observe first that g(y)[A + A’] = G,(A + A’)G). Write 

’ 9 G H 
(77 = } 

es 


where G is a 2r-rowed square matrix and the number of rows and columns in 
H, K, L are thereby determined. Then 


C 0 0 I, 
0 ate co? 4 
0 0 I, 0 


But then C is non-singular and 


(79) ‘ G H\/C 0\/G@ K’ GCG’ GCK’ 
( = - 
0 0 K L/\o 0/\f’ L’ KCG' KCK’ 


Hence” g(y)C = GCG’, G is non-singular, KCG’ = 0, K = 0. Also 


A, 0\/@ 0 G H\/AG’ 0 
(90)  G,A(G,)’ =, 7 
0 D ' L' 0 L/\DH' DL’ 


But the diagonal elements of g(y)A — G,A(G;,)’ are all zero and thus the di- 
agonal elements of g(y)D — LDL’ are zero. Write L = (u;;) fori,j7 = 1, --- ,4q, 
where g = n — 2r and the u,;; are linear forms in y1, --- , ¥yn. Compute the 
element in the first row and column of this matrix and obtain 


Oor419(Y) ae (cropp1Uit1 tooo t+ OnUiq) = 0. 


This completes our proof. 
A quadratic form g(y) = yBy’ is a diagonal form By} + --- + Bmym if and 
only if B + B’ = 0. Then every quadratic form equivalent to g(y) is also 


diagonal. Now if u; = >> diy; with the ;; in § we have uj = Nayi +--+: + 
j=l 


\imJm. By (76) we have 


1° Observe that then we are led to the study of the same type of equation as in the non- 
singular case. We show below that g(y) is diagonal and later that there is then an asso- 
ciated field 8 which is purely inseparable of degree 2‘ and exponent two over §. But then 
the set of all 2r-rowed square matrices contains a subfield generated by the matrices G; 
equivalent to ® and thus 2¢ divides 2r. 
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Lemma 6. The equation (1) is possible for n > 2r only if g(y) is diagonal. 
It follows immediately that if n > 2r for a quadratic form f(z) with r > 0 
it cannot permit composition. 


8. Diagonal quadratic forms 
The theory of (1) for f(x) diagonal and § of characteristic two is very simple 
and the results obtainable with little difficulty. We write f(x) as in (11) with 
the a; all not zero. Define &(f) to be the purely inseparable field § (uw, «++ , un), 
uz = a;, so that &(f) has degree 2‘ and exponent one or two over §, n < 2". 
Define 


(81) u(x) = 2 + +++ + Int, 


and let &(f) be the set of all values u(é) for € = (&,--- , &) and the &; in §. 
Clearly &(f) is a linear subspace of order v S n, v S 2°, of K(f). Moreover 


f(x) = [u(a)f. 


By permuting the indeterminates 2 , --- , Y, if necessary we may assume that 


u,,°**, U, are linearly independent in § and that u, = p a, ju; fork = vy +1, 
j=l 


-,n. Then the linear transformation 


(82) a= wj- Dy, Hi Wi t= We (G=1,++:,9;k=v+1,---,n) 
t=y+ 

° ° . . 2 3 2 2 

is non-singular and carries f(x) into ayw; + --- + aw, + (>; Oj, 700; + On), « 

But uz = ax = >> ajja;. Hence (82) carries f(x) into 


(83) aw +++: +a,w,. 


We have thus proved 

Lemma 7. Let f(x) be a diagonal quadratic form and &(f) have order v over §. 
Then f(x) is equivalent to a form ayzi + +++ + aya. 

Note that v is an invariant of f(z) and that f(z) is not equivalent to a diagonal 
form in fewer than v variables. We now prove 

Lemma 8. Let f(x) = oti +--+ + ane? , A(z) = yz? +--+ + Ymtm such 
that n and m are the respective orders of &(f), &(h). Then there exist linear forms 
Wi, +++, Wn iN 2, +++, Xm such that h(x) = f(w) if and only if m S n, Xh) is 
contained in &(f). Also then f(x) and h(x) are equivalent if and only if W(h) = &(f). 

For we may construct a field §(w1,--+, Un, 01, °**, Um) = BW such that 

Ui = a;,0; = y;. Then B contains both &(f) and &(h), f(x) = [u(x)), h(x) = 
(v(x), where u(x) is defined by (81) and v(x) = va, +--+ + Umm. Also 
h(x) = f(w) implies that v(x) = u(w), every quantity of 2(h) is in &(f), &(/) 
contains %(h). Conversely if &(f) contains 2(h) we may take v1, --- , Um as part 
of a basis of &(f) and then replace f(x) by an equivalent form with a; = 7; for 
a7=1,---,m. Then h(x) = f(w) where w; = x; fori = 1, --- , mand uy = 0 
fork =m-+1,---,n. The last part of our lemma is a trivial consequence of 
what we have already proved. 








ae 
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The result above implies that we may take n — 2r to be the order of 
the matrix of Cor 1Largt +--+ +a, in Lemma 5 and obtain m Sn — 2rin 
that lemma. 

We now prove 

Lemma 9. Let f(x) be a diagonal form xi + oors +--+ + anx® where n is 
the order of &(f). Then f(x)g(y) = f(z) as in (1), (2), if and only if g(y) is equiv- 
alent to a diagonal quadratic form Byi $f o++ + BmYin such that &(f) contains 
R(g). Moreover n is divisible by the order 2‘ of R(g) over §. 

The result above states that &(f) is a linear space of order v over &(g), n = 2'y, 


(84) Lf) = KRG) + Kg)d2 + --- + Rid, . 


Then we may take a basis of &(g) of order ¢ = 2‘ over § to be a set of quantities 
v1, °** , 0% Such that v; = 8; in § and also take d; = y;forj = 2,---,v. Then 


we may take g(y) = Byi + --- + Buyz, and f(z) = p> Bai + > Bryote4s + 


o 
2 
i a = Bir®v—neo+i . 
i=l 


To prove this result we note that f(e) = 1 and thus g(y) = f(w) for 
w = (wi, +++, W,) and the w; linear forms in y1, --- , ym. Thus g(y) is a di- 
agonal form. Then g(y) is a diagonal form such that &(g) is contained in &(f). 
But then g(y) = [v(y)} for v(y) = vy +--+ + vmym and v; = B; where the 
v; are a basis of &(g). If a and b are in L(g) the quantity a is in &(f). However 
(u(x) Ffo(y) FP = [w(z)P, w(x)o(y) = u(z) and ab is in &(f). It follows that the prod- 
uct of any two quantities of &(g) is in &(f), and &(f) contains the ring of all poly- 
nomials in the quantities of &(g). This is the field R(g). Conversely if &(f) 
contains &(g) we know that &(f) = [&(g)]B where B = (1, d2, --- , d,) over 
j and 1, d,,--- , d, are a basis of &(f) over Rg). Then L(g) R(g) is in K(g), 
(g)&(f) is contained in &(f). However the equation g(x)f(y) = f(z) is precisely 
equivalent to the statement that &(g)&(f) is contained in &(f). 

If g(y) is equivalent to f(x) we may require that m = n is the order of &(f). 
Then a f(y) = f(w) and f(y) = a; f(w). Lemma 8 then states that f(z) is 
equivalent to az f(x). It follows that we may take a, = J. Then we may 
apply Lemma 9 to obtain the result that 2(f) contains R(f). Then &(f) = K(f). 
Thus a diagonal quadratic form over a field of characteristic two permits composi- 
tion if and only if it is the norm form of a purely inseparable field of degree 2‘ and 
exponent two over §. We have thus completed the proof of our theorem. 
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ON INTEGRAL GEOMETRY IN KLEIN SPACES 


By SHIING-SHEN CHERN 
(Received September 3, 1940) 


The classical results in integral geometry found by Crofton, Poincaré, Cartan, 
and recently developed by Blaschke’ and his school, are mostly restricted to 
Euclidean spaces. It is the object of this paper to give the fundamental con- 
cepts of integral geometry in a general space of Klein, by which we mean a 
number space of n dimensions with a transitive r-parameter group G, of trans- 
formations. The discussion is mainly based on Cartan’s theory of Lie’s groups.” 

The paper is divided into three sections. In §1 we give a brief summary of 
Cartan’s theory of Lie’s groups with some results concerning the measures of 
geometrical elements. In §2 we define the incidence of the geometrical elements 
of different fields, which plays a fundamental rdéle in all subsequent discussions. 
As applications of the general notions we give in the last section two formulas 
which are respectively generalizations of the well-known formulas of Crofton 
and Cauchy. 


1. Some Fundamental Notions in Klein Spaces 


Let G, be an abstract r-parameter group of Lie’ with the parameters a’, --- , a’, 


so that G, denotes an r-dimensional space and a’, --- , a’ are the coordinates in 
the space. If S, denotes a point in G, with the coordinates a’, --- , a’, there are 
defined in G, two simply-transitive groups of transformations 


(1) Sa— SSa , 
Sa ne SaS- ’ 


called respectively the first and the second groups of parameters. There exists 
one, and only one, set of r linearly independent Pfaffian forms 


w'(a, da), ++ ,w'(a, da) 


invariant under the first group of parameters. They are determined up to a 
linear transformation with constant coefficients and have the property that any 


| 





1 Cf. W. Blaschke, Vorlesungen tiber Integralgeometrie, Bd. I Leipzig 1936; Bd. II Leipzig 
1937. These books will be cited respectively as I. G. I and I. G. II. 

* Cf. E. Cartan, La théorie des groupes finis et continus et la géométrie différentielle traitée 
par la méthode du repére mobile, Paris 1937. This book will be cited as Cartan, Théorie 
des groupes. 

’ For the definition of an abstract group of Lie we may follow that given by Cartan in his 
book ‘‘La théorie des groupes finis et continus et l’analysis situs,’’ Mémorial des Sciences 
Mathématiques, Fase. XLII, Paris 1930. 
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exterior differential form‘ of degree p invariant under the first group of param- 
eters is of the form 


(2) pa Aiy...ip lo" ne w’?], 
&s** “thy 


where A;j,...;, are constants. According to Cartan, we callw', --- ," the relative 
components of G,. They satisfy the equations of structure of Maurer-Cartan 


(3) (w')’ = yy cin lwo"), Cie + Cy; = 0, Geni... F, 
itn 
where c;, are the constants of structure of G, . 

Now let g be a subgroup of G,. This subgroup g and its left-hand cosets Sg 
fill up the whole space G, and have the property that no two of them can coincide 
without being identical. Thus the varieties Sg are the integral varieties of a 
completely integrable Pfaffian system. Owing to the invariance of the totality 
of the cosets Sg with respect to the first group of parameters, the left-hand 
members of the Pfaffian system are linear combinations of w', --- ,w" with 
constant coefficients. We may suppose the system to be 


(4) wo =0,---,0 =0. 
The theorem of Frobenius then gives 
(5) ci. = 0, 7=1,---,n; jk=n+1,---,7, 


which are the necessary and sufficient conditions for the system (4) to be com- 
pletely integrable. We say that the subgroup g defines a field of geometrical 
elements such that each element of the field is represented by a left-hand coset 
of g or by an integral variety of (4). 

We may interpret the geometrical elements defined by (4) as the points of a 
space Z. The first group of parameters becomes then a group of transformations 
in E, so that, with some necessary assumptions on the analyticity of the equations 
of the transformations, Z is a space in the sense of Klein. It is clear that any 
space of Klein can be obtained this way. In fact, we need only take G, to be the 
group of transformations in the space and g the subgroup of G, leaving invariant a 
fixed point. 


Let x'(a',----,a"),-+., 2"(a’, ---,a") be n independent first integrals of 
(4), so that dz’, .-. , dx” are n linearly independent combinations of w', --- ,«". 
Then we have 
(6) [dx ... dx”] = A(a’, --- ,a’)[w --- w"I, A ~ 0. 


By the measure of a domain D of elements in E we shall mean an n-tuple integral 
of the form 


(7) J= [se --+, 2")[da' --- da”) 





‘For the notions of exterior differential forms and exterior derivation cf. E. Cartan, 
Lecons sur les invariants intégrauz, Chap. VI, VII, Paris 1922. 
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extended over D such that its value is invariant under the group of transforma- 
tions in E, i.e., under the first group of parameters. Since this property holds 
for all domains D, we see from (6) that it is expressed by 


fA = constant. 


Hence a necessary and sufficient condition for the elements of E to possess a measure 
is that the function A(a) in (6) be a function of x’, --- , x" only. The measure is 
then defined up to a constant factor and is given by 


(8) r= [itot-- ol. 


The condition for the existence of a measure can also be expressed in terms of 
the constants of structure. Let d and 6 be two operations such that d denotes a 
displacement in the set of elements in # and 6 a displacement on an integral 
variety of (4). The condition for the existence of measure can be written as 


d[w' --- w"] = 0. 
But we have 
w'(6) = --- = w"(5) = 0. 


The equations of structure (3) then give 


dw'(d) = 2>¢ cizw'(S)w"(d), t=1,-+-,n. 
k=1 j=n+1 
From the last equations we get 
ay... w |] =2 >» > cisw*(5)[w" see w ). 
j=nt+l1 i=l 
Therefore a necessary and sufficient condition for the elements defined by (4) to 


possess @ measure is 


(9) D> ci = 0, j=nt+l1,---,r. 


t=1 
2. Definition of the Incidence of Elements of Different Fields 
Consider two fields of geometrical elements, defined respectively by (4) and 
(10) w =0,---,w” = 0, 


where w’ (¢ = 1, ---, m) are linear combinations of the relative components 
with constant coefficients. Each of the systems (4) and (10) being completely 
integrable, the same must be true of the combined system 


(11) w = 0,---,w" = 0, w =0,---,w”™ = 0. 
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Of the last system suppose s of them (s > m, s > n) be linearly independent, so 
that there exist m + n — s relations of the form 


(12) 2, bw! + Dy eye’ = 0, A=1,+--,m+n—s, 
where ba; , Cj are constants. The integral varieties of (11) are of dimension 
r — s. Denoting the integral varieties of (4), (10), (11) respectively by V,—n , 
V,-m, Vrs, we see that a V,_, lies completely on a V,_» (or V;—m) if and only if it 
has a point in common with V,-n (or Vm). It follows that a V,_, and a V,—m have 
aV,_; in common tf and only if they have a point in common. 

By virtue of the above properties we define an element N of (4) and an element 
M of (10) to be incident when their corresponding integral varieties V,-», Vr—m 
have a V,-s nN common. 

Consider the elements M incident with a given element N. In the group 
space G, each of the integral varieties V,_, corresponding to M cuts V,_, in a 
V,... The totality of V,. on a fixed V,, depends on s — n parameters. 
Therefore the elements of the field (10) incident with a given element N of (4) depend 
on s — n parameters. The same property remains naturally true when the two 
fields are interchanged. 

It is important to notice that this definition of incidence includes the ordinary 
notions of incidence in Euclidean geometry, affine geometry, projective geometry, 
etc. as particular cases. Take, for instance, the group of motions in the Eu- 
clidean plane 


x* = xcose — ysine + a, 
(13) 
y* = xsine+ycosc+ Bb, 
where a, b,c are parameters. The relative components are 
y = cos cda + sin cdb, 
w = —sin cda + cos cdb, 
la 
w = de. 


As the equations of points and straight lines we may take respectively 


(14) 


(15) w =0, w=0 
and 
(16) w=0, w=0. 


In the three-dimensional group space (a, b, c) the elements of the field (15) are 
represented by lines parallel to the c-axis and those of (16), by the lines 


cos c-a + sin c-b = const., c = const. 
By interpreting a, b as the Cartesian coordinates in the plane and the equation 


cos c-a + sin c-b = const. 
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as the equation of line in Hesse’s normal form, we see immediately that our 
definition of incidence coincides with the notion of incidence in the ordinary sense, 

Before concluding this section, we want to remark that, instead of using the 
integral varieties in the group space to characterize the elements of a field, we 
may employ the geometrically more intuitive idea of families of frames (in 
French “repére’’).’ But it is sufficient for our purpose to restrict ourselves to 
one point of view. 


3. The Generalized Crofton’s Formula and Cauchy’s Formula 


Let us first consider the geometry in the Euclidean plane. It is well known 
that the measures for points and lines exist and that they are given respectively 
by® 


/ [w' w"] and / [w'w"] . 


Crofton’s formula in its simplest form asserts that the measure of the lines 
incident with the points of a curve is equal to a constant multiple of the length 
of the curve, each line being counted as many times as the number of its points of 
intersection with the curve. 

To generalize this formula, we must first have the generalized notion of the 
length of a curve for a p-dimensional variety of points under an arbitrary group 
of transformations of Lie. For this purpose, take a p-dimensional variety V, 


formed by the elements of the field (4). Let u’, --- , u” be the parameters on 
V,. Then w,---,w” are linear combinations of du’,---,du” on V,. On 
eliminating du’, ... , du”, we may express w”*’, --- ,w” as linear combinations 
of w', ++,” in the form 


1 


wo = 2 ea, a=p+l,---,n, 


k=1 


where &; are functions of the parameters a’, --- , a” of the group and of uv’, ---, 
u’. By the method of moving frames of Cartan, it is in general possible (by 
supposing the variety V, to be sufficiently general) to determine some or all of 
the & to be constants or functions of the parameters wu’, --- , u” such that the 
determination is invariant under transformations of the group G,. If, up toa 


certain step in the determination of &j , the exterior differential forms of degree p 


[wt ... w'?], 


where 7, --- , 7» run over all combinations of 1, --- , n, depend on wu’, --- ,w’ 
only and differ from each other only by constant factors, we say that the variety 


V,, possesses a p-dimensional area, which is equal to the integral of any one of the 





* Cf. Cartan, Théorie des groupes, Chap. V, or H. Weyl, The Classical Groups, Princeton 
1939, pp. 16-17. 
6 Blaschke, I. G. I, pp. 5-7. 
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differential forms and is thus determined up to a constant factor. It is of course 
possible that the area of V, does not exist, as in the case that V, is a quadric in 
projective space. But in the cases which usually occur to us, the p-dimensional 
area of V, under G, exists. 

In the case p = 1 the p-dimensional area so defined leads to the Pick’s invariant 
of a curve,’ which includes the affine arc, projective arc, etc. as particular cases. 
Pick has proved that if a group of transformations of order r in the xy-plane trans- 
forms transitively the elements of contact of order r — 2 


d cs qd’ 
ry, y =, Toe x dx’ 





then a plane curve possesses an intrinsic parameter invariant under the group 
considered. This intrinsic parameter is called the invariant of Pick. Its exist- 
ence is an easy consequence of our preceding discussions. In fact, it is only 
necessary to take 2, y, y’, +--+, ies to be parameters of the group and 


w = A'(z, Be *** y*”) dx + B'(z, re wv) dy = 0, 
w = A*(a, tt? sy”) dx + B*(a, w, °° iy”) dy = 0 


to be the equations of points. Along a curve we have dy = y’dz, so that w’ 
is a constant multiple of w', and the integral 


je 


gives the intrinsic parameter of the curve. 

Another important particular case of the notion of p-dimensional area is the 
case that p = s — m and that V, consists of all the elements of the field (4) 
incident with a fixed element of the field (10). In this case, the relations between 
w, +++ ,@” are obtained from (12) by setting w' = --- = w” = 0 and are there- 
fore 


> dw’ = 0, A=1,---,m+tn-—s. 


t=1 


Since b,; are constants, we may take as the p-dimensional area of this V, the 


integral 
[tt.-- 0. 


If the value of this integral over V, is finite, we call it the measure of the elements 
of (4) about a fixed element of (10). 

With these preparations we can give the generalized Crofton’s formula in the 
following theorem: 





"Cf., for example, G. Kowalewski, Allgemeine Natirliche Geometrie und Liesche Trans- 
formationsgruppen, Berlin 1931, pp. 106-110. 
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Let two fields of elements M, N be defined respectively by the equations (10), (4). 
Letp = m+n — sand let V, be a variety of p dimensions formed by the elements 
of M. If the measure of the elements of N incident with the elements of V, and 
the p-dimensional area F of Vy both exist and are finite, then 


(17) | [w ..- w"] = cF, c = constant, 


where the integral is extended over the elements of N incident with the elements of 
V,, each element being counted as many times as the number of elements of V , with 
which it is incident. 

To prove this theorem, consider the p = m + n — s relations (12). Since 
the relations are independent with respect tow’, --- ,#” , we may solve them in 
terms of w, --+ ,w” , obtaining 


n m 
Py A j A k 
o= DF ew’ + Dfiv', 
j=ptl k=1 
1 a , 
where e; , f, are constants. Setting 
n 
-X r A j 
o =—-o — Zz ej w’, 
j=ptl 


° ale P 
and denoting &* again by w’, we have 


(18) wo = Dd fu", AN=1,---,m+n-s. 
k=1 


The proof of our theorem then depends on a new form of the expression 
[w' --- w"]. We apply first the method of moving frames of Cartan to V,. 
Since by hypothesis the p-dimensional area of V, exists we can attach to each 
element of V, a frame such that within the p-parameter family of frames so 
attached the exterior differential forms 


[wt Mavs w) 


where 7 , --- , 2p run over all combinations of 1, --- , m, differ from each other 
only by constant factors. In the group space G,V, is represented by a p-param- 
eter family of left-handed cosets with respect to a subgroup h. To the frames 
attached to the elements of V, there corresponds in G, a p-dimensional variety 
W, such that on every coset corresponding to an element of V, there lies one 
and only one point of W,. Now every integral variety Sh of (10) is cut by the 
integral varieties of (4) incident to it in the (r — s)-dimensional integral varieties 
V,_s of (11). The totality of V,, on Sh depends on s — m parameters. To 
define a system of coordinates for the V,_, on Sh we may first set up a system of 
coordinates \’, --- , \° ” for the V,_, on h. By the transformation S, > SS. 
(S being fixed) the variety h is carried to Sh and we define the coordinates of a 
V,_. on h to be the coordinates of its image on Sh. 

Let wu’, --- , u” be the parameters on V,. As the coordinates of an element 
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of the field N incident with an element of V, we may take u’, --- , u’, d’, «++, 
\*-™, Now the expression [w' --- w"] depends only on the elements of the field N 
under consideration. This property, called by Blaschke the property of in- 
variance of choice (“Wahlinvarianz’’), may be interpreted as follows: Choose on 
each integral variety of (4) a point and compute the relative components w’, -- - , 
w" on the n-dimensional variety so obtained. The resulting expression is 
independent of the choice of these points. 

This being clear, we may chose the points on the integral varieties of (4) to be 
on the V,_, of the integral varieties corresponding to the elements of V,. Its 
totality forms a variety of p + s — m = n dimensions, which we call V,. To 
find the relative components on V,, notice that the relative components w'(a, da) 
(i = 1,---,7r) are the parameters of the infinitesimal transformation S7'Sa4ca 
and that by choosing the infinitesimal transformations X;f (i = 1, --- ,r) such 
that Xniif, --- , X,f generate the subgroup h leaving invariant a fixed element 0 
of the field M, the infinitesimal transformation S7'Soice carrying 0 to a neigh- 
boring element P is of the form 


wXif +--+ + w'Xnf + wo" Xmuf + --- + 0X, 


where w', --- , w™ are exactly the left-hand members of the system (10). 

Let 6’, --- , 0” denote the relative components w’, --- , w” on W,, a", ---, 
&" the relative components w”™’, --- , w” on Sh, and let w’, --- , ww", «+» , a” 
denote these components on V,. As the independent components on V, we 
may then take p independent forms among the 6’, --- , 0”, anda”, .-- , @", the 
latter being Pfaffian forms in \’, --- ,\* " only. Now every point of V, is of 
the form 

S. = SR, 


where S; and R belong respectively to W, and h. By writing 
Sata = SryaR', R' eh, 
we get 
Sa" Sarda = RSS aR-R“R’. 


Since RR’ belongs to h, it produces no effect on 0 The relative components 
w, ---, w" are thus transformed according to the transformations of the adjoint 
group which correspond to transformations of h. As R transforms between 
themselves the infinitesimal transformations of h, we have 


2 £ #«§8§=«« & ol wisktieesseientnnecsodaeres« 


where aj(i,k = 1,---, m) are functions of \’, --- , A” ”. 
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On the other hand, for the components w”™’, --- , #” on V, we must have 


gfrra~ort = gnners + Snes 4 + nea. oe ee 6”, 
(20) 
oe” + bro + --- + dpe”, 
since w'(i = p+ 1, --- ,n) reduce to & when wu’, --- , u” are constants. Thus 
we get 


[w?™ "=" w"] -_ [a A tes a” |, (mod 6°, 4H 6”). 
Finally, from (18) and (19), we find 
(21) [a ++. w"] = fr’, +++, A ™)aP™ --- &"dQ], 


where dQ denotes the element of the p-dimensional area of V, . 
It is easy to finish the proof of our theorem from the last formula. In fact, 
evaluating the integral 


J FOX, ++ GPM --- &" dQ] 


by first holding an element of V, fixed, we get a constant which is the same for 
allelements of V,. Integration over V, then gives the p-dimensional area of V,. 

From this proof we observe that even when the measure of the elements of N 
incident with the elements of V, becomes infinite, there still exists a generalized 
formula of Crofton. In fact, we may make the following restriction: On each 
variety of s — m dimensions V,_» consisting of the elements of (4) incident witha 
fixed element of (10) take a fixed domain D such that the integral 


| 10, og rr... 


is finite and constant for all elements of (10). Then the measure of the elements 
of (4) incident with the elements of V, and belonging to the domain D at each 
element of incidence is finite and will be given by Crofton’s formula (17). 

We now come to generalize the formula of Cauchy. Consider a surface S in 
Euclidean space and the planes £ intersecting the surface. If EZ denotes the 
density of the plaries and U, the perimeter of the curve of intersection of the 
surface by the plane, then the formula of Cauchy is* 


s r 
(22) | Usk = © F, 


where F denotes the area of S and the integral in the left-hand side is extended 
over all planes intersecting S. 

To give a generalization of this formula take a variety V, of p dimensions 
formed by the elements of the field M. As in the proof of Crofton’s formula (17) 





§ Blaschke, I. G. II, p. 73. 
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let u', --- , U’ be the parameters on V, and let us attach to each element of V, a 
frame. Almost all the arguments used above are valid, including the formulas 
(19), (20). The only difference is that the variety, formally denoted by V,., 
is now of p + s — mdimensions. This variety V will be cut by an integral 
variety V,—n of (4) in a variety Vpis-m—n of p + s — m — ndimensions (supposing 
p>m+n-— 8). Through each point of Vp;;m—n there passes an integral 
variety of (10). Its totality consists of all the elements of V, incident with 
V,... To find the independent components on Vp;5—m—n» it is only necessary to 
setw' = Oin (18). The independent Pfaffian forms in the equations so obtained 


> fiw* = 0, A=1,---,m+n-—s 
k=1 
then give the independent components on Vp;s-m—n. The generalized Cauchy’s 
formula states that the integral over all elements of (4) incident with V, of a (p + 
s — m — n)-dimensional integral invariant of V »is—m—n of the form 
i 


- / ) » Ca eicnencll —— qpirte—m—n) 


where Ci, ---i,4,—m—n are functions of Nes, A” only, is equal to a constant multiple 
of the p-dimensional area of V, , provided that both quantities are finite. 

It is only necessary to prove the formula for the case when the sum (23) 
contains one term. Suppose it be 


/ Clot... wt", 


By making use of (18), (20), we get 
Cl 0 GOO ons I PR, «+ Ee. re 60 GE 


where F is a function of \’, --- ,A° ". The generalized Cauchy’s formula as 
stated above is then an easy consequence of the relation obtained. 

It may be helpful to give an example of the above general discussions. Con- 
sider the three-dimensional Euclidean space with its group of motions. Instead 
of introducing the group space we may take a fixed right-hand rectangular tri- 
hedral 7) in space and take all such trihedrals T as the elements of the space. 
Then the motions in space and the trihedrals 7 are in one-to-one correspondence 
such that to 7 corresponds the motion carrying 7) to T. As the parameters 
of the group we may take the parameters of 7. Let P be the origin of 7 and 
€1, &, €, the three unit vectors along the axes of 7. Then the relative com- 
ponents of the group are defined by the equations 


1” ead 3 
dP = we twetwes, 
~ =" — — 


(24) 
de; = wie: + wile + wies, 


w} +o =0, (i,j _ 1, 2, 3). 
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The equations of structure of the group are 


3 
(ay - > [eo" wi ! 
=1 Z 
(25) 3 t, k = 1, 2, 3. 
wi)’ = > lube] 
j=l 
As the coset in the group space corresponding to a point we take the family of 
trihedrals having the point as origin. As the coset corresponding to a straight 
line we take the trihedrals whose origin is on the line and whose vector e; is along 
the line. Finally, the coset corresponding to a plane is formed by the trihedrals 
with origin on the plane and with the third unit vector e; perpendicular to the 
plane. By these definitions, the equations of the points, lines, and planes are 
respectively 


w = 0, 
(26) w = 0, w 


1 
3 
1 an 
Os = 0, W3 


0; 
0, w3; = 0; 
0. 


For all these three fields of elements the measures exist, as may be verified by 
using the criterion (9). They are then given by the integrals 


(27) | [w'w'w'), | [w' w’ w3 ws), / [w* w3 ws]. 


Consider now the fields of points and lines and denote them by M, N respec- 
tively. Then 


The relations (18) become 


To obtain the formula of Crofton in this case take a surface = and attach to each 
point of the surface a trihedral Pv, 1203 with 1 origin at this point and with »; normal 
to the surface. Choose the trihedral Pe, ée¢; attached to a line through P such 
that ¢; is on the plane P?,7. Then we have 


(v; = — sine, — cosy cos ge + cos y sin v és, 


(28) Ve cos y &: — sin y cos yg & + siny sin g és, 


vs Sin ¢ €2 + COS ¢ é3 
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where yg, y are the parameters of the lines through P, ¢ being the angle between 
éandv;. From 


dP = 0, + Ove = we; + we, + wes, 


we get 
wo = —6'siny + @ cos y, 
(29) 2 1 i 
w = — 6 cosy cosy — O siny Cos ¢. 
It follows that 
(30) [w'w'w3w3] = COS y[a3a30'6"]. 


This is a particular case of the formula (21). The classical proof of Crofton’s 
formula is based on this relation. 

Next, take the fields of points and planes and denote them by M, N respec- 
tively. Then 


Put 

w= w', w=, w =o. 
The set of relations (18) consists only of one equation 

wo = w. 
As by (29), we get 
(31) w = dcosysing + 6 siny sing. 
Along the curve of intersection of the plane Pe; with 2, we have 
w =0 
and 
dP = we 

so that ¢; is the tangent and w' the element of arc. Then we get 
(32) [w'w'wsws] = [w'w'asa3] = —sin g[6'O'asa5). 
From this relation we derive easily Cauchy’s formula. 
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